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The space-charge driven envelope instability can be of great danger in high intensity accelerators. Linear
accelerators were designed to avoid this instability by keeping the zero current phase advance per lattice
period below 90 degrees. In this paper, we studied the acceleration effects on the instability in a periodic
solenoid and radio-frequency (rf) focusing channel and a periodic quadrupole and rf focusing channel using
a three-dimensional envelope model and self-consistent macroparticle simulations. Our results suggest that
the envelope instability might be dramatically mitigated with a reasonable accelerating gradient in both
channels. This suggests that the zero current phase advance without acceleration might be above 90 degrees
in linear accelerators where the accelerating gradient is sufficiently high.
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I. INTRODUCTION

In a periodic accelerator system, when the zero current
phase advance through one lattice period is above
90 degrees, the envelope oscillation of a charged particle
beam with finite current can become unstable [1,2].
Such an envelope instability driven by the space-charge
effects causes beam size blow up and potential particle loss
inside the accelerator. In order to avoid the envelope
instability, linear accelerators were designed with zero
current phase advance per lattice period below 90 degrees
[3–9]. However, the linear accelerator is not a perfect
periodic system. In addition to the machine imperfections
such as field amplitude error and misalignment error,
the use of rf cavity acceleration breaks the longitudinal
periodicity of the accelerator. The presence of rf accel-
eration helps damp the envelope oscillation and also
modifies the transverse and longitudinal focusing strengths
and space-charge forces. Previous studies have shown that
resonances in circular accelerators can be crossed without
significantly affecting the beam quality if the crossing
speed is sufficiently fast [10–13]. With the use of super-
conducting rf cavity in the linear accelerator, the high
accelerating gradient from the cavity may help overcome
the envelope instability. In this paper, we report on
mitigating strong envelope instability of a proton beam
through a solenoid-rf lattice and through a quadrupole-rf

lattice with 120 degree zero current transverse and longi-
tudinal phase advances.
The envelope instability in a periodic transport channel

has been extensively studied theoretically and experimen-
tally since the 1980s [1,2,14–31]. (Some of those studies
were summarized in a recently published monograph [32].)
It is the lowest order (second-order) collective mode
instability driven by the direct space-charge effects and
could present great danger in high intensity accelerator
operation. Recently, an analysis of bunched beam stability
in a periodic solenoid-rf and in a periodic quadrupole-rf
transport channel was done using a three-dimensional (3D)
envelope model without acceleration [33]. A number of
instability stopbands were identified in that study when the
zero current phase advance per lattice period is beyond
90 degrees. In this paper, we study the effects of accel-
eration on the instability of envelope oscillation in these
two types of focusing channels.
The organization of this paper is as follows: after the

introduction, we present the 3D envelope instability analy-
sis with acceleration in Sec. II; we present the study of
mitigation of the envelope instability in a transverse
solenoid and longitudinal rf focusing and accelerating
channel in Sec. III; we present the study of mitigation of
the instability in a transverse quadrupole and longitudinal rf
focusing and accelerating channel in Sec. IV; and draw
conclusions in Sec. V.

II. THREE-DIMENSIONAL ENVELOPE
INSTABILITY MODEL WITH

ACCELERATION

In a linear accelerator, for a 3D uniform density
ellipsoidal beam, the 3D envelope equations including
acceleration are given as [34,35]:
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where X and Y are horizontal and vertical rms beam sizes
normalized by the scaling length l ¼ c=ω, T is the rms
longitudinal phase (T ¼ ωΔt), Δt denotes the rms time of
flight difference between the individual particle and the
reference particle, c is the speed of light in vacuum, ω is the
rf angular frequency, p0 ¼ mcγ0β0 is the reference particle
momentum, the prime denotes derivative with respect to
distance s, k2x, k2y, k2t represent the external focusing forces
((kxðsÞ ¼ kyðsÞ ¼ qBðsÞ=ð2p0Þ for solenoids and k2x;yðsÞ¼
�qGðsÞ=p0 for quadrupoles, where B is the solenoid root
mean-squared magnetic field along the axis and G is the
quadrupole gradient, k2t ¼ ωqE0Ttr sinð−ϕsÞ=ðmc3β30γ

3
0Þ

for longitudinal rf focusing [36]), u0 ¼ γ0β0, δ ¼ mc, ϵx,
ϵy, and ϵt are normalized rms emittances, and K is the
generalized perveance associated with the space-charge
strength given by:

K ¼ qI
2πϵ0p0v20γ

2
0

ð5Þ

where I is the average current of the beam, q is the charge
of the particle, ϵ0 is the vacuum permittivity, v0 is the speed
of the reference particle, and γ0 is the relativistic factor of
the reference particle. The quantity λ3 is a constant depend-
ing on the distribution of the beam. It was pointed out in
Ref. [34] that the space-charge form factor λ3 ¼ 1=5

ffiffiffi
5

p
for

a uniform distribution depends only weakly on the type of
distributions and is 1.01=5

ffiffiffi
5

p
for a parabolic distribution

and 1.05=5
ffiffiffi
5

p
for a Gaussian distribution. In this study, we

assume that the rf cavity design phase is fixed and the
reference particle energy increases linearly inside the cavity

due to the rf acceleration. The energy dependency of the
external focusing and the space-charge effects is automati-
cally included in the calculation through the changes of γ0
and β0 from the acceleration.
The above envelope equations can be linearized with

respect to matched solutions as:

XðsÞ ¼ X0ðsÞ þ xðsÞ ð6Þ

YðsÞ ¼ Y0ðsÞ þ yðsÞ ð7Þ

TðsÞ ¼ T0ðsÞ þ tðsÞ ð8Þ

where X0, Y0 and Z0 denote the matched envelope
solutions and x, y and t denote small perturbations

xðsÞ ≪ X0ðsÞ; yðsÞ ≪ Y0ðsÞ; tðsÞ ≪ T0ðsÞ: ð9Þ

Let ξ ¼ ðx; px; y; py; t; ptÞT , the equations of motion for
the perturbations are given by:

dξ
ds
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Let solution ξðsÞ ¼ M6ðsÞξð0Þ, substituting this equa-
tion into Eq. (10) results in

dM6ðsÞ
ds

¼ A6ðsÞM6ðsÞ ð18Þ

where M6ðsÞ denotes the 6 × 6 transfer matrix solution of
ξðsÞ and M6ð0Þ is a 6 × 6 unit matrix. The above ordinary
differential equation can be solved using the matched
envelope solutions and numerical integration. The stability
of these envelope perturbations is determined by the
eigenvalues of the transfer matrix M6ðLÞ through one
lattice period. For the envelope oscillation to be stable,
all six eigenvalues (three pairs) of the M6ðLÞ have to stay
on the unit circle. The amplitude of the eigenvalue gives
the envelope mode growth (or damping) rate through one
lattice period, while the phase of the eigenvalue yields the
mode oscillation frequency. When the amplitude of any
eigenvalue is greater than one, the envelope oscillation
becomes unstable.

III. MITIGATION OF THE ENVELOPE
INSTABILITY IN A SOLENOID

AND RF CHANNEL

We first studied the mitigation of the envelope instability
in a transverse solenoid focusing and longitudinal rf
accelerating and focusing channel. A schematic plot of
this channel is shown in Fig. 1. Each period of the
accelerator lattice consists of a 0.1 meter solenoid, a
0.1 meter drift, a 0.4 meter rf cavity, and 0.1 meter drift.
The proton bunch has an initial kinetic energy of 10 MeV
and normalized rms emittances of 0.2 um in all three
directions. Figure 2 shows the envelope mode growth rate
amplitudes as a function of depressed transverse phase
advance inside the above lattice with 120 degree zero
current transverse and 120 degree zero current longitudinal
phase advances without and with 8 MV=m accelerating
gradient inside the rf cavities. Here, the smaller depressed
phase advance corresponds to the stronger space-charge
defocusing effects and the higher proton beam bunch
intensity. The depressed phase advances with acceleration

were calculated using the same lattice as those without
acceleration. These phase advances include the energy
dependency of the external focusing and the space-charge
effects due to the acceleration. Without acceleration, the
beam shows strong envelope instability. There are three
instability stopbands below about 80 degree depressed
transverse phase advances. The stopband below 65 degree
depressed tune is due to the confluent resonance between
two envelope oscillation modes. The other two stopbands
are due to the half-integer parametric resonance between
the focusing lattice and the envelope oscillation modes.
With the presence of acceleration, the proton beam energy
increases linearly inside the cavity with 8 MV=m accel-
erating gradient. The above envelope instability stopbands
are significantly modified. The width of stopband is
reduced from about 80 degrees to about 50 degrees. The
instability growth rate maximum amplitude is also reduced
from nearly 1.4 to about 1.2.
In the above example, with acceleration, the envelope

instability analysis is an approximate model due to the
periodic assumption in the analysis even though the beam
energy increases through a lattice period in the calculation
of the transfer matrix. In a real lattice with acceleration, the
proton beam energy will keep on increasing through the
entire lattice. In order to study the effects of acceleration on
the envelope instability in the real lattice, we carried out
self-consistent macroparticle simulations using a 3D par-
ticle-in-cell code, IMPACT [37,38]. In the self-consistent
simulation, a number of macroparticles were tracked
through the lattice subject to the external focusing and
accelerating and the space-charge forces. The parameters of
external focusing elements were determined from the zero
current phase advances without acceleration (same as those
used in the envelope analysis). With the acceleration, both
the external focusing and the space-charge forces vary
automatically during the simulation depending on the beam
energy. Here, we assumed a linear increase of beam energy
inside the rf cavities from the acceleration.
We first selected an unstable point inside the depressed

phase advance stopband with large instability growth rate.
The transverse depressed phase advance for this point is
40 degrees, which represents a strong space-charge tune
depression ratio of 0.33. Here the tune depression ratio is
defined as the ratio of the depressed phase advance to the
zero current phase advance per lattice period. It is a measure
of relative space-charge effects with respect to the external
focusing. The smaller tune depression ratio, the stronger
space-charge effects would be. We assumed 10% mismatch
in all three directions of an initial Waterbag distribution and
used about 625,000 macroparticles and 64 × 64 × 64 grid
points in the simulations. Figure 3 shows the horizontal and
longitudinal rms size (normalized by the matched rms size)
evolution and the emittance growth (emittance change
divided by the initial emittance) evolution through the above
lattice without and with 8 MV=m accelerating gradient inFIG. 1. Schematic plot of a periodic solenoid and rf channel.
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the rf cavities. Without acceleration, the transverse and
longitudinal rms sizes grow quickly up to about 40 periods
due to the instability. With the acceleration, the mismatched
rms envelope oscillations growth is significantly damped and
the beam becomes stable. Without acceleration, the envelope
instability also causes large (more than a factor of 3 and 7)

emittance growth. With the acceleration, the emittance
growth is small and below 30% through this lattice.
To see the effects from acceleration systematically, we

calculated the maximum horizontal and longitudinal rms
envelope amplitudes (normalized by the corresponding
initial matched rms sizes) within 100 lattice periods and

FIG. 2. The 3D envelope mode growth rate amplitudes as a function of depressed transverse phase advance with 120 degree zero
current transverse and longitudinal phase advances in the periodic solenoid-rf channel without acceleration (left) and with 8 MV=m
accelerating gradient (right).

FIG. 3. The horizontal and longitudinal normalized rms size evolution (left) and emittance growth evolution (right) inside the
solenoid-rf channel without acceleration and with acceleration. The depressed transverse phase advance is 40 degrees with 120 degree
zero current transverse and longitudinal phase advances.

FIG. 4. The maximum normalized horizontal rms amplitude (left) and longitudinal rms amplitude (right) within 100 lattice periods as a
function of accelerating gradient and depressed transverse phase advance in the solenoid-rf channel.
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the final emittance growth as a function of accelerating
gradient and depressed transverse phase advance in Figs. 4
and 5. Here, the depressed phase advances are from 40 to
75 degrees in both the transverse direction and the
longitudinal direction. This range covers the original
instability stopband (no acceleration) with large envelope
mode growth rate amplitude. Without acceleration or the
accelerating gradient is small, the maximum envelope

amplitudes are significantly greater than the initial matched
rms sizes due to the envelope instability. Most large
amplitudes are located around the left corner of the above
plot with 40 degree depressed transverse phase advances
and small accelerating gradient. This is consistent with the
large envelope mode growth rate in the above envelope
instability stopband around 40 degree phase advances.
With the increase of accelerating gradient, the normalized

FIG. 5. The final log horizontal emittance growth (left) and longitudinal emittance growth (right) at the end of 100 lattice periods as a
function of accelerating gradient and depressed transverse phase advance in the solenoid-rf channel.

FIG. 6. The zero current horizontal (left) and longitudinal (right) phase advances as a function of lattice cell number in the solenoid-rf
channel.

FIG. 7. The horizontal (left) and longitudinal (right) tune depression ratios as a function of lattice cell number in the solenoid-rf
channel.
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maximum amplitudes decrease and approach the initial rms
sizes. The mitigation of the instability is also seen in the
final emittance growth. Most emittance growth occur with
accelerating gradient below 1 MV=m due to the instability.
With the increase of accelerating gradient, the final emit-
tance growth become smaller and approach a few per-
cent level.
The acceleration mitigates the envelope instability across

the stopbands of depressed phase advance. The acceleration
inside the rf cavity provides damping to the envelope
oscillation as seen in the envelope equations (3). In
addition, both the transverse and the longitudinal focusing
strengths depend on the energy of the beam. The space-
charge forces also depend on the beam energy. When the
beam energy increases, the external focusing strengths and
the space-charge effects become weaker. Figure 6 shows
the zero current horizontal and longitudinal phase advances
per lattice period as a function of the lattice period (cell)
number with 2 MV=m, 4 MV=m, and 8 MV=m accelerat-
ing gradients. It is seen that with the acceleration, the zero
current phase advance quickly falls below 90 degrees after
a few lattice periods. This moves the proton beam out of the
instability. As the beam energy further increases, the space-
charge forces also become weaker. However, the relative
space-charge effects (measured by tune depression ratio)
might still be significant. Figure 7 shows the horizontal and
the longitudinal tune depression ratios as a function of the
lattice cell number using a beam current corresponding to
initial 40 degree depressed transverse phase advance with-
out acceleration. Through the entire 100 lattice periods, the
horizontal tune depression ratio increases from 0.33 to
about 0.4, while the longitudinal depression ratio decreases
from 0.33 to about 0.2. The relatively strong space-charge
effects through the lattice cause the remaining emittance
growth as seen in Fig. 3 even with the presence of fast
acceleration.

IV. MITIGATION OF THE ENVELOPE
INSTABILITY IN A QUADRUPOLE

AND RF CHANNEL

Next, we studied the effects of acceleration on the
envelope instability in a transverse quadrupole focusing
and longitudinal rf focusing channel using the same proton
beam and computational settings. A schematic plot of
this periodic channel is shown in Fig. 8. Each period of
the lattice consists of a 0.1 meter focusing quadrupole,

a 0.4 meter rf cavity, a 0.1 meter defocusing quadrupole,
and another 0.4 meter rf cavity. The total length of the
period is 1.4 meters. Figure 9 shows the envelope mode
growth rate amplitudes as a function of transverse
depressed phase advance inside the above lattice with
120 degree zero current transverse and longitudinal phase
advances without and with 8 MV=m accelerating gradient
inside the rf cavities. Without acceleration, the beam shows
strong envelope instability. Below about 80 degree phase
advances, the envelope mode growth rate amplitude is
greater than one and becomes larger as the depressed phase
advance decreases with stronger space-charge effects. This
instability stopband is caused by the confluent resonance of
two envelope oscillation modes. With the presence of
acceleration, the envelope instability stopband shrinks
significantly. Both the stopband width and the growth rate
amplitude become much smaller in comparison to those
without acceleration.
We also carried out self-consistent macroparticle simu-

lations using the IMPACT code for this lattice. We first
selected a point inside the instability stopband with 40 degree
depressed transverse phase advances. Figure 10 shows the
horizontal and longitudinal normalized rms size evolution
and emittance growth evolution through the quadrupole-rf
channel without and with 8 MV=m accelerating gradient
inside the rf cavities. Without acceleration, both horizontal
and longitudinal envelope oscillations are unstable and grow
up to about 20 periods before reaching saturation. With the
acceleration, except the initial small growth in horizontal
plane, the rms sizes decrease and become stable through this
lattice. The damping of the longitudinal envelope instability
due to acceleration is faster than that of the transverse
envelope instability. This could be due to a factor of three
larger damping rate in the longitudinal envelope equation in
comparison to those in the transverse envelope equations.
Without acceleration, the normalized emittances increase by
more than a factor of 5 due to the envelope instability. With
the acceleration, the longitudinal emittance growth is below
30% and the horizontal growth is below 100%.
Next, we scanned the accelerating gradient inside the rf

cavities with depressed transverse phase advance inside the
above envelope instability stopband to systematically study
the effects of acceleration. Here, the depressed phase
advances are from 40 to 70 degrees in the transverse
direction and from 48 to about 77 degrees in the longi-
tudinal direction. This range corresponds to large envelope
mode growth rate amplitude in the original instability
stopband without acceleration. Figures 11 and 12 shows
the maximum horizontal and longitudinal rms amplitudes
(normalized by the matched rms sizes) within 100 lattice
periods and the final emittance growth as a function of
accelerating gradient and depressed transverse phase
advance. With small or zero accelerating gradient, the
maximum amplitudes are significantly greater than the
matched envelope sizes due to the envelope instability.FIG. 8. Schematic plot of a periodic quadrupole and rf channel.
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With the increase of accelerating gradient, the maximum
amplitudes become smaller and approach the matched
envelope sizes. Most large maximum rms amplitudes are
located around the left corner of the plot with small
depressed transverse phase advance and accelerating gra-
dient. The mitigation of the envelope instability is also seen
in the final emittance growth plot. Most emittance growth

occur with an accelerating gradient below 2 MV=m. With
the increase of the accelerating gradient, the final horizontal
and longitudinal emittance growths become smaller and
approach the level of 10%. The acceleration helps mitigate
the envelope instability across the stopband of depressed
phase advance in this lattice too. Figure 13 shows the zero
current horizontal and longitudinal phase advances per

FIG. 9. The 3D envelope mode growth rate amplitudes as a function of depressed transverse phase advance with 120 zero current
transverse and longitudinal phase advances in a periodic quadrupole-rf channel without acceleration (left) and with 8 MV=m
accelerating gradient (right).

FIG. 10. The horizontal and longitudinal normalized rms size evolution (left) and emittance growth evolution (right) inside the
quadrupole-rf channel without acceleration and with acceleration. The depressed transverse phase advance is 40 degrees with
120 degree zero current transverse and longitudinal phase advances.

FIG. 11. The maximum normalized horizontal rms amplitude (left) and longitudinal rms amplitude (right) within 100 lattice periods as
a function of accelerating gradient and depressed transverse phase advance in the quadrupole-rf channel.
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lattice period as a function of the lattice cell number with
2 MV=m, 4 MV=m, and 8 MV=m accelerating gradients.
With the acceleration, the zero current phase advance per
lattice period drops below 90 degrees quickly and moves
the beam out of the instability.
As the beam energy increases through the accelerating

lattice, the space-charge effects become weaker. How-
ever, the relative space-charge effects can still be signifi-
cant. Figure 14 shows the horizontal and longitudinal

space-charge tune depression ratios as a function of lattice
cell number in the above quadrupole-rf channel with a
beam current corresponding to the initial 40 degree
depressed phase advance as in Fig. 10. Through the entire
lattice, the horizontal tune depression ratio increases from
0.33 to about 0.44, while the longitudinal tune depression
decreases from about 0.4 to about 0.2. The space-charge
effects can still cause some emittance growth even with
fast acceleration as seen in Fig. 10.

FIG. 12. The final log horizontal emittance growth (left) and longitudinal emittance growth (right) at the end of 100 lattice periods as a
function of accelerating gradient and depressed transverse phase advance in the quadrupole-rf channel.

FIG. 13. The zero current horizontal (left) and longitudinal (right) phase advances as a function of lattice cell number in the
quadrupole-rf channel.

FIG. 14. The horizontal (left) and longitudinal (right) tune depression ratios as a function of lattice cell number in the quadrupole-rf
channel.
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V. CONCLUSIONS

In this paper, we studied the effects of acceleration on the
strong envelope instability using a solenoid-rf lattice and a
quadrupole-rf lattice with 120 degree zero current phase
advances in both transverse and longitudinal directions. We
observed that the beam rms envelope oscillation and final
emittance growth from the original envelope instability
(no acceleration) were dramatically mitigated due to the rf
acceleration in both lattices. The beam moves out of the
instability quickly after a few lattice periods due to the
acceleration. The envelope oscillation is further damped by
the acceleration. This suggests that the 90 degree limit of
zero current phase advance per lattice period without
acceleration might be violated using fast acceleration in
linear accelerators with superconducting rf cavities. This
opens additional freedom of choosing transverse and
longitudinal focusing parameters in the accelerator design
that could result in significant cost savings.
In the above study, we assumed that the external fields

were fixed through the entire accelerating lattice. This
results in weaker external focusing strengths through the
lattice and relatively small space-charge tune depression
ratios even though the space-charge effects become weaker
with the increase of beam energy. Those relatively strong
space-charge effects can still cause some beam emittance
growth even with the presence of high accelerating gra-
dient. In the future study, we plan to gradually ramp up the
external fields through the lattice to reduce the relative
space-charge effects and the beam emittance growth.
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