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Diagnostics of nonlinear beam dynamics has become more important for the LHC as it advances into
increasingly challenging regimes of operation, as well as for the High Luminosity LHC where machine
nonlinearities will have a significantly larger impact. Limitations of traditional excitation methods at top
energy, in particular due to machine protection, have pushed the development of safe alternative methods
using ac dipoles to characterize the nonlinear content of the LHC. One of the methods that has been proposed
is the dynamic aperture under forced oscillation of ac dipoles. This new observable has the potential to help
characterize relative changes in the nonlinear content of the machine, improve the understanding of the
nonlinear models by comparing to simulations, validate nonlinear optics corrections, and give a qualitative
lower bound estimate on the free dynamic aperture. This paper presents the first experimental demonstration
of forced dynamic aperture measurements under forced oscillations performed using the LHC ac dipoles, and
discusses the benefits of forced dynamic aperture measurements in circular colliders.
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I. INTRODUCTION

The ac dipole system is able to generate coherent trans-
verse beam oscillations. It was first developed for synchro-
trons to avoid spin resonances in the AGS [1] and later used
for the first time to measure linear optics functions in RHIC
[2–4] and the Tevatron [5–7]. ac dipoles were proposed in
the LHC as a complementary tool to measure optics
functions alongside the more conventional kickers (MKQ
and MKA [8,9]). However over the years, the importance of
the LHC ac dipoles [10,11] has grown and they have now
become critical in correcting linear [12–14] and nonlinear
[15–17] optics parameters. To such an extent that they are the
single most important measurement method for the linear
and nonlinear correction strategies in the LHC and for the
High Luminosity LHC [18]. This is in part due to the fact
that single kicks are not allowed at top energy for machine
protection considerations.
The success and reliability of ac dipoles have allowed

them to be used for new applications. The LHC ac dipoles
have been used to measure the physical aperture of the

collider to assist in collimator alignment [19], to measure
amplitude detuning in the presence of head-on beam-beam
interactions [20] as well as to measure the machine
impedance [21]. More recently ac dipoles have been used
in lightsources, such as at ESRF [22], PETRA III [23] and
ALBA [24]. Furthermore, ac dipoles are currently foreseen
for the AGS to compensate spin resonances for the eRHIC
project [25] for the transport of polarized helions.
It is clear that functionality and importance of ac dipoles

have grown significantly. At the core of this success lies the
fact that the ac dipole can generate safe coherent transverse
beam oscillation while recovering the original beam after the
excitation. The slow adiabatic ramp up of the ac dipole
current allows for a continuous monitoring of losses and
enough time to allow safe dump triggers at top energy in the
LHC. Second, the slow adiabatic ramp down of the ac dipole
current makes sure the beam emittance is recovered after
excitations, which means that multiple excitations can be
performed in series thus drastically cutting down measure-
ment time.
Similarly to particles in free motion, stable particles under

forced oscillations are confined to a region in phase space.
Beyond the boundary of stable motion in phase space
particles are lost. This stability region under forced oscil-
lations is called the forced dynamic aperture [26] and
it is analogous to the dynamic aperture for free motion
[27–30] which is defined here as free dynamic aperture. It is
important to note that the forced dynamic aperture is a
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different physical quantity than the free dynamic aperture.
Indeed a direct scaling law between free and forced dynamic
apertures may not be trivially found for synchrotrons.
A poor forced dynamic aperture can significantly affect

commissioning strategieswith ac dipoles for highly nonlinear
machines, for example for the High Luminosity LHC [18]. It
is thus desirable to maximize the forced dynamic aperture to
facilitate linear and nonlinear optics commissioning with ac
dipoles. Furthermore, the forced dynamic aperture can be
generated by any coherent harmonic excitations and is thus of
particular interest to understand the effect of induced forced
oscillations coming from imperfect power supplies or pos-
sible harmonic excitations from crab cavities [31]. Such
sources of forced motion may significantly affect machine
performance, and motivate a good understanding of forced
oscillations in hadron colliders.
Fortunately, forced dynamic aperture does not only bring

limitations. It is also a new alternative observable which has
the potential to provide fast characterization of the non-
linear content of the machine, improve the understanding of
the nonlinear models by comparing to simulations, and
validate nonlinear optics corrections. It is viewed as an
important complementary figure of merit for nonlinear
optics commissioning strategies in the LHC and High
Luminosity LHC [18].
In this paper we describe the first experimental demon-

stration of forced dynamic aperture measurements. The LHC
ac dipoles are limited to an excitation of 10 000 turns while
typical free dynamic aperture studies consider measurements
lasting above an order of magnitude longer. The studies in
this paper are therefore restricted to short term forced
dynamic aperture though the concepts are applicable to
longer timescales as well. This paper proceeds by describing
the influence of an ac dipole on the forced dynamic aperture
in Sec. II. This is followed by results obtained through
MAD-X [32] single particle tracking simulations in Sec. III
where the effect of the ac dipole driving tunes on the forced
dynamic aperture is explored. In Sec. IV the forced dynamic
aperture is defined from beam intensity losses. Finally, a first
demonstration of forced dynamic aperture measurements at
injection energy in the LHC is presented in Sec. V.

II. INFLUENCE OF AC DIPOLE ON FORCED
DYNAMIC APERTURE

Particle dynamics under the driven motion of an ac
dipole are considerably altered [7,15,17]. The general
solution for the driven particle motion with an ac dipole
can be expressed at any longitudinal location s of the ring
as a function of turn number T as

ẑðTÞ − ip̂zðTÞ ¼
ffiffiffiffiffiffiffi
2Jz

p
eið2πQzTþϕz0Þ

þ e−iϕ
ac
z ðδz;−ei2πQac

z T − δz;þe−i2πQ
ac
z TÞ;

ð1Þ

where z ∈ fx; yg denotes the plane of motion, Qz is the
betatron tune, Qac

z is the ac dipole driving tune, ϕac
z is the

phase advance between the location s and the ac dipole, J
and ϕz0 are the initial action and phase of the particle, and
finally δz;− and δz;þ are the complex ac dipole strengths
defined as

δz;� ¼ ffiffiffiffiffiffiffi
βacz

p BL
B0ρ

e�iðπðQac
z �QzÞ−ψ0Þ

4 sinðπðQac
z �QzÞÞ

ð2Þ

where βacz is the β-function at the location of the ac dipole.
Generally the ac dipole tunes are chosen close to the natural
tunes which leads to jδz;−j ≫ jδz;þj.
In the case of free oscillations, where δz;� ¼ 0, the

resonance condition obtained from the normal form for-
malism [33], is conventionally given by

ðj − kÞQx þ ðl −mÞQy ¼ p

with; p ∈ Z and j; k;m; l ∈ N0; ð3Þ

where j, k, l, and m are the indices of the Hamiltonian term
hjklm. The Hamiltonian terms are defined as in [33] as the
sum over the individual sources along the accelerator,

hjklm ¼
X
w

hw;jklmei½ðj−kÞΔϕxþðl−mÞΔϕy� ð4Þ

where w is the location of a multipolar source, and Δϕx;y

are the phase advances between the observation point and
the sources at locations w. The coefficients hw;jklm are
defined using the normal and skew multipolar strengths Kw
and Jw respectively,

hw;jklm ¼ −
½Kw;n−1ΩðlþmÞ þ iJw;n−1Ωðlþmþ 1Þ�

j!k!l!m!2jþkþlþm

× ilþmβ
ðjþkÞ
2

x;w β
ðlþmÞ

2
y;w

with

�ΩðiÞ ¼ 1 if i is even

ΩðiÞ ¼ 0 if i is odd
: ð5Þ

The addition of ac dipoles introduces new frequencies
that lead to new resonances. The derivations presented
in [17] may be extended to two dimensions to obtain the
resonance condition for ac dipole driven motion, as

ðk1 − j1ÞQx þ ðk2 − k3 þ j2 − j3ÞQac
x þ

ðm1 − l1ÞQy þ ðm2 −m3 þ l2 − l3ÞQac
y ¼ p

with; p ∈ Z and ji; ki; mi; li ∈ N0; ð6Þ

where Qac
x;y are the horizontal and vertical ac dipole tunes,

and the indices fulfill the following conditions,
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j1 þ j2 þ j3 ¼ j

k1 þ k2 þ k3 ¼ k

l1 þ l2 þ l3 ¼ l

m1 þm2 þm3 ¼ m

j1 þ l1 > 0:

In general the number of resonances is larger when
exciting the beam with an ac dipole and also include the
resonances present in the free motion. The choice of working
point for the bare machine tunes as well as for the ac dipole
tunes will therefore have a significant influence on the forced
dynamic aperture, as explored in Sec. III.
Resonances are approached by the detuning of the

natural tunes with amplitude. As the oscillation amplitude
increases, the natural tunes will detune on to resonances
causing particle losses. Amplitude detuning is in general
larger with forced oscillations. It has been shown that the
direct linear amplitude detuning terms generated by normal
octupolar fields double under the influence of an ac dipole
driven motion [15]. The tune shifts for free and driven
motion horizontal excitations are given by

ΔQx ¼
q
p
3B4

8π
ðβ2xJfreex þ 2βxβ

0
xJforcedx Þ

ΔQy ¼ −
q
p
3B4

8π
ð2βxβyJfreex þ 2β0xβyJforcedx Þ; ð7Þ

where q and p are the particle charge and momentum, B4

is the integrated field of a normal octupole normalized
with the magnetic rigidity, βx;y are the β-functions at the
octupole sources, β0x;y are the β-functions at the octupoles
under the influence of the ac dipole motion [7], Jfreex;y and
Jforcedx;y are the actions of the free oscillation and forced
oscillation, respectively. When neglecting δz;þ, the forced
action can be defined as Jforcedx ¼ 1

2
jδz;−j2. The expres-

sions for vertical excitations are obtained by swapping
the plane indices. Assuming the optics perturbations
coming from the ac dipole are small (βx;y ≈ β0x;y), and
that the forced oscillation is much larger than the free
oscillation component (Jforcedx;y ≫ Jfreex;y ), Eq. (7) shows that
the detuning for forced oscillations is twice as large as for
free motion (when Jforcedx;y ¼ 0) in the plane of oscillation.
Further detuning from higher order nonlinear fields, such
as second order detuning from dodecapoles, are even
more enhanced [15].
The increased amplitude detuning under forced oscil-

lations combined with the larger number of resonances
should result in a forced dynamic aperture typically smaller
than the free dynamic aperture (DAforced ≲DAfree), and can
thus give a qualitative lower bound estimate on the free
dynamic aperture.

III. SIMULATIONS OF FORCED DYNAMIC
APERTURE WITH AC DIPOLE

Tracking simulations are done in MAD-X [32] to explore
the effect of the ac dipole driving tunes on forced dynamic
aperture. For the purpose of this study, the nominal 2016
model of the LHC at top energy (6500 GeV) and end of
squeeze (β� ¼ 0.40 m) is used. Sources of nonlinearities
are introduced to the model in the following ways;
The nonlinear magnetic errors as generated by Windows
Interface to Simulations Errors (WISE) [34] are applied to
all dipoles and quadrupoles. The corrector spool pieces
settings for the sextupoles (MCS), octupoles (MCO) and
decapoles (MCD) are used as implemented during regular
2016 LHC operation. Misalignments of the separation
dipoles are introduced, and the orbit is corrected to zero
with a residual rms orbit of 2 × 10−6 m. The crossing
angles in the interaction regions are turned off and all other
parameters such as tunes, chromaticity and coupling are
corrected to Qx ¼ 0.31, Qy ¼ 0.32, Q0

x;y ¼ 5, jC−j ¼
5 × 10−4, and β� ¼ 0.40 m to represent normal conditions
during optics measurements in the LHC. The coupling
parameter is defined according to [35] by

C− ¼ 1

2πR

Z
2π

0

ffiffiffiffiffiffiffiffiffi
βxβy

q
Kei½ðϕx−ϕyÞ−ðQx−Qy−pÞθ�dθ ð8Þ

where R is the circumference of the accelerator, K is the
skew quadrupolar strength as defined in [35], ðQx−Qy−pÞ
is the fractional tune difference, ϕx=y are the horizontal and
vertical phase advances, βx=y are the horizontal and vertical
β-functions, and jC−j is the coupling stopband.
Free kick single particle tracking simulations are done by

introducing a Δx and/or Δy offset as initial conditions and
then tracked using the MAD-X thin lens tracking module.
For the ac dipole single particle tracking simulations the
particle is initially at rest (x ¼ px ¼ y ¼ py ¼ 0). The ac
dipole excitation starts after 500 turns and the excitation
amplitude is ramped up for 2000 turns after which it is kept
constant for 6000 turns (flattop) and finally ramped down
for 2000 turns till zero amplitude. Figure 1 shows the turn-
by-turn signal for the particle at BPM.22L1.B1 for the
vertical plane as used in simulations. Those parameters are
comparable to what is currently used for the ac dipole in
the LHC.
Dynamic aperture from simulations is commonly rep-

resented as the stable domain as a function of actions,
where the actions are obtained from the initial conditions.
Such a representation may not be trivially obtained for ac
dipole excitations where the particle is initially at rest.
Two methods are used in the paper to measure the actions

from turn-by-turn data in both simulations and measure-
ments. In the case of single particle tracking simulations,
multiparticle simulations with ac dipole, and measurements
with ac dipole, where a sustained coherent oscillation is
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observed in the turn-by-turn data, the actions are measured
from the amplitude of the tune line in the spectrum of the
BPM turn-by-turn tracking data. The spectral analysis code
SUSSIX [36] is used for all spectral analysis in this paper.

However for free kick measurements where large sources of
nonlinearity cause the beam to decohere quickly, the usable
number of turns for the spectral analysis becomes too small.
The quality of spectral analysis quickly deteriorates, and the
actions are thus determined from the peak-to-peak amplitude
of the turn-by-turn signal.
In single particle simulations, where both free and forced

oscillations yield coherent turn-by-turn position data, the
actions are calculated by spectral analysis of the turn-by-
turn data of the first 200 turns for the free kick motion, and
the first 200 turns of the flattop data of the ac dipole
excitations. Only the first 200 turns are used to mitigate the
effects of possible emittance growth when exciting close
to resonances. Figure 2 shows the first 200 turns of
flattop turn-by-turn data for a vertical excitation with an
oscillation amplitude of A ¼ 1.6 mm. The spectrum of the
this turn-by-turn data is shown in Fig. 3. The amplitude
signal A0 of the main tune line at frequency Qac

y is observed
with an amplitude of A0 ¼ 0.80 mm in the spectrum and is
proportional to the signal amplitude with A ¼ 2A0. The
actions are calculated with

2Jx;y ¼
A2

βx;y
: ð9Þ

The actions are then normalized to the emittance using

N ¼
ffiffiffiffiffiffiffiffiffiffi
2Jx;y
ϵx;y

s
; ð10Þ

where ϵx;y are the physical emittances and are defined as
ϵx;y ¼ 7.8 × 10−9 m at injection energy (0.45 TeV), and
ϵx;y ¼ 5.4 × 10−10 m at top energy (6.5 TeV).
Figure 4 shows the free dynamic aperture as a function

of initial conditions, while the free dynamic aperture as a
function of the calculated actions from the main spectral
line is shown in Fig. 5. Both results are from the same free
kick simulations with 6000 turns. The blue points represent
surviving particles and the red points are particles lost
during tracking. Certain regions in action space are not
fully probed using the usual regular phase space sampling.
At large excitation amplitudes, nonlinearities start to distort
the sampling from initial conditions and does not guarantee
a smooth coverage in action space.
Simulations allow to probe a large area of phase space

and define the forced and free dynamic apertures as the
minimum radial distance to the first observed losses. The
free dynamic aperture is simulated at 12.2σnom as shown by
the black and white arc in Fig. 5. This is slightly lower than
the 13.8σnom free dynamic aperture found in Fig. 4 from the
initial conditions.

FIG. 2. A close-up plot of the first 200 turns of the flattop
excitation showing the coherent turn-by-turn oscillation with an
amplitude of A ¼ 1.6 mm.

FIG. 3. Spectrum of the flattop turn-by-turn data. The main
spectral line is measured at the ac dipole vertical tune Qac

y ¼
0.296 and with an amplitude of A0 ¼ 0.80 mm, i.e. A ¼ 2A0.

FIG. 1. Typical ac dipole excitation showing the turn-by-turn
amplitude of a particle in the vertical plane. The excitation is
similar in the horizontal plane.
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A. Effect of driving tunes on forced
dynamic aperture

Figure 6 shows the simulated forced dynamic aperture
for different ac dipole driving tunes. The top figure shows
the simulated forced dynamic aperture for symmetric
excitation of the ac dipole where Qac

x ¼ Qx − 0.012 and
Qac

y ¼ Qy þ 0.012. The forced dynamic aperture is limited
to 6.2σnom due to early losses for diagonal excitations as the
octupolar resonance Qac

x þQac
y −Qx −Qy ¼ p, with p as

integer, is excited. This resonance is automatically excited
at low amplitudes, though at larger amplitudes its excitation

FIG. 5. Simulated free dynamic aperture with excitations
calculated from the amplitude of the main spectral line. The
machine tunes are Qx ¼ 0.31 and Qx ¼ 0.32.

FIG. 6. Forced dynamic aperture results for three different ac
dipole driving tunes at top energy the natural tunes areQx ¼ 0.31
and Qy ¼ 0.32.

FIG. 4. Simulated free dynamic aperture with excitations
calculated from initialized amplitude. The machine tunes are
Qx ¼ 0.31 and Qx ¼ 0.32.
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depends on symmetric amplitude detuning in both planes.
Results of tracking simulations with two different working
points are also presented in Fig. 6 with Qac

x ¼ Qx − 0.010
and Qac

y ¼ Qy þ 0.014 (middle), and Qac
x ¼ Qx − 0.015

and Qac
y ¼ Qy þ 0.012 (bottom), where their respective

forced dynamic aperture are found at 7.8σnom and 7.0σnom.
In all three cases the forced dynamic aperture is lower than
the free dynamic aperture, confirming qualitative predictions
from Sec. II. All three simulations with different ac dipole
driving tunes show a considerably different forced dynamic
aperture. It is clear from these results that the choice of ac
dipole driving tunes has a large effect on the forced dynamic

aperture and that the angle at which first losses occur is
varying. These differences show that to accurately use the
forced dynamic aperture as an observable for nonlinearities
the same working point should be used throughout all
measurements to compare forced dynamic aperture at differ-
ent nonlinear configurations. Furthermore, it should be
emphasized that the choice of working point can greatly
increase the available aperture for optics measurements with
ac dipole, a fact that will be relevant for the High Luminosity
LHC where nonlinear errors are expected to be large.

B. Simulations at injection energy

Single particle tracking simulations of forced dynamic
aperture at injection energy (450 GeV) with operational
Landau octupole strengths of 2016 [37] are shown in Fig. 7
for two different models. The top figure shows the forced
dynamic aperture for the nominal injection model with
magnetic errors applied in the same way as detailed
previously, and the Landau octupoles powered to 40 A.
The minimum forced dynamic aperture is simulated at
3.3σnom. A large distortion of the probed action space is
observed at large amplitudes due to the very strong Landau
octupoles at injection energy. The bottom figure shows the
forced dynamic aperture for simulations with the same
model and with the addition of rotational geometric errors
in all multipoles. After the introduction of the geometrical
rotational errors the coupling is corrected to jC−j ¼
5 × 10−4, a typical value during optics measurements in
the LHC. A reduction of forced dynamic aperture to 2.6σnom
is observed. Geometrical rotations of multipoles change the
nonlinear content of the model, which translates to a change
in simulated forced dynamic aperture.

IV. EVALUATION OF FORCED DYNAMIC
APERTURE FROM BEAM INTENSITY LOSSES

Both free and forced short term dynamic aperture can
be measured by probing the beam intensity loss after
large transverse excitations. In general, as the excitation
amplitude is increased, more particles will cross the free or
forced dynamic aperture and become lost. By assuming that
the losses are dominant in a single plane and that the free
or forced dynamic aperture is smooth, the problem can be
simplified to a single dimension. In such a case the
condition for loosing a particle from free DA becomes,

Jfree > DAfree ð11Þ

and for loosing a particle from forced DA

Jfree þ Jforced > DAforced ð12Þ

This is reflected in Figs. 8 and 9. Figure 8 shows a beam
excited with a single free kick. All particles beyond the
free dynamic aperture are lost. The free dynamic aperture is

FIG. 7. Forced dynamic aperture at injection with Landau
octupoles at 40 A. The top figure shows the forced dynamic
aperture for a model including magnetic errors, while the bottom
figure shows the forced dynamic aperture for a model including
geometrical rotational errors as well as magnetic errors. A
reduction of forced dynamic aperture is observed when including
the geometrical rotational errors in the multipoles.
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determined by fitting an error function to the measured
losses over kick amplitudes as described in [38–40].
The coherent excitation of the ac dipole will not change

the initial bunch profile. Multiparticle tracking simulations
are done to verify that the Gaussian bunch profile is
maintained during the ac dipole excitation. Figure 10 shows
the Gaussian bunch profile with 4000 particles for a bunch
at rest before the ac dipole excitation and the same particles
during the flattop excitation of the ac dipole. The bunch
size is calculated before the ac dipole excitation at
σ ¼ 1.305 mm, and during the flattop ac dipole excitation
at σ ¼ 1.309 mm. The small deviations between the two

are attributed to limited number of particles used in the
simulation. This is also representative for the other coor-
dinates x; px, and py.
Figure 9 shows an ac dipole excited beam traversing the

forced dynamic aperture. In contrast to the free kick case
where only particles beyond the free dynamic aperture are
lost, the particle motion with ac dipole excitation will cause
all the tails to be lost. By further assuming that the coupling
is negligible this simplifies the problem to an integral over
the distribution in action space only,

ΔI
I
ðDAforcedÞ ¼

Z þ∞

DAforced

1

ϵz
e−

w−Jforcedz
ϵz dw ð13Þ

whereΔI=I is the normalized measured losses, Jforcedz is the
measured action of the bunch from forced oscillations, ϵz is
the beam emittance, w is the integration variable in units of
Jforcedz , and z ∈ fx; yg determines the plane of losses. This
leads to the following expression of the forced dynamic
aperture for given beam losses and forced excitation

DAforced ¼ Jforcedz − ϵz ln

�
ΔI
I

�
: ð14Þ

which is dependent on Jforcedz and ΔI=I. The resulting
expression for the forced dynamic aperture is very close to
the exponential formula for free dynamic aperture as
defined in [30], but now contains a kick term (Jforcedz ).
The forced dynamic aperture can then be calculated from
measurements by fitting Eq. (14) to the measured beam
intensity losses over ac dipole excitation amplitudes.
Further simulations are done with an evenly sampled

vertical phase space and the same conditions as presented
in Sec. III B. The horizontal initial conditions are set to

FIG. 9. Diagram showing where the losses in the particle bunch
occur as a result of reaching the forced dynamic aperture. The
remaining free motion inside the bunch will cause the tails of the
bunch to be lost.

FIG. 8. Diagram showing where the losses in the particle bunch
occur as a result of reaching the free dynamic aperture. As the
kick amplitude (Δpx) increases more particles will cross the free
dynamic aperture and will be lost.

FIG. 10. Bunch distributions for vertical excitations of ac
dipole for the case before the ac dipole (at rest) and during
the flattop ac dipole excitation for multiparticle tracking simu-
lations with 4000 particles. Before the ac dipole the bunch size is
σ ¼ 1.305 mm, and during the flattop ac dipole excitation it is
measured at σ ¼ 1.309 mm.
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x ¼ px ¼ 0. All particles are excited with the same
diagonal excitation close to the forced dynamic aperture.
Figure 11 shows the lost and surviving particles as a
function of their initial conditions in the vertical plane. All
tails of the initial distribution are lost due to the forced
dynamic aperture which is in line with the representation
of Fig. 9.

V. FORCED DYNAMIC APERTURE
MEASUREMENTS AT INJECTION ENERGY

A first demonstration of forced dynamic aperture mea-
surements using the LHC ac dipoles at injection energy is
presented. The experiments carried out consist of exciting
the beam with the LHC aperture kicker (MKA) or the LHC
ac dipoles and measuring the beam intensity losses using
the LHC beam current transformer system (BCT) [41].
A single pilot bunch is used during the measurements and
the collimators are retracted to 12 σnom to allow for large
excitations without scraping the stable beam and providing
the necessary aperture to probe the free and forced dynamic
aperture. Measurements were performed with the Landau
octupoles powered at 40 A, equal to the operational settings
in 2016 [37] as well as at 6.5 A. Several series of
measurements were done in Beam 2 by exciting the beam
in the horizontal plane and vertical planes separately. For
the series of free kick measurements a dump and re-inject
scheme is used, while during the ac dipole excitations the
bunch is dumped and re-injected whenever significant
losses occur. The emittance of the injected beams shows
no significant variations between different injections and
was measured consistently around 1.2 μm with the wire
scanners in both planes. Free dynamic aperture measure-
ments were first performed with the aperture kicker (MKA)
[9] to obtain a free dynamic aperture reference with a
conventional free kick method. The experiment was
repeated in both planes using the ac dipole.
ac dipole excitation amplitudes and frequencies are

controlled through an online measurement tool. The ac

dipole currents have been demonstrated to be very well
regulated with a noise floor at 5 × 10−4 of the main
frequency amplitude and an emittance growth below the
0.1% level for the excitation ranges used in the LHC [10].
The ac dipole driving tunes was set toQac

y ¼ Qy − 0.014 ¼
0.296 and Qac

x ¼ Qx − 0.018 ¼ 0.262 to ensure the
Qac

y ¼ Qy resonance is not approached through detuning
with amplitude for vertical excitations. The measurement
was repeated with lower octupole strength (þ6.5 A) to
probe the change of forced dynamic aperture.
Figure 12 shows the measured beam losses as percent-

ages of initial beam intensity for measurements with
Landau octupoles at 40 A with free kick and ac dipole
excitations in the vertical plane in the top plot and the

FIG. 11. Location of losses from forced DA with evenly
sampled vertical phase space. In black the phase space ellipse
at 1σ is drawn for reference.

FIG. 13. Measured natural vertical tunes vs vertical excitation
amplitudes for measurements with ac dipole (blue) and free kicks
(red) and Landau octupoles powered at 40 A.

FIG. 12. Measured losses for ac dipole excitations (blue) and
free kick (red) measurements with Landau octupoles powered
at 40 A.
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corresponding measured natural tunes in the bottom plot.
The actions are calculated at each BPM along the ring by
using the main spectral line amplitude for ac dipole
excitations and the peak-to-peak of the turn-by-turn signal
for the free kicks as discussed in Sec. III. In practice, an
average over all arc BPMs is taken, having the benefit of
providing an error bar for the action measurement and
excluding the BPMs in the insertion regions. The meas-
urement errors on the actions are defined as the standard
deviation of the measured actions in all working arc BPMs.
The measured natural tunes are measured from the turn-by-
turn data at each BPM using the spectral analysis code
SUSSIX. The error is defined as the standard deviation over
all BPMs and is in general small.
The beam losses are calculated from the BCT measured

intensity before and after excitation. In the case of the ac
dipole excitation this gives very clear losses from the BCT
data, as there are no beam losses after excitation. For free
kicks the difference in beam intensity is measured at the
same timescales as the ac dipole excitation. However,
continued slow losses are occurring then due to the free
dynamic aperture. This results in a larger measured error on
the relative beam losses for free kicks.
The forced dynamic aperture is calculated by fitting

Eq. (14) to the measured losses as a function of ac dipole
excitation amplitudes. The fit is also shown in Fig. 12 as the
blue dotted line. We observe a very good agreement between
measurement and the fit. The forced dynamic aperture is
measured with the ac dipole at ð2.60� 0.04Þσnom and is
limited by the 3rd order resonance 3Qy ¼ p, as shown in
Fig. 13. In the case of free kicks, the free dynamic aperture
arising from the 3rd order resonance is 4.3σnom. The kicks at
3.5 and 4.6 σnom show very small losses thus enclosing a thin
unstable region at the 3rd order resonance. Such a thin
unstable region explains the small losses observed for free
kicks at the free dynamic aperture. Further free kick
measurements at larger amplitude were performed up to
7.3σnom where the beam is lost. As free kicks apply an
instant change in phase space, it is possible to excite the
beam beyond the 3rd order resonance without crossing the
resonance for large amplitude kicks. It should be noted that
such strong kicks are not present in operational conditions
and that any bunch experiencing a gradual increase of
amplitude will thus cross the resonance and become reso-
nantly excited. In the case of the ac dipole the 3rd order
resonance is dominant in defining the forced dynamic
aperture. Due to the ramp up of the ac dipole all particles
will slowly cross the resonance and thus be lost.
Figure 14 shows the beam losses for vertical kicks with

ac dipoles at two different settings of Landau octupoles.
The first curve, in blue, shows the same results as in
Fig. 12 for Landau octupoles powered at 40 A. The forced
dynamic aperture for measurements with lower octupole
powering (6.5 A) is shown in green, and forced dynamic
aperture from the fit is calculated at ð6.86� 0.12Þσnom.

An increase of forced dynamic aperture is observed with
a reduction of Landau octupole strength. This can be
related to much weaker amplitude detuning coming from
the Landau octupoles, as shown in Fig. 15. Amplitude
detuning is linear in octupole current and quadratic in σnom.
The expected increase of forced dynamic aperture from
reduced amplitude detuning with weaker octupoles is
thus

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6.5=40

p ¼ 2.48, while the observed increase of
DAforcedð40Þ=DAforcedð6.5Þ ¼ 2.64. In both cases the forced
dynamic aperture is limited by the 3rd order resonance.
The measurements demonstrate that changes in the non-
linear state of the machine can be measured with forced
dynamic aperture measurements.

FIG. 14. Measured losses for ac dipole excitations with Landau
octupoles powered at 40 A (blue) and 6.5 A (green).

FIG. 15. Measured natural vertical tunes vs vertical excitation
amplitudes for measurements with ac dipole and Landau octu-
poles powered at 40 A (blue) and 6.5 A (green).
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Further measurements with horizontal excitations are
presented in Fig. 16. The resulting particle losses for
measurements at horizontal excitations with both the ac
dipole (in blue) and theMKA (in red) are shown. The forced
dynamic aperture in the horizontal plane for the ac dipole
was measured at ð2.9� 0.3Þσnom, while the free dynamic
aperture was measured at ð5.2;�0.2Þσnom. Note that the fit
for the free dynamic aperture is done with the error function
as described in [40]. In the case of the ac dipole driven
motion, the horizontal natural tune is detuning onto the linear
resonanceQx ¼ Qac

y and nonlinear resonance 2Qx ¼ 2Qac
y ,

as shown in Fig. 17. Most likely, both linear and nonlinear
resonances influence the observed particle losses. The free
dynamic aperture is reached when approaching the differ-
ence linear coupling resonance Qx ¼ Qy and octupolar
resonance 2Qx ¼ 2Qy as both the vertical and horizontal
tunes approach each other, as presented in Fig. 17. The losses
are most likely caused by the octupolar resonance, as the
difference linear coupling resonance is a stable resonance.

A. Comparison to multiparticle tracking simulations

The nonlinear content of the machine can be probed
by comparing measurements to simulation. By simulating
the beam intensity losses after ac dipole excitation in
multiparticle simulations a direct comparison to measure-
ments can be made. Multiparticle bunches are initialized as
a Gaussian distribution with 10 000 particles following [42]
and tracked in MADX. The intensity losses and turn-by-
turn data of the centroid of charge are observed just like in
measurements. The actions are calculated in the same way
as with the measurements, by using the turn-by-turn data of
the centroid of charge. Multiparticle tracking simulations
are done at injection energy with Landau octupole at 40 A
with the two models described in Sec. III B. Figure 18
shows the comparison between measurement and multi-
particle simulations for vertical ac dipole excitations. The
simulations with the nominal injection model using only
magnetic errors are shown in pink. The nonlinear model
used in this case fails to reproduce the observed losses in
the forced dynamic aperture measurement. The sources of
this discrepancy can be related to the fact that the skew
sextupolar sources present in the model are much smaller
than the beam based observations. The forced dynamic
aperture using a model with geometrical rotational errors is
shown in light blue. The second model is in good agree-
ment with the measurements. This exercise demonstrates
that the nonlinear content of the machine may be probed by
directly comparing to simulation, and that improvements in
the machine models may be derived from forced dynamic
aperture measurements. As this method is allowed at top
energy in the LHC this provides a distinct advantage over
the conventional single kick methods that are currently
forbidden at top energy in the LHC.
Simulations for the case with lower Landau octupole

strengths show a similar behavior as with the large octupole
powering, as presented in Fig. 19. When the model without
rotational lattice errors is used forced dynamic aperture is at
10.8σnom, and does not reproduce the measurements. After
including the rotational lattice errors the forced dynamic
aperture reduces to 8σnom and is limited by the third-order
resonance 3Qy. Though this is still 1σ away from the
measured values it shows a significant improvement in the
model. Excitations at larger amplitudes show reduced
losses at around 35% until the bunches are fully lost again.
The losses observed between 8σnom and 10.8σnom occur

FIG. 16. Measured losses for both free kicks (red) and ac dipole
excitations (blue) in the horizontal plane with Landau octupoles
powered at 40 A. The blue fit is done with Eq. (14), while the red
fit is done with the error-function of [40].

FIG. 17. Measured natural horizontal and vertical tunes vs
horizontal excitation amplitudes with Landau octupoles powered
at 40 A for ac dipole excitations and free kicks excitations.
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during the ramp-up and ramp-down of the ac dipole during
which the 3Qy resonance is crossed. Future studies will be
needed for a more accurate model and exploration of
advanced features of this method.

VI. CONCLUSIONS

In recent years ac dipoles have obtained a prominent role
in the commissioning of the LHC, and have been used or
envisaged for many other machines. The forced dynamic
aperture may become a limiting factor for future applications
of ac dipoles. Fortunately the forced dynamic aperture can
also be used as a new alternative observable for probing
machine nonlinearities.
The nonlinear dynamics under the influence of an ac

dipole are altered and the measured forced dynamic
aperture is expected to be smaller than the free dynamic
aperture. This is related to the appearance of new reso-
nances and to the doubling of first order direct detuning
terms in the ac dipole driven motion. Assuming direct
detuning terms are the dominant detuning terms, this means
enclosing resonances are approached with actions twice
smaller than under free oscillations, thus narrowing the
stability region in phase-space.
Single particle tracking simulations were done for both

forced and free dynamic aperture. At top energy and
without Landau octupoles the free dynamic aperture is
12.2σnom. The forced dynamic aperture in single particle
tracking simulations with ac dipole is found to be between
6.2 and 7.8 σnom depending on the chosen working point.
Results show that the measured forced dynamic aperture is
significantly reduced compared to the free dynamic aperture,
confirming expectations. Furthermore, the role of the choice
of ac dipole driving tunes is demonstrated. Depending on the
working point, various resonances are observed to reduce
the minimum forced dynamic aperture. It is thus crucial to
use the same working point to probe and compare the
forced dynamic aperture of differentmachine configurations.
Secondly, this motivates a study to find a working point that
maximizes forced dynamic aperture to facilitate optics
measurements in the LHC and High Luminosity LHC.
A first demonstration of forced dynamic aperture mea-

surements is presented at injection energy with Landau
octupoles powered to 40 A, and later to 6.5 A. At 40 A,
measurements with the aperture kicker (MKA) showed a
vertical kick free dynamic aperture at the 3rd order
resonance at 4.3σnom. The ac dipole forced dynamic
aperture was measured at ð2.60� 0.04Þσnom, limited also
by the 3rd order resonance. Lowering of the Landau
octupole powering to 6.5 A resulted in a significant
measurable increase of forced dynamic aperture. A reduc-
tion of octupole currents to 6.5 A shows an increase of
forced dynamic aperture to ð6.86� 0.12Þσnom, and illus-
trates the potential use to characterize relative changes
in the nonlinear state of the machine using forced
dynamic aperture measurements. Measurements with hori-
zontal excitations show a forced dynamic aperture of
ð2.9� 0.3Þσnom, and a free dynamic aperture of ð5.2�
0.2Þσnom for free oscillations.
Both results in the vertical and horizontal planes show a

reduced forced dynamic aperture compared to the free

FIG. 19. Measured losses for ac dipole excitations with Landau
octupoles at 6.5 A from measurements and multiparticle simu-
lations. The simulations results without geometrical rotational
lattice errors are shown in pink, while the simulations including
those rotational errors are shown in light blue.

FIG. 18. Measured losses for ac dipole excitations with Landau
octupoles at 40 A from measurements and multiparticle simu-
lations. The simulations results without geometrical rotational
lattice errors are shown in pink, while the simulations including
those rotational errors are shown in light blue.
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dynamic aperture. This is of particular significance for
top-energy applications in the LHC and High Luminosity
LHC where ac dipole measurements are central to all beam
optics commissioning strategies, and are limited in excitation
amplitudes by the forced dynamic aperture. Forced dynamic
aperture optimization is therefore crucial to allow optics
measurements in highly nonlinear machines such as the
High Luminosity LHC.
Multiparticle simulations show that the nominal model

used with nonlinear magnetic errors fails to reproduce the
measured forced dynamic aperture. The introduction of
measured geometrical rotational errors and matching the
coupling to the measured experimental values is needed
in the model to reproduce the measured forced dynamic
aperture. It demonstrates the usefulness of forced dynamic
aperture measurements to characterize the nonlinear model.
The results presented in this paper demonstrate the

potential of forced dynamic aperture as a new observable
to provide insight on the nonlinear content of the machine,
validate nonlinear corrections, improve the nonlinear
model, and provide qualitative estimates of a lower bound
for the free dynamic aperture.
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