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Modern synchrotron light sources are competing intensively to increase x-ray brightness and, eventually,
approach the diffraction limit, which sets the final goal of lattice emittance. All recent synchrotron facility
upgrades follow the multibend achromat approach by arranging small horizontal beta function and
dispersion inside discrete bending dipoles. In this paper we propose a concept of a lattice element that we
call “complex bend,” which has the potential of becoming a main building block for low emittance lattices.
The complex bend is a sequence of dipole poles interleaved with strong alternate focusing so as to maintain
the beta function and dispersion oscillating at low values. Comprising the ring lattice with complex bends,
instead of regular dipoles, will minimize the H-function and reduce horizontal emittance while localizing
bending to a small fraction of the storage ring circumference, which should provide more space for
insertion devices. In this paper we present the details of the complex bend, considerations regarding the
choice of optimal parameters, and thoughts for its practical realization. We focus here on complex bend
physics and engineering design, rather than integration of this complex bend into a specific ring lattice.
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I. COMPLEX BEND: ELEMENT DESIGN AND
MACHINE EMITTANCE

The trend of minimizing the emittance of modern
synchrotrons translates into reduction of dispersion and
beta functions in their lattice dipoles. Most recent facility
upgrades employ multibend achromat (MBA) lattices [1],
i.e., introduce a number of dipoles with strong focusing
quadrupoles interspersed, which helps maintain lattice
functions at smaller values [2–5], compared with conven-
tional (double-bend) DBA or (triple-bend) TBA lattice
solutions. The number of dipoles per machine superperiod
may vary between 5 (MAX-4) to 17 (MAX-4 upgrade) for
the latest designs [6].
It is customary to relate ring emittance with the number

of ring dipoles as

εx ¼ F
E2

JxN3
d

; ð1Þ

where F is a function of ring lattice, E is the beam energy,
Jx is horizontal partition number and Nd is the number of

dipoles in the ring. In [7] we proposed to substantially
decrease the beam emittance by increasing the number of
dipoles and converting them into a single element with
dipole poles of the same field polarity separated by strong
quadrupoles with the alternating polarity. To illustrate our
approach, we recall that advanced photon source (APS)
contains 40 × 2 ¼ 80 dipoles and APS-U is based on
40 × 7 ¼ 280 dipoles. In the concept below we will be
considering 1200 bends in a ring treated as separate poles of
about 100 complex structures.
The concept of the complex bend is shown in Fig. 1. The

element provides distributed focusing and bending of
the particle beam (Fig. 1). A single cell is featured by
the betatron phase advance, which depends on a com-
bination of field gradients in quadrupole and field in the
dipole magnets, their lengths and the distance between the
consecutive poles.
Emittance in (1) depends on the integral of theH-function:

H ¼ γxη
2 þ 2αxηη

0 þ βxη
02; ð2Þ

where ðβx; αx; γxÞ are the horizontal Twiss functions and
(η, η0) are the dispersion and its derivative. We approximated
the beta function βx and dispersion η for a single cell of
complex bend with the following expression:

�
βxðsÞ
ηðsÞ

�
≈
�
β̄x

η̄

�
−
�Δβx
Δη

�
· cosðkCBsÞ; ð3Þ
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which is quite accurate for the relatively small phase advances
that we consider in our cases of interest. Here LCB ¼
2ðLQ þ LB þ 2LDÞ is the length of the cell, LQ, LB, and
LD are lengths of the complex bend quadrupole, dipole, and
drift, respectively, and kCB ¼ 2π

LCB
. We used these expressions

to find synchrotron radiation integrals for a given ring
lattice and to obtain analytic dependencies of theH-function
(2) on the dipole and quadrupole fields. We worked out
analytic expressions of β̄x, Δβx and η̄, Δη for the case when
K1F ¼ −K1D [7].
Using these expressions, we calculate emittance of the

ring with the complex bends as

εx ≈ Cqγ
2

η̄2

Rdβ̄x
; ð4Þ

where Cq ¼ 3.832 × 10−13 m, and Rd is the bending radius
in the dipole poles. Throughout this paper we assume the
ring energy as that of NSLS-II (3 GeV).
Chromaticity introduced by a single complex bend

magnet with Np cells can be estimated as

ξx;y ≈ −Np

4π

�
2ðK1F − K1DÞ

Δβx;y
kCB

sin

�
kCBLQ

2

�

� ðK1F þ K1DÞLQβ̄x;y

�

In the case of K1F ¼ −K1D ¼ K1 this expression sim-
plifies to

ξx;y ≈ −Np

π
K1

Δβ
kCB

sin

�
kCBLQ

2

�
; ð5Þ

where Δβ ¼ Δβx ¼ Δβy. We note that the chromaticity for
a Focusing lens-drift-Defocusing lens-drift (FODO) lattice
in the thin lens approximation depends only on the tune
shift per cell [8].
Now we will explore the range of parameters for the

complex bend and discuss its scaling with field values and

gradients. In the following discussion, we selected four
betatron phase advances per cell of the complex bend
(0.06, 0.08, 0.105, 0.14) in the unit of 2π radians. We used
transport matrices to compute periodic lattice solutions
and extract lattice functions, emittance and chromaticity.
We studied scaling of required K1 with respect to the
length of the magnet Lmag ¼ NpLCB, where Np ¼ 10 is
the number of cells per complex bend. Figure 2 shows the
scaling of the magnet length and the ring emittance, with
the focusing gradient K1. The large dark dots represent the
case shown in Fig. 1. The lines in the emittance plot
represent the approximate analytical solutions calculated
with Eq. (4) following [7], while the small colored dots
represent the lattice simulation results.
We conclude that the highest technically achievable

gradient limits the cell length and, in turn, the total length
of the complex bend. Lower values of machine emittance
require a large phase advance per cell and high values of
K1. As follows from Fig. 2, the emittance is a rapidly
changing function of the quadrupole gradient. Therefore,
future R&D on the complex bend magnet will be focused,
as the first step, on demonstrating the highest achievable
gradients on the scale of a single cell, then on integrating
multiple cells into a single unit. The number of dipole poles
and their field also define the ring emittance and are subject
to optimization for a given ring lattice. The complex bend
with K1 ¼ 100 m−2 totals chromaticity of −1.1 per single
element, which amounts to the chromaticity of −66 for the
ring comprised of 60 dipoles with the total angle of 2π,
delivering a ring emittance of 135 pm rad. To minimize
the strength of chromatic sextupoles, the optics between
complex bends will need to be designed to amplify
dispersion and beta functions.
It is worth pointing out an advantage of using complex

bends in a ring lattice as compared with the MBA approach.
Due to the compact size of the element, the dispersion
between two complex bends (creating an achromat cell,
as in the DBA lattice) can be amplified to a much higher
value as compared with the tiny dispersion inside the
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FIG. 1. The left figure shows a single cell of complex bend, and Twiss functions therein. The solid lines represent computer
simulations; the dashed lines represent the approximate analytical solutions (3). The cell consists of two quadrupoles separated by short
dipoles. The right figure shows an assembly of ten cells representing a complete complex bend element.
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element itself. Progression of the MBA lattices towards low
emittance meets an important limitation on the value of
dispersion along the cell which, in turn, limits the total
count of dipoles in the ring.

II. COMPLEX BEND: COMPARISON WITH THE
REGULAR DIPOLE IN A DBA LATTICE

Due to mechanical constraints on the overall length of a
single structure, the period of a complex bend must be short
(∼10 cm); this results in high gradients of the pole fields. In
Fig. 3 we present a comparison between an NSLS-II
bending dipole and the complex bend corresponding to
the same magnet bending angle (6°) and magnetic length.
For this particular example we have chosen K1F ¼
100 m−2 and K1D ¼ −80 m−2. This gives us additional
horizontal focusing and helps to reduce horizontal beta
function and dispersion, lowering the H-function by a
factor of 2 as compared toK1D ¼ −K1F, at the expense of a
somewhat higher vertical beta function.

As follows from the plots, the complex bend results in
smaller beta functions and dispersion, thus, leading to a
smaller integral of H-function and emittance (Fig. 3, right).
Table I lists parameters of the NSLS-II bending dipole
against those for the complex bend model that we used in
our calculations.
As follows from Fig. 2, the required range of gradients

K1 is at the level of 50 m−2. For a beam energy of 3 GeV
this translates into the requirement of a quadrupole gradient
in the range of 500 T=m. A combination of K1 and pole
length values as shown above corresponds to the focusing
distance of 20 cm for the quadrupole poles inside the
complex bend element.
The advantage of a complex bend over a conventional

dipole increases with the length of the complex bend, due to
the natural divergence of lattice function along the bend
(Fig. 3). The length of a complex bend is limited by the
practical considerations of building a long, strong-focusing
magnet. With a long complex bend, radiation emitted in
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FIG. 3. Comparison between the NSLS-II bending dipole and the complex bend. The left plot shows the beta function and dispersion,
and the right plot presents the integral of theH-function from 0 to s for the two cases. The corresponding emittance values are shown on
the right scale of the right plot (2.1 nm rad is the natural NSLS-II lattice emittance).
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FIG. 2. Magnet length Lmag (a) of a single magnet with ten cells and emittance εx (b) of a ring composed of such magnets, as functions
of the focusing gradient K1¼ K1F ¼ −K1D.
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the complex bend field will impinge on the inner walls of
the aperture; thus, provisions need to be made to extract
radiation from inside the element. We also note that
aligning separate poles and making precise magnetic
measurements become impractical for a long complex
bend structure with many cells.

III. COMPLEX BEND: DESIGN CONSIDERATIONS
AND PRACTICAL LIMITATIONS

Figure 4 illustrates the engineering concept behind the
complex bend. The element consists of short quadrupoles
of alternating polarity, separated by short dipoles. The
element’s axis is bent following the small bending angles
from the dipole poles.
The distance between consecutive quadrupoles and

dipoles should be sufficiently long to minimize areas
with combined dipole and quadrupole fields, as well as
to reduce the field multipoles. Overlapping dipole and
quadrupole field components lead to a nonzero synchrotron
integral I4, which may result in the partition number Jz
becoming negative.
We should mention that yet another option of the

complex bend is in arranging a set of only quadrupole
poles (i.e., without dipole poles at all) and shifting every
pole along the x direction by a certain amount to produce
dipole field bending the beam orbit. These horizontal

translations of focusing and positive quadrupoles need to
be carefully balanced to maintain the synchrotron integral
I4 close to zero.
In Table II we calculated parameters of one of the

versions of the complex bend as it would have been
installed on the NSLS-II storage ring.
The emittance of a ring lattice comprised of complex

bends with the parameters described in Table II would be as
low as 71 pm rad; compare this with the value set by the
existing NSLS-II DBA lattice of 2100 pm rad.
Since the complex bend requires fields around 5 T

(Table II), we expect to use superconducting magnets as
the basis of its construction; however, permanent magnet
solutions will be feasible at lower levels of gradients. In
Fig. 5 we present a preliminary design of the superconduct-
ing quadrupole producing the field gradient in excess of
500 T=m at 4.2 K, at the current of 720 A in 210 turns per
coil with wire diameter of 0.93 mm and a pole width of
10 mm. The bore diameter is conservatively chosen at
20 mm (compare with the Table II value of 10 mm).
The overlap in the drift between two consecutive

poles generates field multipoles. After finding that the
H-function is a sensitive function of field falloff at the
magnet edges, we studied the optimal cell geometry to
minimize the H-function. Our preliminary analysis of the
magnet geometry, presented in Fig. 5, demonstrated the
level of required gradients. Figure 6 shows the dependence

FIG. 4. Cartoon illustrating the concept of the complex bend.

TABLE II. Set of sample parameters of the complex bend as hypothetically “installed” at NSLS-II, i.e., every
DBA dipole replaced by the complex bend alternative.

Number of poles in the ring 1200 X-shift of orbit per dipole, mm 145
Angle per pole, mrad 5.24 K1F=K1D, m−2 100=−80
Number of cells in the ring 600 Magnetic gradient dB=dx, T=m 1000
Number of complex bends 60 Stay-clear aperture in quad, mm 10
Number of cells in complex bend 10 Field on stay-clear edge, T 5.00
Angle per element, mrad 105 Critical wavelength, A 1.98
Quad pole length, cm 6 Critical photon energy, keV 6.27
Dipole pole length LD, cm 5 SR opening half angle at λc, m 1.70 × 10−4
Drift between poles, cm 1 SR half spot size at λc at dipole exit, m 4.43 × 10−4
Cell length, cm 26 Energy loss per revolution, keV 754.05
Total element length, m 2.6 Circulating current, A 0.50
Magnetic field Bd, T 1.047 Radiated power in the ring, kW 377.03
Bending radius Rd, m 9.55 Radiated power per dipole, kW 6.28

TABLE I. Parameters of the NSLS-II dipole and complex bend
used in the calculation.

NSLS-II dipole Complex bend

Length, m 2.6 2.6
Bending field, T 0.4 1.05
Cell length, LCB, cm � � � 26
Bending angle, rad 0.105 0.105
K1, m−2 0 þ100=−80
βxmax=βxmin, m 3.7=0.7 0.42=0.24
ηmax=ηmin, mm 137=0 4.72=3.58
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of dipole and quadrupole field components as a function of
distance along a single cell of the complex bend.
For the 2.6-m-long complex bend, the radiation fan

crosses the footprint given by the bore with the radius of

1 cm over the length of the whole unit. The vacuum chamber
geometry allows for opening space between the quadrupole
poles so that the radiation will have an escape path (Fig. 5)
towards the absorber, which will be located outside of the
cryostat. This is one of the challenges that needs to be
addressed in the engineering design of the complex bend.
We note that the dipole pole length is always longer than

the formation length of synchrotron radiation for the case
of practical interest. Indeed, at critical photon energy,
Rd
γ ≈ 1.6 mm ≪ LD ¼ 50 mm for the energy of 3 GeV.

On the other hand, radiation from the quadrupole poles
is much less intense than that from the dipoles. While
passing a quadrupole pole, the beam sees the field

Bq ≈ dB=dxðΔxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εxβ̄x þ δ2η̄2

p
Þ, where Δx is orbit mis-

alignment and δ is the energy spread in the beam. For
misalignments of 50 μm and horizontal beam size of
100 μm we get Bq ≈ 0.06 T, which is much smaller than
the case of the dipole poles, Bd ≈ 1.05 T.
Strict orbit alignment through the multipole centers in

supposedly zero-bending regions is expected to be impor-
tant in preserving the low emittance. Without such align-
ment, these multipoles act as additional bending elements
and generate dispersion errors. This results in increased
beam size, contributed both from increased emittance

(
ffiffiffiffiffiffiffiffiffi
εxβx

p
) and from nonzero dispersion (δη̄).

Another challenge is integration of the complex bend
into a storage ring lattice. Managing the nonlinear ring
lattice will require clean separation of (a) the dispersive
regions of the machine with nonzero bending (localized to
within the complex bends) and (b) dispersive regions with
zero bending, where dispersion will need to be maximized
and where the chromatic sextupoles will be located. To
address this challenge, we are designing a dispersion
suppressor and a dispersion amplifier—two elements that
manage dispersion and Twiss functions at the entrance and
exit of the complex bend.

FIG. 5. Preliminary layout shows a cross section of the quadru-
pole pole and vacuum chamber for the extraction of synchrotron
radiation generated by the poles.

0 0.05 0.1 0.15
−2

−1

0

1

2

s (m)

B
 (

T
)

0.2
−600

−400

−200

0

200

400

600

dB
/d

x 
(T

/m
)

B
dB/dx

FIG. 6. Magnetic field calculations for a single cell of the
complex bend.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
s (m)

0

0.5

1

1.5

2

 (
m

)

B
B

B
B B
1

B
1

B
2

B
2

0

1

2

3

4

5

 (
m

)

10-3

x

y

x

0 1 2 3 4 5
s (m)

0

10

20

30

40

 (
m

)

Q
D

Q
F

Q
F

Q
D

Q
D

Q
1

Q
2

Q
3

Q
4 0

0.01

0.02

0.03

0.04

0.05
 (

m
)

x

y

x

FIG. 7. Illustration of dispersion suppressor (left plot) and dispersion amplifier (right plot).

COMPLEX BEND: STRONG-FOCUSING MAGNET … PHYS. REV. ACCEL. BEAMS 21, 100703 (2018)

100703-5



An example of the dispersion matching modules is
presented in Fig. 7. To assess the negative impact of
these modules on the ring emittance, we considered a
30-period DBA-like lattice, consisting of two 2.2 m long
complex bends per half of the lattice period. The overall
length of an eight-cell element in this example is
2 modules × 2.2 m ¼ 4:4 m, as compared with 2.6 m long
complex bend discussed in Secs. I and II, which reduced
the emittance from 71 to 16.8 pm rad without taking into
account the dispersion matching modules. We used mod-
erate field gradients of 440 and −300 T=m, which are
consistent with our magnetic model discussed above.
The dispersion suppression is realized by adding a

separate matching element at the end of the complex bend.
The field strength of the dipoles in the element is optimized
to reduce the values of dispersion and its derivative to be 0.
The resulting angle values are B1 ¼ 4.1 mrad and B2 ¼
2.4 mrad for the two poles of the dispersion suppressor, the
sum of which is equivalent to the bending angle produced
by a single dipole pole of a regular complex bend cell
(BB ¼ 6.5 mrad). We calculated values of the synchrotron
integrals contributing to the horizontal emittance, I2 and I5,
shown in Table III, using the values of Twiss functions and
dispersion presented in Fig. 7 (left plot).
The dispersion amplification is enabled by adding a

separate dipole-quadrupole pair at the exit of the complex
bend. The contribution to I2 and I5 from the dispersion
amplifier (Fig. 7, right plot) is a small fraction of the values
corresponding to the complex bend element (Table III). We
note that Fig. 7 illustrates only one half of the dispersion
bump required for fitting the chromatic sextupoles in the
ring lattice.
After integration of the dispersion matching modules

the ring emittance increases from 16.8 to 17.1 pm rad
(∼2% increase). We note that the dispersion amplifier,
together with the sparse optics downstream, amplifies
dispersion to the level of 50 mm while providing sufficient
split of βx and βy in between the complex bends for the
chromaticity correction. The spacing between Q1 and Q2,
as well as between Q3 and Q4, leaves substantial room for
chromatic sextupoles and other machine elements.
Insertion devices could be potentially installed between
Q1 and Q2, given the relatively small dispersion.

IV. SUMMARY

In this paper we compared the properties of two lattices
based on different concepts (DBA and complex bend) and
found that the latter can lead to substantial (factor of more
than 30) emittance reduction within a certain range of the
field properties. As the bending is localized to a relatively
small portion of the ring circumference, the lattice based on
complex bends may deliver substantial extra space for
insertion devices in a synchrotron light source.
As a rule, every modern upgrade project replaces DBA

or TBA lattices by going to 7- or 9-BA solutions and
gaining a factor of 2 to 4 in the number of dipoles. The most
aggressive path is chosen by the MAX-4 upgrade [6] that
considers a 17-BA lattice, taking over most of the ring
circumference by the bending arc elements. This paper
describes a new concept: replacing a multitude of separate
lattice elements by a set of multiple poles combined into the
same magnet structure. This concept keeps only a few
bending elements in the ring, but every bend consists of the
10 to 20 dipole poles, enabling a large reduction of machine
emittance.
Indeed, for an energy of 3 GeV and reasonable param-

eters of an average dispersion η̄ of 1 mm, a bending radius
Rd of 10 m and a beta function β̄x of 10 cm, we obtain via
(4) an emittance at the level of 10 pm rad, which implies
diffraction-limited performance at the photon energy of
10 keV. During our recent iteration on the complex bend
lattice we found that the emittance of 17 pm rad is feasible
for a ring of the NSLS-II scale with 120 complex bends and
gradients under 500 T=m.
We conclude this paper with the following few remarks.

The FODO-like structure is natural for many types of
circular machines, and high-field magnet lattices were
implemented in fixed field alternating gradient (FFAG)
lattices, in particular. An insightful example of a compact
and completely superconducting ring lattice is PAMELA, a
nonscaling FFAG developed in the UK [9]. The field in the
main dipoles amounts to 5 T. Our concept of complex bend
uses a similar approach; however, FODO in the complex
bend is arranged into a single periodic structure replacing a
conventional bending magnet in order to minimize the
H-function and, therefore, machine emittance.
On the other hand, the periodic sequence of FODO cells

calls to mind a high-field wiggler. Our choice of a 5 T field
producing gradients of 500 T=m was deliberate. As we at
NSLS-II are in the process of constructing a high-energy
x-ray beam line, we will be using a superconducting
wiggler (SCW) with a 4.5 T peak dipole field on axis, a
vertical aperture of 1 cm, and a period length of 5 cm [10].
The technology for developing compact poles of SCWs
with high field exists today and has reached a high degree
of maturity [11].
Superbends (isolated poles with high magnetic field to

extend the photon spectrum for user experiments) are easy
to realize in complex bend structure: without increasing the

TABLE III. Synchrotron integrals and chromaticity corre-
sponding to the complex bend, dispersion suppressor and
dispersion amplifier.

I2 × 10−3
[m−1]

I5 × 10−9
[m−1] ξx ξy

Complex bend cell 1.07 1.36 −0.35 −0.28
Dispersion suppressor 0.57 0.31 −0.70 −0.56
Dispersion amplifier 1.07 1.98 −0.42 −0.53
Complex bend element
(8 cells)

8.55 10.9 −2.81 −2.25
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device cost one could increase the field of several poles to
5 T, at the penalty of somewhat increased emittance.
The complex bend is based on superconducting magnet

technology and thus is far more complex than regular
electromagnets. However, it will greatly reduce the com-
plexity of power supplies and vacuum chambers, compared
to machine design based on the MBA lattice, and will lead
to very substantial space savings in the ring. Also, in
modern light sources, superconducting magnet and rf
technology has become standard: e.g., superconducting
undulators, superbends and wigglers, where the fields can
exceed 7 T at 4 K, and, finally, the LCLS-II Free Electron
Laser [12] that is based on a hundred superconducting rf
structures operating at 2 K. Our concept combines two
recent advances in the area of accelerator engineering:
miniaturization of magnetic elements (pioneered by MAX-
4 magnet design) and superconducting technology (e.g.,
RHIC, PAMELA, etc.).
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