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In this paper, we present a new kind of high power and high efficiency free-electron laser oscillator based
on the application of the tapering enhanced stimulated superradiant amplification (TESSA) scheme. The
main characteristic of the TESSA scheme is a high intensity seed pulse which provides high gradient beam
deceleration and efficient energy extraction. In the oscillator configuration, the TESSA undulator is driven
by a high repetition rate electron beam and embedded in an optical cavity. A beam-splitter is used for
outcoupling a fraction of the amplified power and recirculate the remainder as the intense seed for the
next electron beam pulse. The mirrors in the oscillator cavity refocus the seed at the undulator entrance
and monochromatize the radiation. We discuss the optimization of the system for a technologically
relevant example at 1 μm using a 1 MHz repetition rate electron linac starting with an externally injected
igniter pulse.
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I. INTRODUCTION

High wall-plug efficiency generation of intense, coher-
ent, tunable electromagnetic radiation has many applica-
tions in all fields of science and technology. Free-electron
based sources of radiation have been considered when the
electromagnetic peak power is larger than the damage
threshold for solid state materials or whenever it would not
be possible to find a gain medium with a strong transition at
the desired wavelength, as for example at the long (THz)
and short (x-rays) wavelength ends of the electromagnetic
spectrum.
For infrared, visible and ultraviolet region of the spec-

trum, laser amplifiers have recently demonstrated average
power levels of kW, but with limited peak intensities [1].
Applications of high intensity and average power laser
sources range from driving high gradient laser accelerators
[2], to inertial fusion or space-related applications [3].

At shorter wavelengths, UV lithography also requires high
average power sources to increase the throughput of next
generation integrated circuits [4].
Here we discuss a 100 kW-class average power light

source which takes advantage of a novel mechanism for
extracting energy from a relativistic electron beam, tapering
enhanced stimulated superradiant amplification [5]. The
energy exchange is mediated by the phase-synchronous
ponderomotive potential wave experienced by a tightly
bunched relativistic electron beam when propagating in a
tapered magnetic undulator in the presence of a transverse
electromagnetic wave, such as in a free-electron laser
amplifier or inverse-free-electron-laser accelerator [6].
The main advantages of this coupling scheme are the
absence of nearby boundary or media (i.e., this is a vacuum
plane-wave interaction), so that there are basically no
mechanisms for the energy to flow out of the particle-field
system. The key ingredients for reaching very high extrac-
tion efficiency are a high brightness electron beam, an
intense drive laser to extract energy from the particles with
high deceleration gradients, and a strongly tapered undu-
lator with a prebunching section to maximize the amount
of particles captured and decelerated in the ponderomotive
potential trap.
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Using an intense seed pulse, it has been recently
experimentally demonstrated [7] that decelerating gradients
of nearly 100 MV=m could be sustained for extended
distances, enabling a large fraction of the energy in a
relativistic electron beam to be extracted during passage in
a short undulator magnet. The Nocibur experiment at the
Accelerator Test Facility in BNL demonstrated over 30%
energy conversion efficiency at 10 μm wavelength in a
single pass 54 cm long undulator and simulations indicate
that comparable efficiency can be obtained at shorter
wavelengths.
Taking advantage of superconducting radio frequency

techniques, modern electron accelerators can create high
quality electron beams at high repetition rates with 100 kW
to MW high average powers. Being able to extract a
large fraction (up to 50%) of this power and convert it
to electromagnetic radiation at any desired wavelength
(tunability) has a potentially disrupting impact on many
scientific and industrial fields. A fundamental issue to this
approach is the availability of intense seed pulses at the
desired wavelengths that can be used to extract the energy
from the electron beams.
The main idea behind this paper to address this problem

is to marry the TESSA high efficiency energy extractor to
an optical cavity and a high repetition rate electron beam.
The output coupler of the cavity can be used to separate the
TESSA output radiation from the electron beamline and
redirect a fraction of the amplified power to the entrance of
the undulator to serve as the intense seed for the deceler-
ation of the next electron beam pulse and so on. A concept
for this TESSA-based oscillator or TESSO is shown in
Fig. 1.
We envision two main application areas for TESSO.

First, in regions of the electromagnetic spectrum—for
example visible and IR—where high peak power lasers
are abundant, but lacking in high average power, and the
proposed mechanism offers a path toward increasing by
orders of magnitude the repetition rate (and the average
power) of TW-class short pulse lasers. Second, at shorter

wavelengths—for example in the deep and extreme
UV—where TESSO might be the only viable solution
for a high average power source. Note that in this latter case
there will be no options for intense seed lasers, and one
will need to develop solutions where the power builds up
in the oscillator over several passes starting from a lower
power seed.
Free-electron laser (FEL) oscillators operating with

tapered undulators have been discussed in the past [8]
and recently revisited [9]. In this early works, the surprising
benefits of tapering the undulator in reverse (i.e., increasing
the resonant energy along the interaction) have been pointed
out and the challenges associatedwith the start-up have been
discussed. The novel elements here are the use of high
intense seed pulse, strong tapering and prebunched beam
distribution.
The concept of a pre-bunched electron beam FEL

oscillator, operating on the principle of stimulated-
superradiance [10], was first proposed in [11,12]. In these
papers it was shown that the stable saturation point of a pre-
bunched FEL oscillator provides high radiative energy
extraction efficiency and potential high power operation,
by taking advantage of most efficient phase-space dynam-
ics of tight electron bunches, performing a synchrotron
oscillation process in the ponderomotive potential well. It
was recognized there, however, that arriving to this optimal
steady state oscillation point, starting from superradiant
emission of the bunches or a low power seed radiation,
requires a particular strategy of beam energy temporal
tapering during an oscillation build-up stage and over-
coming a bistable state of the oscillator. Such a process
would be harder to implement in the present case of interest
of a tapered wiggler, because the small signal gain in the
early stage of the oscillation build-up is suppressed.
In this article we avoid the problem of developing a

strategy of oscillation build-up from low power, and
concentrate on the analysis of a tapering enhanced stimu-
lated superradiant oscillator TESSO in its optimal steady-
state operation point, assuming that a single short pulse

FIG. 1. Cartoon of the TESSO concept. A ringlike optical cavity is used to recirculate a small fraction of the electromagnetic radiation
as a seed for the high efficiency decelerator. The cavity oscillation can be jump-started with an igniter pulse.
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high power laser source is available in order to ignite the
oscillator (see Fig. 1).
As a practical example we will examine the case of

generating 1 μm radiation which is particularly interesting
since it falls in a transparency window of the atmosphere.
A high average power, micron wavelength light source
facilitates interactions such as power beaming to high-
bandwidth satellites, deorbit burning of space trash, boost-
ing satellites to higher orbits [13–15].
The structure of the paper is organized as follows. We

will first start from estimate of a single-pass module and
cavity efficiency. Scaling laws are given so that the results
of the paper can be easily adapted to other electron beam
energies/radiation wavelengths. An experimental scenario
with a 250 MeV beam will then be discussed in detail.
We will then present the design of the optical cavity and
perform numerical simulations to analyze the stability of
the system to beam fluctuations. A new FEL simulation
tool based on the well benchmarked Genesis code has been
developed to follow the evolution of the field through
multiple rountrips in the oscillator cavity. In the conclu-
sions we outline the next steps towards the demonstration
of a very high average power laser based on the TESSO
principle.

II. EFFICIENCY ESTIMATE

A. Single pass

In order to guide the choices in the TESSO oscillator
design, we start by estimating the single pass efficiency of a
TESSA amplifier for a helical undulator ignoring transverse
effects and initially assuming that the gain in radiation
intensity is small. In order to obtain rough analytical
expressions for the efficiency, we will consider here the
case in which only the magnetic field amplitude is tapered
while the period is held constant throughout the interaction.
We will also assume that the prebunching section driven by
the seed laser beam effectively generates a tightly phased
train of microbunches. These can then be injected at the
proper phase in the decelerating taperedwiggler and trapped
in the ponderomotive potential losing coherently most of
their energy and contributing to the radiation gain.
The FEL equations of motion for a helical undulator are

given by [6]

dγ
dz

¼ −
kKlK
γ

sinψ ð1Þ

dψ
dz

¼ kw

�
1 −

kð1þ K2Þ
2kwγ2

�
ð2Þ

where Kl for a circularly polarized Gaussian laser is related
to the laser power P and the 1=e2 laser waist w as

Kl ¼ e0
kmc2

ffiffiffiffiffiffi
Z0P
πw2

q
with Z0 is the vacuum impedance.

Strong coupling and resonant interaction is obtained
when the relative phase of the electrons in the ponder-
omotive potential wave ψ is stationary in Eq. (2), yielding
the condition for the resonant energy

γr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

2kw
ð1þ K2Þ

s
ð3Þ

In order to maintain resonance as the electron beam is
decelerated, the undulator parameter must be varied so that
the resonant energy changes consistently with the available
ponderomotive decelerating gradient. This is achieved by
equating Eq. (1) with the derivative of Eq. (3) to obtain,
assuming constant period, an expression for the variation in
the undulator strength parameter dK=dz

dK
dz

¼ −2kwKl sinψ r ð4Þ

Integration of this expression with the assumption
that the product Kl sinψ r remains approximately constant
along the undulator yields a linear variation of K over
the undulator length Lw ¼ λwNw with Kðz ¼ LwÞ − K0 ¼
ΔK ¼ −4πKl sinψ rNw.
For a fully prebunched electron beam where particles are

trapped in the ponderomotive potential to maintain resonant
interaction along the entire undulator length, the energy
extraction efficiency can then be approximated as

ηe ¼ 1 −
γf
γ0

≅
K0jΔKj
1þ K2

0

ð5Þ

where γ0;f are the resonant energies at the entrance
and exit of the undulator respectively, K0 is the initial
undulator parameter, and the approximation holds in the
limit ΔK ≪ K0.
The efficiency increases with the number of undulator

periods Nw up to the maximum limit given by ηe;m ¼
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K2

0

p −1 ≈ 1 − 1=K0 for a large initial undulator
parameter (i.e., K0 ≫ 1). This limit corresponds to a final
undulator parameter equal to zero (i.e., ΔK ¼ K0). In
practice though, the electrons would dephase towards the
end because the trap amplitude is proportional to

ffiffiffiffi
K

p
,

and therefore Kðz ¼ LwÞ should be at least larger than
K0=4. A plot of ηe and the approximation in Eq. (5) is
shown in Fig. 2.
The actual efficiency will depend on how many electrons

are captured and decelerated in the ponderomotive poten-
tial. A choice of resonant phase near π=2 maximizes the
decelerating gradient at the expense of the number of
particles captured, whereas a resonant phase near zero
optimizes beam capture with little deceleration. A resonant
phase near π=4 offers a compromise between accelerator
acceptance and decelerating gradient, optimizing the energy
extraction.
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Diffraction is responsible for variation of electromagnetic
intensity (and thereforeKl) along the undulator. Including a
simple model based on an Hermite-Gaussian mode propa-
gating in free space [16], it is possible to calculate that for an
undulator length with a linearK taper, the maximum energy
change is obtained when the laser is focused to minimum
waist position at zw ¼ Lw=2 with a Rayleigh range of zr ¼
3Lw=20 [17]. AveragingKl over the length of the undulator
yields 3

10
sinh−1ð10

3
Þ ¼ 0.576 times the peak value of the laser

normalized vector potential Kl;peak.
If the undulator is designed to accommodate an increasing

radiation power (high gain TESSA regime), Eq. (5) can be
considered a lower bound to the single pass extraction
efficiency since the additional radiation field may be used to
decelerate the beam further and the efficiency can be higher.
Invoking energy conservation, the radiation power gained

at the exit of the TESSA amplifier can then be written as
ΔP ¼ ηeðPinÞPb where Pb is the beam power and

ηeðPin;K0;NwÞ≅
K0

1þK2
0

0.576

·4π
e0

ffiffiffiffiffiffiffiffiffiffiffi
Z0Pin

p
km0c2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.15λλw

p sinψ r

ffiffiffiffiffiffiffi
Nw

p
ð6Þ

which in engineering units can be simplified to

ηeðPin; K0; NwÞ ≅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

0

1þ K2
0

s
3.56
γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PinðGWÞ � Nw

p
: ð7Þ

A plot of Eq. (7) as a function of input power and number
of undulator periods for a 250 MeV beam,K0 ¼ 4 is shown
in Fig. 3(a).

B. Oscillator efficiency

In order to obtain an expression for the TESSO cavity
efficiency, we need to include the losses on the cavity round
trip ηl, the output coupler reflectivity ηr and consider the
slippage effects.
In the undulator, the radiation slips forward relative to

the electron beam by one wavelength per undulator period
for a total slipped length of λNw. When the undulator is
tapered to take advantage of the increasing radiation power
at the head of the electron beam, radiation overlapping the
tail of the electron beam may be insufficient to maintain
deceleration for electrons there, and as a result, the length
of the radiation pulse region with constant power is
Lb − λNw. This constant power region of the radiation
must be stretched during a cavity roundtrip to cover the
entire length of the electron bunch on the next pass,
reducing the peak power by a fraction ηs ¼ 1 − λNw=Lb
where we neglected the energy contained in the tail of the
radiation temporal profile.
Consequently, the steady state power at the entrance of

the undulator available for decelerating the electron beam
can be written as

FIG. 3. Left: Single pass TESSA power extraction efficiency ηe for a 250 MeV beam, K0 ¼ 4 as a function of input power and number
of undulator periods. Right: Oscillator efficiency as a function of number of periods and output coupler reflectivity.
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FIG. 2. Efficiency for TESSA single pass energy extraction
from a relativistic electron beam in the limit of low radiation gain
for K0 ¼ 4 (red curve). The approximation in Eq. (5) is also
shown (blue dashed). The maximum efficiency limit ηe;m is
indicated by a dotted green line.
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Pin;ss ¼ ηsηrηlPout ¼ ηsηrηlðPin;ss þ ηeðPin;ssÞPbÞ ð8Þ

which represents the fundamental power balance equation
for the oscillator cavity that allows us to find the steady-
state of the system.
Since the efficiency ηe depends on the input power, in

order to find the steady state intracavity recirculating
power, we combine Eq. (8) with Eq. (5) and solve for
Pin;ss yielding:

Pin;ssðGWÞ¼ K2
0

1þK2
0

12.7Nw

γ20
PbðGWÞ2 η2sη

2
rη

2
l

ð1−ηsηrηlÞ2
ð9Þ

The optimal configuration is found by maximizing the
output coupled oscillator power which is given by Posc ¼
Poutð1 − ηrÞ as a function of undulator length (Nw) and
output coupler reflectivity (ηr). The result of the optimi-
zation depends on the cavity losses and is shown in Fig. 2
for ηl ¼ 0.8. In this case the optimal values are Nw ¼
Lb=3λ and ηr ¼ 0.66.
With these choices, the output oscillator pulse peak

power to beam power ratio is ηpower ¼ Posc=Pbeam ¼
ð1 − ηrÞPout=Pbeam. The output energy per pass is
obtained multiplying the peak power by the length of
the radiation pulse (∼ηsLb), obtaining for the energy
extraction efficiency

ηavg ≅
K2

0

1þ K2
0

Lb

λγ20
ηlPbðGWÞ ð10Þ

The outcoupled oscillator energy per pass is Uosc ¼ ηavgUb

where Ub is the total energy of the electron beam.
Dividing the output radiation energy by the photon

energy hc=λ we obtain a simple expression for the number
of photons that can extracted from the oscillator per pass

Nγ ≈
K2

0

1þ K2
0

αN2
b ð11Þ

where α is the fine structure constant, and Nb is the number
of electrons in the bunch. The number of photons is
independent on the radiation wavelength or the electron
energy and just goes as the square of the number of
electrons participating to the interaction. This scaling is
characteristic of superradiant emission [10] and is a direct
consequence of the fact that the TESSO cavity ensures that
electrons in one bunch generate the radiation field stimu-
lating the electrons in the subsequent bunch to emit
coherently. The average oscillator power is proportional
to the electron beam repetition rate.
Equation (11) should be considered as a rough estimate

as the analysis ignored the possibility of varying the
undulator period, which has been found to increase power
extraction efficiency as seen in [5] and the additional
benefits due to the steeper taper to take advantage of the

additional stimulated radiation. At the same time, a rough
account of diffraction is included but we ignoredmany three
dimensional effects (beam emittance, transverse radiation
mode, etc.) and assumed trapping of a fully bunched electron
beam. We will consider all of these effects with the help
of self-consistent particle tracking simulations in the next
section. Still, these estimates are a reasonable starting point
to guide the design of the oscillator.
Another thing to note about Eq. (11) is that the number

of photons transmitted is independent of the current,
suggesting optimal operation with very long electron
bunches (having many particles per bunch). On the other
hand, the analysis above shows that an undulator length of
Lw ¼ λwNw ¼ λwLb=3λmaximize performance. For a long
electron beam, the undulator might become so long that
the seed radiation size w0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
zrλ=π

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.15Lwλ=π

p
will

become comparable to the undulator gap. In practice, the
constraints imposed by a particular undulator technology
choice will limit the optimal length of the electron bunches
for this application.

III. TESSO OSCILLATOR DESIGN

A. TESSO parameters

To illustrate better the formulas derived in the previous
session, let us considered a practical example of a 1 μm
oscillator based on the TESSO concept. Ideally, the
electron beam energy should be made small to reduce
linac cost and size, but large enough to achieve large
currents without compromising the beam brightness via
compression. This is crucial to shorten the undulator length
which is directly proportional to Lb. We start with a 1 nC,
250 MeV electron beam compressed to a 2 ps duration for
a current of 500 A, and peak beam power of 125 GW.
The parameters for this example and the simulations of the
rest of the paper are shown in Table I.
For a 2 ps long electron bunch, the undulator length to

optimize energy extraction is ∼4 m (i.e., Nw ≅ Lb=3λ).
We can then calculate the seed laser focal parameters to
optimize the energy exchange between electron beam and
radiation. In the case where the seed dominates the
interaction, the laser waist should be placed at the center
of the undulator with a Rayleigh range about 15% the
length of the undulator. Using a numerical optimization
model which takes into account for the growth of the
stimulated radiation, it is found that the region of peak
intensity shifts downstream of the seed waist. Therefore we
choose a waist at z ¼ 1.6 m and Raleigh range of 45 cm to
maximize the electromagnetic field intensity along the
undulator and optimize the electron beam deceleration.
The oscillator average power may be increased adjusting

the linac repetition rate. In our example we consider 1 MHz
which is the repetition rate of superconduncting rf linacs for
future light sources [18] which would require a fairly long
300 m cavity. Increasing the linac repetition rate to 5 MHz
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will shorten the cavity length to 60 m and proportionally
increase the output power of the oscillator. Nevertheless,
much higher repetition rates may be undesirable as the
cavity roundtrip for pulse synchronization becomes too
short. As we will see below, a relatively large distance
between the undulator and the cavity mirrors is important to

take advantage of diffraction to keep the radiation intensity
below the damage threshold on the optics.

B. Prebunching

A prebunched beam is needed to match the electron
beam longitudinal phase space to the acceptance area of the
decelerator. Prebunching may be achieved by imparting
an energy modulation onto the beam with a short undulator
section, and then converting that energy modulation
into a density modulation by applying R56 via a drift or
magnetic chicane. A variable strength chicane enables fine
adjustment of the phase delay for locking the prebunched
beam with the ponderomotive bucket. Prebunching
with an energy modulator and chicane enables bunching
factors approaching 0.6 and may help entrain ∼60% of
the electrons into the ponderomotive wave [19]. Cascading
prebunchers has been suggested to increase to >90%
the captured fraction by concentrating the phase space
further [20].
In order to maximize the efficiency we adopt the two

stage prebuncher for this design study. The phase space
evolution is shown in Fig. 4. A single period undulator
section (λw ¼ 55 mm) is designed to impart a 650 keV
amplitude sinusoidal energy modulation with the 50 GW
seed laser power, and this energy modulation is slightly
over compressed with a chicane with R56 ¼ 143 μm. The
bunched beam is then injected into a subsequent 4-period
long energy modulator (λw ¼ 30 mm), imparting a
1.45 MeV amplitude modulation to the bunched beam.
A final chicane (R56 ¼ 40 μm) serves the purpose of
compressing the beam to maximize the fraction trapped

TABLE I. Decelerator parameters.

Electron beam

Input energy 250 MeV
Emittance 1 mm-mrad
Transverse size (rms) 40 μm
Bunch length Lb FWHM 2 ps
Energy spread 0.1%
Peak current 500 Amp
Charge 1 nC
Repetition rate 1 MHz
Beam power 125 GW (peak); 250 kW (average)

Seed laser

Wavelength 1 μm
Power 50 GW
Focal spot size (1=e2) 350 μm
Rayleigh range 45 cm
Cavity length 300 m

Undulator

Geometry helical Halbach array
Residual magnetization 1.42 T
Initial period length 2.7 cm
Initial K value 4.2
Length 4 m
Gap >3 mm

(a) (b)

(c) (d)

FIG. 4. Prebunching via cascaded energy modulator and chicane sections.
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within the ponderomotive bucket in the subsequent decel-
erator section.
It should be noted that the large R56 required by the

bunchers will add an additional delay between the radiation
and the electron beam in the cavity. This must be com-
pensated by adding a corresponding optical path length in
the radiation path for example using extra cavity mirrors.

C. Undulator taper design

We used the Genesis informed tapering scheme (GITS) to
calculate the optimal taper of both magnetic field amplitude
and undulator period for a range of initial seed laser powers,
starting from the parameters in Table I. GITS has been
described in detail in [5] and is an optimization algorithm
based on the well benchmarked 3D FEL code GENESIS [21]
to calculate the optimal variation of the undulator parameters
taking into account the growth of the radiation along the
undulator. Figure 5 displays the output electron beam
resonant energy and laser power for undulators optimally
designed for a given input seed laser power.
For more realistic results, instead of keeping a constant

undulator period and varying only the magnetic field
amplitude, the Halbach permanent magnet undulator
builder equation [22] is used to obtain the magnetic field
amplitude for a given undulator period and gap. NdFeB
magnets with 1.42 T residual magnetization are used.

The undulator gap is varied so that > 99.5% of the
radiation power clears the magnets, resulting in a minimum
gap of 3 mm. The resulting undulator period and magnetic
field taper for the reference 50 GW seed power are shown
in Fig. 6.
Figure 7 compares the efficiency estimates of the

previous section with the actual efficiency retrieved from
the Genesis simulations. Whereas the theoretical estimates
assumed no gain in the decelerating field, the significantly
improved results from the numerical optimization are easily
explained due to the fact that GITS designs the taper taking
into account the extra field available from the amplification
of the radiation resulting in a higher decelerating gradient.
An analysis of this simulation case provides a clear

example of the effect of the slippage on the oscillator output
which is the reason of the difference between peak power
and energy transfer efficiency. The electron beam is 600
wavelengths long (flat-top, 2 ps long beam current profile),
and the input seed radiation temporal profile is assumed to
be initially perfectly synchronized with the e-beam and
have exactly the same duration. Due to the FEL resonance
condition, the number of radiation wavelengths slipped is
equal to the number of undulator periods which in the
simulations increases more or less linearly from Nw ¼ 160

periods at 10 GW input power to 240 periods at 100 GW
seed power for the fixed 4 m undulator length.

FIG. 5. Output electron beam energy, output power for undulators optimized for a given input power.

FIG. 6. Undulator period (left) and normalized undulator amplitude (right) as a function of undulator length for the reference 50 GW
input seed power case.
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The longitudinal phase space at the undulator exit is a low
energy beam with a very strong positively chirped tail
[shown in Fig. 7(b)]. Since the steady state fraction of laser
is shorter than the input electron beam, the recirculated pulse
must be stretched to cover the entire electron beam for the
next pass. This can be accomplished by spectrally filtering
or introducing dispersion on the recirculated radiation. The
efficiency reduction associated with this manipulation was
described by ηs in the previous section. The stretching
should also account for expected electron-laser time of
arrival jitter in order to ensure reliable operation for
hundreds or thousands of passes of the oscillator.

D. Cavity design

The optical cavity round-trip length is set by the 1 MHz
electron bunch repetition rate to be Lcav ¼ 300 m. In
principle, it may be possible to make multiple passes
through the cavity with the benefit of dividing the resulting
cavity length by the number of passes to reduce the overall
size of the oscillator. This approach has many disadvan-
tages though including higher optical losses and higher
thermal load on the mirrors. On the other hand if low-loss
mirrors are available, the cavity can be folded reducing
considerably the footprint of the overall system.
A simple ring cavity design using a stable resonator to

provide zr ¼ 45 cm near the center of the 4 m undulator
can be designed using the near concentric optical resonator
formulas discussed in Siegman [16], assuming no losses
and no optical gain from the electron beam with the
undulator as a simple drift. The radii of curvature of the
mirrors are slightly larger than half length of the cavity, i.e.,
R ¼ Lcav=2þ ΔL so that the spot size at the waist and at
the mirrors can be written

w2
0 ¼

Lcavλ

π

ffiffiffiffiffiffiffiffiffiffiffi
ΔL
4Lcav

s
ð12Þ

w2
mirror ¼

Lcavλ

π

ffiffiffiffiffiffiffiffiffiffiffi
4Lcav

ΔL

r
ð13Þ

In order to achieve zr ¼ 45 cm, we have ΔL ¼ 2.7 mm
and a waist size at the mirrors of 25 cm. This large spot
size helps in terms of controlling the power load on the
mirrors. With 100 kW recirculating power in the cavity, the
incident power on the mirrors is < 1 kW=cm2 so that it
should be possible to water cool the substrate to dissipate
the excess heat.
In order to maintain a few percent level, energy gradient

stability with this design assuming mirrors with linear
coefficient of thermal expansion of up to 10−5 per degree
typical of glass or metal mirrors, temperature stability of a
few tenths of a degree Celsius is required. A shorter cavity
length relaxes this requirement but increases the intensity
on the mirrors, necessitating more cooling.
There are a variety of options for the ring cavity,

including a three mirror design at the expenses of flexi-
bility. In Fig. 8 we show some of the cavity options and
initial dimensions. While a full optical engineering design
is not the scope of this paper, we only note here that cavities
with such large optical powers have been in operation [23].
This simple design just provides a first order solution

which is then refined using numerical methods. In practice,
Genesis calculates the transverse radiation field profile
evolution on a two-dimensional grid throughout the inter-
action within the undulator, and writes the output radiation
field to disk. The radiation evolution along the recirculation
cavity is modeled using the method of Huygens-Fresnel
propagation on the output Genesis radiation profile (see
Appendix for details).

IV. OSCILLATOR PERFORMANCE

An oscillator simulation is performed by using the output
of a single amplification stage as input for the next stage.
For a first pass at assessing the stability of the oscillator,
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FIG. 7. (a) Peak power (blue) and energy (red) efficiency from the GITS simulation results. The theoretical estimates ηe and ηe · ηs for
a constant period case with Nw ¼ 200 are also shown for reference. (b) Time-domain view of the beam and radiation power at the
entrance and exit of the undulator.
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we initially assume that the stimulated power simply adds
to the seed laser mode. We can then use a given undulator
taper to generate a map between input and output powers
which can be used to study the dependence of the oscillator
performance on the fraction of recirculated power.
Figure 9 shows the power map and power evolutions

given a 50 GW startup seed power for various recirculation
fractions. We find that at least 30% of the produced power
must be fed into the undulator for the next pass to achieve
stable operation.
As expected from Fig. 9, the stable solutions with

different output couplers produce the similar power gain

(about 75 GW) so that the additional power recirculated
simply adds to the cavity power. Higher cavity powers may
be detrimental as they increase the thermal loads on the
cavity mirrors. On the other hand, higher cavity powers
may make up for random perturbations in the e-beam
parameters which pose a challenge in a real system.
Taking into account the 66% output coupler reflectivity,

diffraction and mirror losses of 20%, and the slippage-
induced losses of 33%, the net fraction of power returned to
the undulator is ηsηrηl of the output power or 35% in our
example. The power converted from the beam energy per
pass within the oscillator is 73 GW—nearly 150 mJ per

FIG. 9. Input-output power map (top left) is used to estimate oscillator performance for 50 GW startup power various power
recirculation fractions.

(a)

(b)

(c)

FIG. 8. Oscillator configuration. Near concentric resonator design. Design (a) is a ring cavity and allows the injection of the igniter
pulse. Design (b) has less mirrors but presents some challenges for the injection. Design (c) is a ringlike hemispheric resonator with only
one curved mirror.
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pulse for the 2 ps long beam. Combined with the input
power, the total power at the undulator’s exit is 114 GW.
The fraction of this power extracted from the cavity is
1 − ηr ¼ 0.34 so the net output power is 39 GW or 31%
of the beam power. Considering a 1 MHz electron beam
repetition rate (250 kW average beam power), TESSO
generates 78 kW of average output power with ∼31%
efficiency.
When using the full three dimensional field to seed

subsequent oscillator passes, we see (Fig. 10) that the
oscillator is stable for power recirculation fractions ηr
above 40%, in agreement with our 1D estimate. Initially
during the first few passes, transient fluctuations in the
radiation size due to the competition between input and
output radiation modes force the on-axis intensity to
fluctuate before converging on a steady value. For lower
power return fractions of 35%, the power is so low that
downward intensity fluctuations in the beam have a high
probability of killing the oscillation. This fluctuation could
be reduced by transversely shaping the input mode,
improving stability for lower power return fractions and
recovering the previous result.
A more careful analysis is needed to understand the

spectral and temporal evolution of the pulse in the
oscillator. A number of authors have examined in the past
the problem of the longitudinal stability of the FEL
oscillator taking into account pulse evolution effects
[24,25] and highlighted an important aspect of dynamics,
related to the evolution of longitudinal eigenmodes with
mode-specific growth rates. In particular, in these early
studies it was found how the FEL oscillator would only
work at operating parameters which give positive net gain
for one or more eigenmodes and that when multiple modes
had positive net gain, mode competition and chaotic
lasing would result. While this analysis also helps us in
understanding qualitatively our system, it is important to

highlight here two significative differences with these early
studies. First, (i) the undulator tapering gradient that we use
for TESSO is more than one order of magnitude larger than
what previously considered. This is possible because (ii) our
system is not starting from noise, but from the strong input
signal of the igniter pulse, which allows significant energy
extraction at a predetermined frequency already from the
first pass.
Nevertheless we qualitatively retrieve a similar behavior

and uncover the existence of eigenmodes, or stable longi-
tudinal temporal profiles repeating themselves pass after
pass which the solution quickly converges to. For a
numerical study of the system, we used a newly developed
fast 1D FEL numerical model which we recently developed
in the frame of x-ray high efficiency simulations [26]. The
longitudinal profile of the radiation is followed through the
undulator and then pass after pass including the finite losses
on the cavity optics and the effect of the cavity length,
which must be slightly detuned from the vacuum synchro-
nism condition in order to compensate for the slippage of
the radiation over the electron beam in the undulator (i.e.,
so that the radiation pulse can interact with the full electron
bunch at the beginning of the next undulator).
Another important opportunity offered by our simulation

model is to better understand the effect of a bandpass filter
in the dynamics [27]. This is particularly important as in the
previous sections of the paper, the slippage effects have
been taken into account in a crude way simply adding a
reduction in peak power associated with the stretching of
the pulse. In practice, the proposed solution is to add a
pass-band filter into the cavity to reduce the bandwidth and
obtain a stretched pulse. A concern arising from the
multifrequency time-dependent model of the interaction
is associated with the growth of the sideband instability,
basically the interaction between the synchrotron oscilla-
tions of the particles in the ponderomotive bucket and the

FIG. 10. Recirculation simulation using a full 3D model. The output Genesis field is recirculated via Huygens-Fresnel propagation.
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resonant radiation mode can result in the generation of
power at sideband frequencies which ultimately grow, and
lead to detrapping and loss of efficiency. The other critical
function of the passband filter would be to limit the growth
of the sideband instability.
We include the effect of the filter in the simulation by

multiplying the Fourier transform of the complex radiation
envelope by the filter transfer function (shown in Fig. 11
at each undulator exit. The filter is shown to introduce
additional losses and in general decreases the efficiency of
the system as expected. Further it adds a significant delay
on the pulse (due to its complex phase) which must be
compensated for by adjusting the cavity detuning.
The results of the time-dependent oscillator simulations

are shown in Fig. 12(a). In relatively few passes (depending
on the fraction of recirculated power) a stable eigenmode
for the system develops. In Fig. 12(b) we show the
evolution of the pulse profile vs. the number of passes
and in Fig. 12(c) the efficiency of the system which quickly
converges to nearly 30% after <20 passes.

Depending on the system parameters, in particular the
cavity detuning and the overall losses we have also verified
the existence of a region of parameters where competition
between the different longitudinal modes occur leading to
large variations in the output power and ultimately to
chaotic lasing. We reserve for a future paper the analysis of
this interesting physical system, where we will also look at
the interplay between transverse and longitudinal modes
which requires the development of computationally inten-
sive time-dependent 3D simulations.

V. STABILITY ANALYSIS

We next consider the effects of random perturbations of
the electron beam current on the oscillator stability. If the
linac repetition rate is 3 orders of magnitude larger than that
of the igniting laser, we should require stable operation for
at least 1000 iterations on average.
The ponderomotive energy bandwidth is on the order of

0.5 MeV so shot-to-shot variations in the electron beam
energy should be below 0.25%which iswell within the state-
of-the-art especially for superconducting linac technology.
On the other hand, shot-to-shot current variations may affect
significantly the radiated power per pass which can reduce
the recirculated power and stop the cavity lasing.
In order to study the effect of these current fluctuations

on the oscillator performance, we perform a Monte Carlo
simulation using a power map accounting for various input
currents in addition to input powers (shown in Fig. 13).
Starting with an initial 50 GW startup seed power and a
beam current randomly chosen from a normal distribution,
we use the map to look up the output power and use a fixed
fraction of that power and another randomly chosen current
for the next iteration.
The result is a series of powers for each iteration which

jitter about a mean value, and a few example results are
shown in Figure 14 for a constant initial power of 50 GW,
500 A average beam current with a 5% rms variation,
and recirculated power fractions of 35% and 30%. For 35%
returned power, the oscillator typically produces power
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FIG. 12. Left: Final (after 100 passes) pulse envelope along the square electron beam distribution (also shown). Middle: contour plot
showing the evolution of the longitudinal profile of the radiation pulse in the oscillator as a function of number of passes. Right:
Efficiency of the TESSO oscillator vs. number of passes. For this case the cavity was shortened by 100 fs with respect to the vacuum
synchronous condition and the losses were 28%.

FIG. 11. Transmission and phase for the passband filter used in
the cavity to stretch the pulse and suppress the sideband growth.
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stably for 1000 iterations and a representative shot is shown
in the figure.As the fraction recirculated is decreased to 30%,
the produced power begins to fluctuate, decreasing the mean
power relative to the median and increasing the variance.
Occasionally, the power output fluctuates low enough for
the 30% recirculation case to stop power production until
the next ignition pulse whereas this does not occur with 35%
recirculation which should then be considered when select-
ing an acceptable output coupler reflectivity.
To quantitatively determine the maximum rms current

fluctuations the oscillator can tolerate, we take the 35%
power return example and increase the relative rms current
fluctuations until it degrades the oscillator performance.

FIG. 13. Combined input power and current response map used
to study the oscillator’s resilience to current fluctuations.

FIG. 15. Results of Monte Carlo simulations for 35% return power fraction and various current fluctuations over 1000 iterations
between subsequent ignitions. Top left: power output after 1000 iterations for various rms relative current fluctuations. Top right:
fraction of ensemble surviving 1000 iterations. Bottom row: rms relative power variation after 1000 iterations for oscillations surviving
1000 iterations (left) and for all oscillations.

FIG. 14. Example power output Monte Carlo simulations for 5% rms input current variation.
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Figure 15 shows that the oscillator can survive up to
6% rms relative current fluctuations. As current fluctua-
tions are increased to 6%, the rms relative power fluctua-
tions increase proportionally; however, for current
fluctuations greater than 6%, a fraction of the oscillators
stop lasing before the 1000th pass, degrading the average
oscillator power. Nevertheless, better than 6% current
stability may be reliably achieved with linacs so this should
not be a problem.
Summarizing these stability requirements for a 500 A,

250 MeV electron beam, 4 m long undulator, and 50 GW
seed, stable oscillator operation requires that we recirculate
greater than 35% of the output power (assuming perfect
TEM00 input-output mode coupling), and keep the electron
beam current fluctuations less than 6% rms.

VI. CONCLUSIONS

In conclusion, we have studied the possibility of embed-
ding a TESSA amplifier in an optical cavity in order to
reutilize a fraction of the output power as a seed for the high
efficiency energy extraction. Fully self-consistent particle
and field simulations show that 31% power extraction
efficiency is possible with this system. In an example at
1 μm radiation wavelength, an average output power of
∼78 kW is obtained starting from an average beam power
of 250 kW.
To simplify the discussionwehave considered here the use

of an igniter pulse. This is commercially available at 1 μm
wavelength. When scaling at shorter wavelengths where a
low repetition rate high power seed is not available, the
oscillator start-up dynamics must be studied. In principle,
using a dynamically controllable taper it will be possible to
increase the energy extraction efficiency as the power builds
up in the cavity until reaching the steady state, which would
have the same characteristics as discussed here.
The results of this paper can be used as the basis of the

design of a very high average power source which would
enable many novel scientific and industrial applications.
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APPENDIX: HUYGENS-FRESNEL
PROPAGATION

The Huygens-Fresnel propagation method treats each
point of radiation as a spherical wave which acquires a
phase as it diffracts outward. For one transverse dimension,
the spherical wave front, diffracting from a point over a
distance z2 − z1 ¼ B through an optical element represented

by an ABCD linear transport matrix, acquires a phase
− k

2B ðAx21 − 2x1x2 þDx22Þ relative to an on-axis ray while
the amplitude decreases to conserve power. Thus, the point
spread function for one transverse dimension is given by

fðx1; x2Þ ¼
ffiffiffiffiffiffiffiffiffiffi
i=Bλ

p
e−i

k
2BðAx21−2x1x2þDx2

2
Þ ðA1Þ

Convolution of this point spread function with the initial
radiation profile over the transverse grid containing the
radiation yields the Huygens integral for one dimension

u2ðx2Þ ¼
Z

a1

−a1
u1ðx1Þfðx1; x2Þdx1 ðA2Þ

One limitation of this approach is that the calculated
radiation must fit on the grid. While the radiation size at the
entrance and exit of the undulator may be able to fit on the
same size grid, at positions along the transport line such as
at lenses where fluence considerations are important to
study, the transverse beam size may be significantly larger.
To overcome this limitation, we may scale the transverse
coordinates at each position by different grid sizes by
defining ξ1 ≡ x1=a1 and ξ2 ≡ x2=a2 ¼ x2=Ma1 where
M≡ a2=a1 and then transform the input and output wave
functions by [16]

v1ðξ1Þ≡ a1=21 u1ðx1Þe−i k2BðA−MÞx2
1 ðA3Þ

v2ðξ2Þ≡ a1=22 u2ðx2Þei k2BðD−1=MÞx2
2 ðA4Þ

With these scalings, the Huygens integral becomes

v2ðξ2Þ ¼
ffiffiffiffiffiffiffiffi
iNc

p Z
1

−1
v1ðξ1Þe−iπNcðξ1−ξ2Þ2dξ1 ðA5Þ

where Nc ≡ a1a2=Bλ ¼ Ma21=Bλ is the collimated Fresnel
number. For a large number of grid points in two dimen-
sions, numerical evaluation of this integral is computation-
ally costly. In this case, numerical evaluation of the integral
may be sped up significantly by using the convolution
theorem to express the integral as the inverse Fourier
transform of the product of the Fourier transforms of the
input radiation profile and point spread function and
employing a fast Fourier transform algorithm to evaluate
the transforms. For this purpose, the spatial frequency
projection of the point spread function is used to calculate
the propagator

FðκxÞ ¼
1ffiffiffiffiffiffi
2π

p eiκ
2
x=4Ncπ ðA6Þ

where κx is the spatial frequency conjugate to Δξx. Since
the largest value that Δξx takes is 1, we have κx ¼ 2πi,
where i is an integer. Switching to 2D requires squaring the
prefactors. Additionally, propagations may be chained with
transverse amplitude or phase masks to simulate apertures
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and various focusing elements. Iteration of propagations
and field dependent phase masks for small enough step
sizes may even be used to model nonlinear effects in media
(for example self-focusing of intense lasers in air).

[1] J. W. Dawson et al., High average power lasers for future
particle accelerators, AIP Conf. Proc. 1507, 147 (2012).

[2] E. Esarey, C. B. Schroeder, and W. Leemans, Physics of
laser-driven plasma-based electron accelerators, Rev. Mod.
Phys. 81, 1229 (2009).

[3] K. J. Kim, A. A. Zholents, M. Zolotorev, and N. Vinourov,
FEL options for power beaming, Nucl. Instrum. Methods
Phys. Res., Sect. A 407, 380 (1998).

[4] G. Dattoli et al., Extreme ultraviolet (EUV) sources for
lithography based on synchrotron radiation, Nucl. Instrum.
Methods Phys. Res., Sect. A 474, 259 (2001).

[5] J. P. Duris, A. Murokh, and P. Musumeci, Tapering
enhanced stimulated superradiant amplification, New J.
Phys. 17, 063036 (2015).

[6] N. M. Kroll, P. L. Morton, and M. N. Rosenbluth, Free-
electron lasers with variable parameter wigglers, IEEE J.
Quantum Electron. 17, 1436 (1981).

[7] N. Sudar, P. Musumeci, J. Duris, I. Gadjev, M. Polyanskiy,
I. Pogorelsky, M. Fedurin, C. Swinson, K. Kusche, M.
Babzien, and A. Gover, High Efficiency Energy Extraction
from a Relativistic Electron Beam in a Strongly Tapered
Undulator, Phys. Rev. Lett. 117, 174801 (2016).

[8] E. L. Saldin, E. A. Schneidmiller, and M. Y. Yurkov, High
Efficiency Energy Extraction from a Relativistic Electron
Beam in a Strongly Tapered Undulator, Opt. Commun.
103, 297 (1993).

[9] G. Dattoli, S. Pagnutti, P. L. Ottaviani, and V. Asgekar,
Free electron laser oscillators with tapered undulators:
Inclusion of harmonic generation and pulse propagation,
Phys. Rev. Accel. Beams 15, 030708 (2012).

[10] A. Gover, Superradiant and stimulated-superradiant emis-
sion in prebunched electron-beam radiators. I. Formu-
lation, Phys. Rev. Accel. Beams 8, 030701 (2005).

[11] M. V. Krongauz, Y. Pinhasi, M. Tecimer, and A. Gover,
Power, bistability and post-saturation optimization in a pre-
bunched free electron laser, Nucl. Instrum. Methods Phys.
Res., Sect. A 445, 28 (2000).

[12] A. Gover, E. Dyunin, Y. Lurie, Y. Pinhasi, and M. V.
Krongauz, Superradiant and stimulated-superradiant emis-
sion in prebunched electron-beam radiators. II. Radiation
enhancement schemes, Phys. Rev. Accel. Beams 8, 030702
(2005).

[13] J. N. Benford and R. Dickinson, Space propulsion and
power beaming using millimeter systems, SPIE 1995
International Symposium on Optical Science, Engineering,
and Instrumentation (1995), p. 179, https://doi.org/10
.1117/12.218549.

[14] H. Bennett, Free-electron laser power beaming to satellites
at China Lake, California, Nucl. Instrum. Methods Phys.
Res., Sect. A 341, 124 (1994).

[15] H. E. Bennett, FEL powering of satellites: a technically and
economically viable program, International Society for
Optics and Photonics, Optoelectronics’ 99-Integrated
Optoelectronic Devices (1999), p. 154, https://doi.org/10
.1117/12.352663.

[16] A. E. Siegman, Lasers (University Science Books, Mill
Valley, CA, 1986).

[17] J. Duris, High efficiency electron-laser interactions in
strongly tapered undulators, Ph.D. thesis, UCLA, 2015,
https://escholarship.org/uc/item/4hf028sr.

[18] L. Wang, P. Emma, and T. Raubenheimer, MOGA Opti-
mization of LCLS2 Linac, Report No. SLAC-PUB-15998,
2014.

[19] W. Kimura et al., Demonstration of High-Trapping Effi-
ciency and Narrow Energy Spread in a Laser-Driven
Accelerator, Phys. Rev. Lett. 92, 054801 (2004).

[20] N. Sudar et al., High Efficiency Energy Extraction from a
Relativistic Electron Beam in a Strongly Tapered Undu-
lator, Phys. Rev. Lett. 117, 174801 (2016).

[21] S. Reiche, P. Musumeci, and K. Goldammer, in Proceed-
ings of the 22nd Particle Accelerator Conference, PAC-
2007, Albuquerque, NM (IEEE, New York, 2007), p. 1269.

[22] K. Halbach, Permanent magnet undulators, J. Physique
Colloques 44, C1-211 (1983).

[23] H. Carstens et al., Megawatt-scale average-power ultra-
short pulses in an enhancement cavity , Opt. Lett. 39, 2595
(2014).

[24] N. Piovella, P. Chaix, G. Shvets, and D. A. Jaroszynski,
Analytical theory of short-pulse free-electron laser oscil-
lators, Phys. Rev. E 52, 5470 (1995).

[25] G. Dattoli, A. Marino, A. Renieri, and F. Romanelli,
Progress in the Hamiltonian picture of the free-electron
laser, IEEE J. Quantum Electron. 17, 1371 (1981).

[26] C. Emma, N. Sudar, P. Musumeci, A. Urbanowicz, and C.
Pellegrini, High efficiency tapered free-electron lasers with
a prebunched electron beam, Phys. Rev. Accel. Beams 20,
110701 (2017).

[27] R. R. Lindberg, K. J. Kim, Yu. Shvyd’ko, and W.M.
Fawley, Performance of the x-ray free-electron laser
oscillator with crystal cavity, Phys. Rev. Accel. Beams
14, 010701 (2011).

DURIS, MUSUMECI, SUDAR, MUROKH, and GOVER PHYS. REV. ACCEL. BEAMS 21, 080705 (2018)

080705-14

https://doi.org/10.1063/1.4773687
https://doi.org/10.1103/RevModPhys.81.1229
https://doi.org/10.1103/RevModPhys.81.1229
https://doi.org/10.1016/S0168-9002(98)00054-0
https://doi.org/10.1016/S0168-9002(98)00054-0
https://doi.org/10.1016/S0168-9002(01)00887-7
https://doi.org/10.1016/S0168-9002(01)00887-7
https://doi.org/10.1088/1367-2630/17/6/063036
https://doi.org/10.1088/1367-2630/17/6/063036
https://doi.org/10.1109/JQE.1981.1071285
https://doi.org/10.1109/JQE.1981.1071285
https://doi.org/10.1103/PhysRevLett.117.174801
https://doi.org/10.1016/0030-4018(93)90456-F
https://doi.org/10.1016/0030-4018(93)90456-F
https://doi.org/10.1103/PhysRevSTAB.15.030708
https://doi.org/10.1103/PhysRevSTAB.8.030701
https://doi.org/10.1016/S0168-9002(00)00108-X
https://doi.org/10.1016/S0168-9002(00)00108-X
https://doi.org/10.1103/PhysRevSTAB.8.030702
https://doi.org/10.1103/PhysRevSTAB.8.030702
https://doi.org/10.1117/12.218549
https://doi.org/10.1117/12.218549
https://doi.org/10.1117/12.218549
https://doi.org/10.1117/12.218549
https://doi.org/10.1016/0168-9002(94)90332-8
https://doi.org/10.1016/0168-9002(94)90332-8
https://doi.org/10.1117/12.352663
https://doi.org/10.1117/12.352663
https://doi.org/10.1117/12.352663
https://doi.org/10.1117/12.352663
https://escholarship.org/uc/item/4hf028sr
https://escholarship.org/uc/item/4hf028sr
https://doi.org/10.1103/PhysRevLett.92.054801
https://doi.org/10.1103/PhysRevLett.117.174801
https://doi.org/10.1364/OL.39.002595
https://doi.org/10.1364/OL.39.002595
https://doi.org/10.1103/PhysRevE.52.5470
https://doi.org/10.1109/JQE.1981.1071268
https://doi.org/10.1103/PhysRevAccelBeams.20.110701
https://doi.org/10.1103/PhysRevAccelBeams.20.110701
https://doi.org/10.1103/PhysRevSTAB.14.010701
https://doi.org/10.1103/PhysRevSTAB.14.010701

