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Radiation of a bunch in a waveguide with a semibounded
anisotropic dielectric
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We analyze the electromagnetic field (EMF) of a small bunch that moves uniformly in a circular metal
waveguide and crosses the boundary between two areas: a vacuum area and an area loaded with an
anisotropic homogeneous nondispersive dielectric characterized by a diagonal permittivity tensor. Two
cases are studied in detail: the bunch flies from a vacuum into the dielectric and, inversely, from the
dielectric into a vacuum. In the second case, so-called Cherenkov-transition radiation (CTR) can be
generated in the vacuum area of the waveguide. Exact expressions for the EMF components are obtained
and investigated. A comparison between the present problems and the analogous problems in the case of an
isotropic dielectric is performed. We discuss some benefits occurring from using the anisotropic dielectric.
For example, anisotropic dielectric allows more efficient generation of radiation compared to the isotropic
dielectric for the same bunch and geometry parameters.
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I. INTRODUCTION

Investigation of radiation produced by charged particle
bunches in dielectrically loaded waveguides is important
for dielectric wakefield acceleration (DWA) technique and
other areas of accelerators and beam physics. As for the
DWA scheme, many theoretical and experimental papers
[1-5] demonstrated high efficiency of dielectric accelera-
ting structures and stability of wakefield parameters. These
papers described techniques for structures manufacturing
as well.

Recently, there was a great interest in having a source of
short intense pulses of Terahertz (THz) radiation. One of
beam-based methods is using a metallic beam pipe with
small corrugation [6,7]. DWA structures are also consi-
dered as promising candidates for generation of radiation in
the Terahertz range [5,8-12]. It is notable that direct
experimental observation of wakefield effects in a THz
regime was performed in a planar diamond accelerating
structure [13] and in a cylindrical dielectric-lined wave-
guides with the use of tubes fabricated from fused silica
[14] and chemical-vapor deposition diamond [15].

Anisotropy of materials used in such DWA structures is
one possible way to increase the generated wakefield [16,17].
The case of an infinitely long rectangular structure with an
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anisotropic natural material was analyzed in [17] but benefits
of anisotropy were not properly discussed. Apart from
natural anisotropic materials (crystals and various thermal
insulators), the anisotropy can be artificially realized, for
example, with layered isotropic materials (disks or rings)
[18] or various carbon-based composite materials [19].

It should be noticed that beam field structure in an infinite
regular waveguide loaded with an anisotropic dielectric was
considered in a series of papers and books [1,16,17,20,21].
Cherenkov radiation (CR) in the form of wakefield can be
generated in such structures similarly to the well-known case
of the waveguide with the isotropic dielectric loading.
Underline that the authors pointed out the possibility of
significant increasing the acceleration gradient because of
anisotropy of the waveguide filling [1,16,20,21].

One of the interesting problems consists in analysis of
the influence of the transversal boundary on the wakefield
when the bunch flies into (or flies from) the dielectric
structure. Such problems were considered previously only
for isotropic media. The semi-infinite waveguide having
isotropic filling and the metal end was analyzed in papers
[22,23]. Problems with an interface between different
homogenous isotropic dielectrics in the waveguide were
studied in our previous papers [24-26]. We also analyzed
such problems for the case when one semi-infinite part of
the waveguide has an isotropic dielectric layer and a
vacuum channel [27,28]. In particular, it was shown that
the area of the boundary influence can be decreased if the
dielectric with relatively large permittivity is used.
However, the analogous problem with an anisotropic
dielectric has not been considered although it is a promising
material for generating high field gradients.
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Here we investigate the influence of anisotropy on
radiation of a bunch in the dielectrically loaded waveguide
with a transversal border. We consider two variants: the
case of the bunch flying into the dielectric and the opposite
case when the bunch flies from dielectric into a vacuum.

II. THE PROBLEM STATEMENT

We consider a small bunch ¢ moving uniformly with a
velocity V= cpeé. (c is the light velocity) in a metal
circular waveguide of the radius a and intersecting the
boundary (at z = 0) between two areas: a vacuum area and
an area loaded with an anisotropic homogeneous non-
dispersive dielectric (Fig. 1). The bunch moves along the
optical axis of the dielectric, which coincides with the
z-axis of the cylindrical frame of reference r, ¢, z.
The dielectric is described by a diagonal permittivity tensor
& with components:

E11 =& =€, £33 = &, SijZO forlaé] (1)
We consider only the situation when ¢, > 0 and ¢, >0
because this usually takes place in practice in frequency
ranges without dispersion (negative values of ¢, and ¢, can
be observed only in the frequency ranges with essential
dispersion). The bunch is characterized by a distribution
along the z-axis and a negligible thickness, i.e., the charge
density is

— 48(rn(0)/ ), / “WOd =1, =z—cip.

The most common example is the bunch having the
Gaussian distribution 7() = exp (=¢%/(26%))/(\V/270),
where ¢ is the r.m.s. half-length of the bunch. The center
of the bunch intersects the boundary at the moment ¢ = 0.
We investigate two cases: the bunch flies from a vacuum
into the dielectric, and, inversely, from the dielectric into a
vacuum. The expressions for the field components can be
written in the form
Erao=El ot El o Hpo=Hj,+Hg,  (2)
where subscripts 1 and 2 relate to the areas z < O and z > 0,
respectively. The first summands in (2) are for the “forced”
field [29], which is the field of the bunch in the regular
waveguide. It can contain CR under certain conditions.

FIG. 1. Geometry of the problem.

The second summands in (2) are the “free” field compo-
nents [29]. The “free” field is connected with the influence
of the boundary. It includes transition radiation (TR) and,
under certain conditions, the Cherenkov-transition radia-
tion (CTR) [24,25]. The analytical solutions for the forced
and free fields are given in the form of a decomposition in
an infinite series of normal modes.

We analyze the exact solution for the field components of
each mode in two different cases using the methods of the
complex variable function theory. Note that such methods
were applied in our previous papers for different problems
with sectionally homogeneous semi-infinite media and
waveguides [30-32] including the analogous problems
with an isotropic dielectric [24,25]. Further, we will make
also a comparison between these two problems and will
show some benefits from using the anisotropic dielectric as
opposed to the isotropic one.

III. CR IN THE ANISOTROPIC DIELECTRIC

First, we study the modes of the “forced” field in (2) that
is the field of a bunch in a regular waveguide. The forced
field components in the anisotropic dielectric are written in
the form:

E} 2ﬁ2 Iy (/@)
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where e] = (fe, )‘ , el = s‘l(ﬁ‘ — &), hy=e(e)7",
k, = (e,0” — e,e7'0?)/2c7!, w, = y,c/a, y, is the nth
zero of the Bessel function (Jy(y,) = 0), and 7, (w) is the
Fourier transform of the longitudinal distribution 7({)
normalized to the Fourier transform of a point charge
density (for example, for the bunch with the Gaussian
distribution 7,,(w) = exp[~w?6*(2*c*)~!]). Note that the
forced field in a vacuum is obtained from Eq. (3) with the
substitution €, = ¢, = 1.

The investigation of Eq. (3) is based on the complex
variable function theory. The integrand singularities
in (3) are the poles on the complex plane of w. If
these poles are situated on the real axis then CR is
generated in the dielectric. Therefore, the condition for
CR generation is

e, (3)

%(erﬂ2 -1)>0. (4)
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Since we consider only the situation when &, > 0 and
g, > 0 then CR is generated under the condition

B>pe=e'" (5)

The CR frequencies are

Wop = @ ﬁgz 1/2<ﬂ - 8:1)_1/2' (6)

Note that analogous investigation for the isotropic dielectric
with the permittivity € =¢, >0 [25] gives the real
frequencies of CR @, = pw,(¢,* —1)~"/? under the

condition f > & ~1/2 We see that

wOn/d)On = SV/EZ' (7)

So, frequencies of the radiated waves are larger than the
ones in the isotropic dielectric if €, > &,.

Note that the poles £aw, (6) are slightly shifted down-
ward from the real axis if small losses are taken into
account. Therefore, the integration path goes along the real
axis above these poles. Their contributions (i.e., sum of
residues) determine CR:

ECR 4q eR a1 (ar/a)
H?R hCR Z ‘]20(

¢ ) =
)10(t = z(ch)™),

Mo (w0n)

x sinfwp, (1 = z(cf)™

wOn )

Nt —z(ch)™).  (8)

4q Jo(xnr/a)
ECR n
a’e, Z J3(xn) e

x cos [wo, (t = z(cB) ™!

where eR=/e —erh)71/2,

e (e 2= 1)]712, hgR=ple. (5
and 0(x) is the Heaviside step function.

In comparison with the case of isotropic dielectric, we
have

EgR . ] EZCR _ 87‘ HSR _ Sr (9)

where magnitudes marked with tildes are related to the
isotropic case. As one can see, using anisotropic dielectric
allows increasing the radiation intensity without any
change of the bunch velocity or the waveguide radius.
The measurement of the CR frequency shift (7) and the
CR amplitude (9) would be also used for the analysis
of the anisotropic dielectric properties and for estimation of
the longitudinal &, and transversal e, components of the
permittivity tensor.

IV. THE CASE OF THE BUNCH FLYING FROM A
VACUUM INTO THE ANISOTROPIC DIELECTRIC

The exact expressions for the free field components in
the case when the bunch flies from a vacuum (¢; = 1) into
the anisotropic dielectric with &, = & (1) are written in the
form

EI;IZ 2qf =y 1 (xar/a) ?1.2
{Hb }: ,mZ B (t) /_w {h }

P12 $1.2

X Bnl 2’7(0(0)) exp [l( z1, 2|Z| - a)t)]dw’

B — _@anJo(xnr/a)
212 a 2 Jz(){n)
b
+o0 e,1,2
X / Za) Bnl,an(a))
—0o0

x exp [i(k 2|z — ot)]do, (10)
where ), ) = e!, =1, e, = &', e}, = —~ck 07!, €y =
ck(we,)™",

+ Sz(srw - Cﬂkd) :|

€ 1
B, = a ,
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T2 T2
=Yoo Velewr—o) (11)
c VELC

and Im k,;, > O (this condition means that the waves
outgoing from the boundary decrease with increase in the
distance |z| if we take into account small dissipation in the
medium). Asymptotic expressions for the free field com-
ponents of each mode Eq. (10), (11) are obtained with the
steepest descent technique. Note that the procedure is
similar to one developed for different situations in our
previous papers [24,30]. So, here we only pay attention to
the main points.

The first step in such research is to study the singularities
of integrands in (10) in a complex plane of . One can show
that integrands have the following singularities: four branch
i6, and +aY =
i0,; two poles on the imaginary axis (w):

points from radicals (11) :I:cb”l) +w, —

tw,/\/€; -
:l:a)((m +ifw, (1 — f)71/?; two poles +wy, = Fwy, —

i03 [see Eq. (6)] if the COIldlthIl (5) is fulfilled and on the
imaginary axis otherwise. Here &;, d,, d3 are positive
infinitesimal quantities. Therefore, the singularities are
situated below the real axis. Figure 2 shows all the
singularities on the complex plane of @ and the compa-
rative disposition of the integration path that goes along the
upper bank of the branch cuts defined by the equations

Rey/@? — a2 = 0, Rey/w?e, — w2 =
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FIG. 2. Disposition of the singularities of the integrands, branch
cuts and integration path in a complex plane of @ for the free field

components for f > sr_l/ 2 The poles and the branch points are
shown with crosses and circles, correspondingly.

The most important results of the investigation of the free
field components concern the contributions of the poles
+w,, which are determined by the same Eq. (6) as for the
forced field. In the vacuum area, there are no such
contributions, i.e., CR does not penetrate through the
boundary and the free field components correspond to
TR as well as in the case of isotropic dielectric [24,25]. In
the dielectric, these contributions are determined by for-
mulas (8) but taken with an opposite sign. So, there is a
compensation for the forced field with a part of the free
field in the domain z < z; near the boundary,

21 = ot/ (Be,). (12)

Note that the point z; is determined by the group velocity
v, = c/Pe, in aregular waveguide as well as in the case of
isotropic dielectric [24,25]. As a result, there is the area
where the wave field practically coincides with the wake-
field in the regular waveguide (z; < z < ¢ft). There is also
the area where the boundary influence is principal (z < z;).
Note that the first area is large if the transversal component
of the permittivity tensor &, is a large value.

Figure 3 illustrates the effect under consideration. Note
that the total field (continuous line 1) is obtained numerically
from Eq. (10) and (11) with the method based on a trans-
formation of the initial integration path in a complex plane of
 used before in our previous works [24,30]. For the used
parameters, we have z; = 7.5a. As one can see, field in
vacuum area (z < 0) is only TR which is several orders of
magnitude smaller compared to the field in the dielectric area
(z > 0). For z < z4, the effect of compensation of the forced
field takes place and the boundary strongly affects the
wakefield. For z; < z < ¢ft, two curves shown in Fig. 3
coincide. In this area, EMF in the waveguide with
transversal boundary coincides with EMF in a waveguide
with uniform dielectric filling. Recall that, in the anisotropic

dielectric, the magnitude of CR is proportional to &,.e;!.

Vacuum Dielectric

1

W

FIG. 3. Dependence of longitudinal component E, (in units of
g/a?) of the first mode of the total field (continuous line 1) and
the forced field (dashed line 2) on distance z/a for ct/a = 30
and the velocity y= (1 -2 =100; ¢, =4, e. =038,
0 =0 and x, = aw,/c = 4, where w, is a reference frequency.
Observation point is on the waveguide axis, r = 0.

This means that, if ¢, < ¢,, then the radiation is more
intensive in comparison with the case of the isotropic
dielectric with e, = ¢,. The “compensation domain” where
the radiation field is small is the same as in the isotropic
dielectric.

V. THE CASE OF THE BUNCH FLYING
FROM THE ANISOTROPIC DIELECTRIC
INTO A VACUUM

When the bunch flies from the anisotropic dielectric with
&; = & (1) into a vacuum (e, = 1), the exact expressions for

the free field components are written in the same form (10),

b _ 4 _ b _ =1 b _ -1
where hy,=e} =1, e =€, e} = —ck;(we,)™,
efz = ckzzw_l,

—& B (0 — cPe,k) ]
By=— " |(cPkp+ o) +—— L2 _|
: kzl + erkz2 |:< ﬂ @ ) €z(02ﬂ2k§1 - a)Z)
I )
" gz(kzl + 8rk12) (Cﬁkzl - w) (Czﬁzké - wZ) ’
e, (e,0* — w?) o — w?
k,, =+"~*"___"" k, = A Aa— 13
z1 \/EC 2 c ( )

The investigations for the free field components (10), (13)
are made similarly to the previous case. If f > - (5), then
CR emerges in the dielectric. Analyses of the free field
integrands (13) show that the contributions of poles +wy,,
(6) can give the CTR, i.e. the reflected and transmitted
waves of CR both in the dielectric and in the vacuum area
of the waveguide under certain condition. The most
interesting effect concerns the situation when CR pene-
trates through the boundary into the vacuum area.

In a vacuum, expressions for the CTR components of the
free field are the following:
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Jl (){nr/a)
Ji(tn)
X sin [, (2¥cp™! = 1)]0(z, — 2),
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where

Y=[f(1—-¢)+ee! ]2 R=2(¥e, +1)7!
e =29 (We, + 1) [e. (B — &7 )]/,
TR 25+ 1) e (=1

This field exists only under conditions

Pc <P <Per- (15)

Here, the lower threshold f. is connected with condition of
the CR generation (5). The upper threshold

e P =12 e > 14 (6, — 1)
per = { L

1, e. <1+ (e, —1)7"
is explained by total internal reflection of CR waves from
the boundary. This takes place at f > for if fer <1,
otherwise, if fcr =1 (16), all waves of CR penetrate
through the boundary and CTR can be generated for
ultrarelativistic bunches at some parameters of the problem.

In a vacuum, the CTR exists in the area z < z, = ct¥V/p.
The length of this zone z, increases with group velocity of
waveguide waves V, = c¢¥/p. Note that similar effect
takes place in the isotropic dielectric with ¢ = ¢,. The
difference is that the upper threshold is less than unity
Per = (e, — 1)71/2 < 1 for &, > 2 as opposed to the case
with the anisotropic dielectric when the frequency range of
the CTR generating can be increased right up to the
ultrarelativistic situation.

Figure 4 illustrates the effect under consideration for the
parameters of the problem when there is no CTR in the
isotropic case with € = ¢,. In a vacuum, the total wave field
consists of TR and the CTR (transmitted wave of CR). As
one can see, the CTR can be dominant at - < f < ficr
[here fcr =1 (16)] in some domain near the boun-
dary z < z,.

Next, we consider the time averaged energy flux of the
CTR passing through the cross section of the waveguide:

w_ ¢ 1 [T 2 /a CTR -CTR
=—— dt d drHS™ ECTR 17
o [ [Tao [*rarngreem.

where HG'®, EC™® are defined by Eq. (14). Here, time
averaging is made by a interval that is much larger than all

Dielectric | E Vacuum
- z

| [TYTTY T
AT e

—»
2

FIG. 4. Dependence of longitudinal component E, (in units of
g/a?) of the first mode of the total field (continuous line 1) and
the CTR (dotted line 3) on distance z/a for the same parameters
of the problem as in Fig. 3.

periods of oscillations of the CTR modes. Thus, the values
SCTR (17) include a double sum of the products of n and m
modes. However, the orthogonality of Bessel’s functions
leads to vanishing of all of the terms with n # m. As a
result, we obtain the following exact expression:

) 0
iCTR — Ei nw(w()n) , (18)
a2 R
where
L = 8pe,We.(We, + 1)2(fPe, — 1)L (19)

Note that the sum in (18) consists of the finite number of
terms for the real bunches having finite length 2¢. For
example, for the bunch with the Gaussian distribution we
have ”w(wOn) - CXp[ wOn ( ‘BZE.Z)—]]‘

In Fig. 5, behavior of the value X (19) is shown at various
parameters of the problem. As one can see, < tends to
infinity at the lower threshold # — S, as well as the energy
flux of the CR [see Eq. (8)]. This effect also takes place for
the isotropic dielectric with & = ¢,.

For the isotropic dielectric in the case ¢, > 2, the upper
threshold is always less than unity fop = (e, — 1)71/2 < 1.
This situation is illustrated in Fig. 5 (top, line 4): line 4 is
truncated at # = fcr ~ 0.58. The cases with the anisotropic
dielectric Fig. 5 (top, lines 1, 2, 3 and bottom, lines 1, 2) and
for the isotropic one at ¢, < 2 (Fig. 5, bottom, line 4) show
that the CTR can exist for ultrarelativistic bunches with
f — 1. However, the situation with ot < 1 for the aniso-
tropic case is also possible (see line 3 in Fig. 5, bottom). It
should be also noted that the energy flux of the CTR in the
case of the anisotropic dielectric ¥ differs by the magnitude
from the energy flux of the CTR in the isotropic case X :

— = _ 1
Tr2eE€E; .
Therefore, the radiation can be more significantfore, < ¢, at

the same other parameters of the problem which is illustrated
in Fig. 5 (top and bottom, lines 1,2).
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0.75 0.80 0.85 0.90 095 £1.00

FIG. 5. Dependence of the energy flux of the CTR £ on the
velocity f at different parameters: ¢, =4 (top) and ¢, = 1.8
(bottom); €, = 0.2 (thick continuous red line 1), ¢, = 0.8 (dashed
green line 2), e, = 2.2 (dotted blue line 3), and the isotropic case
&, = &, (continuous black line 4). The lower threshold - = 0.5
(top), fc =~ 0.74 (bottom).

VI. CONCLUSION

The main conclusions of this study are the following. In
general, the usage of an anisotropic material can result in
much larger generated field in comparison to the isotropic
case with the same parameters of the bunch and the
geometry of the problem.

When the bunch flies from a vacuum into the anisotropic
dielectric, similar to the case of the isotropic dielectric, the
DWA scheme can be realized in a way that transition effects
are small. It has been shown that the area of the boundary
influence decreases significantly with an increase in both
transversal component of the permittivity tensor and the
velocity of bunch motion. The magnitudes and frequencies
of CR are larger than in the case of the isotropic dielectric if
longitudinal component of the permittivity tensor is less
than the transversal one. These effects can be of interest for
further development of the DWA technique.

When the bunch flies from the anisotropic dielectric into a
vacuum, the CTR in the vacuum region can be more
significant than in the case of the isotropic dielectric. In
contrast to the case of the isotropic dielectric, the CTR can be
generated by ultrarelativistic bunches even for large values of
components of the permittivity tensor. The CTR effect can be
of interest for elaboration of a microwave radiation generator
of a new type. It should be also noted that the CTR
characteristics can be easily calculated with rather simple
formulas without any complicated integrations.
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