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The high order mode (HOM) power losses induced by a particle beam in accelerator components should
be taken into account during their design and the choice of HOM couplers. In this work the power losses
due to HOMs in the proposed 400.79 MHz radio frequency (rf) cavity designs were evaluated for various
energy options (Z, W, H, and tt̄) of the future circular electron-positron collider (FCC-ee). The constraints
for the rf cavity design are dictated by the Z machine with the lowest beam energy, but the highest beam
current. Still certain beam filling patterns (bunch and train spacings) are not feasible and should be avoided
in beam operation. For other energy options the power loss are sufficiently low and can be extracted by
conventional HOM couplers.
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I. INTRODUCTION

The rf power and heat load deposited by a beam passing
through the accelerator structures can cause significant
limitations for the machine performance. To determine
parameters for high order mode (HOM) absorbers accurate
estimations of the power loss are required, which depend
both on the beam parameters and the geometric design of rf
cavities. The power loss can be calculated as [1,2]

P ¼ J2A
Xþ∞

k¼−∞
Re½Zkðkω0Þ�jĴkj2; ð1Þ

where JA is the average beam current, Zk is the longitudinal
impedance, Ĵk is the normalized Fourier harmonic of the
beam current at the kth revolution harmonic, ω0 ¼ 2πf0,
and f0 is the revolution frequency.
The evaluation of the power losses in superconducting rf

cavities for FCC-ee is the subject of the present work. For
calculations we used the modified design of the large
hadron collider (LHC) rf cavities and the latest parameter
set of different FCC-ee machines summarized in Table I
[3]. We applied a systematic approach to power loss
calculation taking into account different filling schemes
used in machine operation. This allows us to derive
recommendations for the both cavity design and machine
operation.

The analysis of Fourier harmonics for different filling
patterns of the beam with a Gaussian bunch line density is
presented in Sec. II. The longitudinal impedance and the
loss factor of cavities obtained from electromagnetic (EM)
simulations are described in Sec. III. In Sec. IV we present
the results of power loss calculations for different cavity
options and all FCC-ee machines. In the case when beam
spectral line coincides with a cavity resonance one can
expect strong power losses. We propose the way to avoid
such situations. The work is concluded in Sec. V.

II. BEAM SPECTRUM CALCULATION

Let us consider a beam containingM bunches which can
be grouped in ntr equal trains with a distance between heads
of the trains ttt. This distance should be a multiple of bunch
spacing tbb. Each train contains a number of filled buckets
Mb ≤ ttt=tbb. The beam has a regular filling which also
contains an abort gap of length tgap. Arbitrary filling
schemes would require additional tedious analysis with
many degrees of freedom and therefore are not considered
in the present work.
The time structure of the beam current JðtÞ can be

written, similarly to Ref. [4],

JðtÞ ¼
Xntr−1
n¼0

XMb−1

m¼0

jðt − nttt −mtbbÞ ¼ JA
X∞
k¼−∞

Ĵkei2πkf0t;

ð2Þ

where jðtÞ is the single bunch current and JA ¼
ntrMbNpef0 is the average beam current. The normalized
Fourier harmonics of the beam current can be calculated as
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Ĵk ¼
1

JAT0

Z
T0=2

−T0=2

Xntr−1
n¼0

XMb−1

m¼0

jðt − nttt −mtbbÞe−i2πkf0tdt;

ð3Þ

where T0 ¼ 1=f0 is the revolution period. Using the
normalized Fourier harmonics of the single bunch ĵk, this
equation can be rewritten in a form

Ĵk ¼ ĵk
Xntr−1
n¼0

e−i2πkf0nttt
XMb−1

m¼0

e−i2πkf0mtbb : ð4Þ

After summations in Eq. (4), the normalized Fourier
harmonics of the beam current are

Ĵk ¼ ĵk ×
sin ðntrπkf0tttÞ
ntr sin ðπkf0tttÞ

e−iðntr−1Þπkf0ttt

×
sin ðMbπkf0tbbÞ
Mb sin ðπkf0tbbÞ

e−iðMb−1Þπkf0tbb : ð5Þ

For a Gaussian bunch with the rms bunch length σ,

jðtÞ ¼ eNpffiffiffiffiffiffi
2π

p
σ
exp

�
−

t2

2σ2

�
; ð6Þ

and

ĵk ¼
1

eNp

Z
T0=2

−T0=2
jðtÞe−i2πkf0tdt ≈ e−2ðπkf0σÞ2 : ð7Þ

For a fixed minimum gap length and the maximum total
number of bunches, the number of trains and the number of
bunches per train are defined by train spacing as

ntr ¼
�
T0 − tgap

ttt

�
and Mb ¼

�
M
ntr

�
; ð8Þ

correspondingly, where bxc denotes a rounded down value
of x.
There are two sets of lines with the largest amplitude in

the beam spectrum: (i) at the multiple of frequencies 1=ttt
[the second part of Eq. (5)] given by the train spacing, (ii) at
the multiple of frequencies 1=tbb [the third part of Eq. (5)]
given by the bunch spacing.
The Z machine is the most challenging due to high beam

current. Depending on the filling scheme one can define
two different regimes. The spectrum of the beam containing
the large number of trains (ntr ≫ Mb) is dominated by lines
with the distance 1=ttt (the left-hand side plot in Fig. 1). For
the case of long trains (ntr ≤ Mb), the spectrum mainly
contains lines at harmonics of 1=tbb corresponding to the
bunch spacing. The maximum amplitude reduction of

FIG. 1. Examples of the normalized beam spectra (parameters of the Z machine) for two regimes. The left-hand side plot is for the case
of the large number of short trains. The red line is at 1=ttt. The right-hand side plot is the case of long trains. The red line is at 1=tbb, and
the horizontal black line is 1=M2

b.

TABLE I. FCC-ee baseline parameters [3] used for power loss
calculations in this work. The bunch length is given for the cases
of colliding beams including beamstrahlung (BS) effect and
noncolliding beams (no BS).

Parameter Units Z W H tt̄

Circumference, C km 97.75
Harmonic number, h 130 680
rf frequency, frf MHz 400.79
Beam energy, E GeV 45.6 80 120 182.5
Beam current, JA mA 1390 147 29 5.4
Number of bunches
per beam, M

16 640 2000 328 48

Bunch population, Np 1011 1.7 1.5 1.8 2.3
rms bunch length (BS), σ ps 40.4 20.0 17.7 8.5
rms bunch length
(no BS), σ

ps 11.7 10.0 10.5 6.6

Momentum compaction
factor, αp

10−6 14.79 14.79 7.31 7.31

Synchrotron tune, Qs 0.025 0.051 0.036 0.087
Longitudinal damping
time, τSR

ms 415.1 76.9 22.9 6.7

Total rf voltage, V tot GV 0.1 0.75 2 10.9
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spectral lines between them is 1=Mb (the right-hand side
plot in Fig. 1).

III. IMPEDANCE CALCULATION

The 400 MHz LHC-like cavities [5] with different
number of cells (single-cell, two-cell, and four-cell cavities)
were considered in the present study of the FCC-ee rings
(Fig. 2). Four cavities of one of these types with two tapers
at the ends are placed in a single cryomodule (Fig. 3). The
taper-out corresponds to the transition from the smaller
radius b to a larger radius d (in the direction of beam
motion) and the taper-in vice versa. The ABCI code [6] was

used for impedance calculations of axisymmetric perfectly
conducting structures.

A. Cavity impedance

The impedance of cavities with different number of
cells and the fundamental frequency of 400.79 MHz was
calculated for two frequency ranges: below 3 GHz, which
contains “discrete” spectrum, and above 3 GHz, the
“continuous” spectrum (Fig. 4). We can assume that the
cutoff frequencies of all trapped HOMs are below 3 GHz
for the beam pipe radius of 150 mm. In superconducting
cavities the fundamental mode has a large quality factor
Q ∼ 109. It means that it is necessary to calculate a very
long wake potential to get an accurate impedance value of
this mode. In most cases, it is computationally expensive
and a truncation of the wake potential should be used. This
results in a smaller impedance of the fundamental mode
and artificial impedance oscillations around it (see Fig. 4).
Thus, the accurate impedance value of the fundamental
mode and HOMs below the cutoff frequency can not be
obtained, while the resonant frequency and the ratio of the
shunt impedance to the quality factor R=Q of these modes
can be extracted. The simulation parameters for both
frequency ranges are summarized in Table II. To resolve
resonances at low frequencies simulations with long
bunches and long wakes were used. For higher frequencies
it is sufficient to use short wake potentials. It was found that
artificial impedance peaks appear at high frequencies for a
coarse mesh. Keeping the mesh size of 0.1 mm allows this
problem to be avoided for frequencies below 40 GHz.
Comparing the impedances of different cavities, we see

that for a larger number of cells per cavity, the total
impedance is larger and more passband modes are present.
To verify the results obtained with ABCI code, the loss

FIG. 2. LHC-like cavity designs with different number of cells (single-cell, two-cell, and four-cell cavities).

FIG. 3. Example of the LHC-like cryomodule containing four
single-cell cavities and tapers [7].

FIG. 4. The real part of longitudinal impedance of cavities with
different number of cells obtained by using the ABCI code. The
vertical dashed line is at 3 GHz. Additional impedance oscil-
lations around fundamental mode are due to wake potential
truncation (see Table II).

TABLE II. Parameters used in ABCI simulations with results
shown in Fig. 4.

Parameter f < 3 GHz f > 3 GHz

Bunch length [cm] 3.6 0.1
Wake potential length [m] 50 1
Radial mesh size [mm] 0.5 0.1
Longitudinal mesh size [mm] 0.5 0.1
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factor κk was obtained as a function of frequency from the
results of CST EM STUDIO® (CST EMS) [8] simulations

κkðfÞ ¼
X
n

knΘ½f − fr;n�e−ð2πfr;nσÞ2 ; ð9Þ

where Θ is the Heaviside step function and the modal loss
factor of the nth mode is

kn ¼ πfr;n

�
R
Q

�
n
: ð10Þ

Here, fr;n is the frequency of the nth resonance mode,
ðR=QÞn is the ratio of the shunt impedance to the quality
factor of this mode. There is a very good agreement
between the two codes for frequencies below the cutoff
frequency of the TM010 mode fcut ¼ 2.405c=ð2πdÞ ¼
765 MHz for the pipe radius d ¼ 15 cm (Fig. 5). For
higher frequencies the difference is due to the fact that the
eigenmode solver was used in CST EMS. It requires the
structure to be closed at the ends of the beam pipes with
either electric or magnetic boundary conditions. This leads
to creation of additional resonant modes. Loss factors of
these modes significantly depend on the length of the beam
pipes indicating their irrelevance for the present study. In
practice, such modes can propagate through the beam pipe,
have a small loss factor, and contribute to the broadband
impedance above cutoff frequency. In ABCI the finite-
difference time-domain solver with open (perfectly
matched layers) boundaries is implemented. This method
prevents the appearing of additional modes as resonances
of the closed structure and puts their contribution into the
broadband impedance in the correct way. According to
simulations for all cavities, only a few resonant modes are
present below cutoff frequency. The parameters of these
modes are summarized in Table III.

B. Taper impedance and loss factor

Tapers are used to make a smooth transition from the
large beam pipe radius d inside the cryomodule to the
smaller beam pipe radius b outside it. For a fixed ratio d=b,
the contribution of tapers to the total impedance of the
structure depends on taper length L. The worst situation is a
step transition (L ¼ 0), which can result in a significant
increase of the longitudinal impedance at frequencies
f ≫ c=ð2πdÞ. The impedance of the step-in and step-out
can be calculated analytically in all frequency ranges [9].
For frequencies above cutoff a simple expression can be
used [10]

Zstep ¼
Z0

π
ln
�
d
b

�
; ð11Þ

where Z0 ¼ 120πΩ is the impedance of free space.
Simulated impedance spectra (ABCI) of the taper-out for

b ¼ 5 cm, d ¼ 15 cm, and different taper length are shown
in Fig. 6. Similarly to the LHC tapers, b ¼ 5 cm was
chosen, because the final decision for the beam pipe radius
in the rf section has not been made. At low frequencies the
impedance starts from non-zero value Zstep=2 and then
saturates at the value Zstep at higher frequencies. For a step-
out (L ¼ 0) the spectrum contains resonant peaks at lower
frequencies, which disappear for longer tapers. For large L,
impedance remains constant at low frequencies (for
L ¼ 3 m, frequencies are below 10 GHz) and reaches
the saturated value at high frequencies.
The loss factor of a taper-out κtaper as a function of taper

length can be approximated as [10],

κtaper ¼ κstep ×

�
1 −

1

2
min

	
1;
L

L̃


�
; ð12Þ

FIG. 5. The loss factor as a function of frequency obtained from
ABCI code for different number of cells. The dashed lines are the
calculated loss factors from CST EMS results using Eq. (9). The
solid vertical line is the cutoff frequency for the beam pipe radius
of 15 cm (fcut ¼ 765 MHz).

TABLE III. Parameters of the fundamental mode and HOMs
with highest R=Q below the cutoff frequency (CST EMS
simulation results). The circuit definition is used for R=Q values.

Mode fr [MHz] R=Q [Ω]

Single-cell cavity
Fundamental 400.98 42.3
HOM 1 694.03 11.7

Two-cell cavity
Fundamental 400.73 84.4
HOM 1 679.52 4.9
HOM 2 707.94 22.5

Four-cell cavity
Fundamental 400.72 168.5
HOM 1 671.27 0.2
HOM 2 684.06 2.6
HOM 3 701.38 24.7
HOM 4 718.66 34.8
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where the loss factor of a step is

κstep ¼
Zstep

2σ
ffiffiffi
π

p ; ð13Þ

and

L̃ ¼ ðd − bÞ2
cσ

ð14Þ

is the “optimum” length, which corresponds to the mini-
mum value of the taper loss factor. For a bunch length of
12 ps (noncolliding beams in the Z machine), L̃ ≈ 2.7 m. A
smaller value of the loss factor for a longer taper is a result
of the lower value of the impedance within the bunch
spectrum. Figure 7 shows consistency of the loss factors
obtained by ABCI for different taper lengths with analytic
predictions.
To calculate the loss factor of two tapers one has to

assume some structure between them. For the simplest

case, when a beam pipe of radius d and length Lstr is
tapered from both sides to radius b using the tapers with
length L, the analytic expression can be obtained [11]. If
Lstr fulfills the condition

Lstr ≫
d2

cσ
; ð15Þ

the loss factor of two tapers is

κtapers ¼
Zstep

2σ
ffiffiffi
π

p
	
2

π
arctan

�
0.2d2

cσL

�

2

: ð16Þ

For L ≫ d2=cσ there is a significant reduction of κtapers.
This can be understood from the fact that impedances of the
taper-in and taper-out are the same but the latter is shifted
by Zstep value (Fig. 8). In the sum these impedances the
total impedance (the blue line) has a small value for the
frequencies containing the bunch spectrum (the black line).

C. Simulations of full structure

Considering the case of the full structure which includes
cavities and tapers, one needs to clarify if there is a
cancellation of the impedance contributions from the
taper-in and the taper-out. For results of simulations shown
below we assume that four single-cell cavities are separated
by a distance of 2λ (λ ¼ 0.748 m for frf ¼ 400.79 MHz)
and combined in a single cryomodule. This distance can be
adjusted in order to have space for HOM couplers and
cavity tuners. The tapers (L ¼ 3 m) are placed at a distance
λ from the center of the last cavities (Fig. 9).
Comparison of the low frequency impedances (below

3 GHz) of the full structure with step and taper transitions is
shown in Fig. 10. There are more resonant lines in the
spectrum for the case of step transition than for the case
of long tapers. This is due to an additional long cavity

FIG. 7. Comparison of the loss factor of a taper-out from
simulations (ABCI) and analytic predictions using Eq. (12) for
different taper lengths.

FIG. 6. The impedance spectrum for different lengths of the
taper-out (ABCI simulation results). The dashed line is the
impedance of the step Zstep [see, Eq. (11)], and the dotted line
is Zstep=2.

FIG. 8. The normalized impedance spectra of taper-in and
taper-out from simulations for b ¼ 50 mm, d ¼ 150 mm, and
L ¼ 3 m. The black line is the envelope of the normalized single-
bunch power spectrum for σ ¼ 12 ps.
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produced by two steps. If we compare the impedance
spectra of only four cavities and four cavities with tapers
one can see that they are almost identical (Fig. 11).
However, there is a difference from the single-cell imped-
ance, which contains fewer resonance lines above the cutoff
frequency of 15 cm beam pipe. This could be due to the

coupling of the HOMs of cavities in the cryomodule, which
is not present for a single cavity.
The contributions of different components to the total loss

factor of the structure are summarized in Table IV. Without
cavities, there are some discrepancies between simulation
results and analytic estimations for steps, taper-out, and
tapered cavity using Eqs. (13), (12), and (16). This could be
due to the resonant modes excited in the long cavity which
contribute to the total loss factor. For the case of two tapers
the difference is also because a distance between tapers
(Lstr ≈ 6 m) does not fulfill the condition given by Eq. (15)
for a bunch length of 12 ps (d2=cσ ¼ 5.9 m).
To evaluate the results of the full structure the loss factor

of four single-cell cavities was also calculated for the beam
pipe without tapering (κ4cav ¼ 1.22 V=pC). For the step
transitions the total loss factor is dominated by the con-
tribution of the steps, but is not given as the sum of κ4cav
and κstep. The loss factors of the structures with taper-out
and two tapers are significantly smaller in comparison to
the case of step transitions. However, contributions of two
tapers are not anymore fully compensated as in the case
without cavities.

IV. POWER LOSS

In this section we present the results of the power loss
calculations for FCC-ee machines and the cavity imped-
ance obtained with ABCI code. Contributions of the
impedance above the cutoff frequency and of the discrete
lines are analyzed. For the former case we directly use
Eq. (1) with the simulated impedance. For the latter case,
only fr and R=Q can be obtained from simulations, while
Q values will be defined by HOM couplers. The power loss
calculations and assumptions for the quality factor are
discussed in Sec. IV B.

A. Power loss from continuous spectrum

1. Dependence on the number of cells

The power loss calculations for the frequencies above
fcut were done for parameters listed in Table I. The results

FIG. 9. The full structure of four single-cell cavities with tapers
used in simulations.

FIG. 10. Impedances of the full structure of four single-cell
cavities with step (L ¼ 0) and taper transitions (see Fig. 9).

FIG. 11. Comparison of impedance of the full structure con-
taining four single-cell cavities with and without tapers, and of
the single-cell cavity multiplied by a factor of 4.

TABLE IV. The loss factor of different structures obtained with
ABCI code. The loss factor of four single-cell cavities is
κ4cav ¼ 1.22 V=pC. The estimated values are given by Eqs. (13),
(12), and (16).

Loss factor [V/pC]

Structure Steps Taper-out Tapers

Without cavities
Simulations 3.23 1.62 0.28
Estimations 2.93 1.47 0.17

With cavities
Simulations 3.82 2.87 1.68
Estimations 4.15 2.69 1.39
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for each machine and a single train with the maximum
bunch spacing in the ring are summarized in Fig. 12. The Z
machine has the highest power loss due to high beam
current. The four-cell cavity design is not practical for the Z
machine because the maximum possible extracted power
by a single coupler is around 1 kW (maximum 6 couplers
per cavity). We assume that the HOM couplers are super-
conducting and terminated with a capacitive vacuum-air
feedthrough. This feedthrough is connected inside a vac-
uum cryostat to a special rf line that brings the HOM power
to an rf load at room temperature. The power limit primarily
comes from the rf feedthrough and the dimensioning of the
vacuum rf lines inside the cryostat to be able to transport
1 kW safely without inducing a large heat load to the 4.5 K
system. When reaching higher power, other limitations
inside the HOM coupler such as multipacting, vacuum
breakdown and arcing can also occur. Thus, for the Z
machine the power deposited in a single-cell cavity can be
extracted and this option is used for calculations discussed
below. For other FCC-ee machines the power losses are
below 1 kW and only for the W machine parameters in the
four-cell cavity it is about 1.5 kW.
Below we analyze the role of different filling schemes

for parameters of the Z machine because of a large total
number of bunches. The following parameters are assumed
to be constant in calculations: the total beam current, the
abort gap length (2 μs), the bunch population, the bunch
length, and the bunch spacing (2.5 ns). Then depending on
the train spacing a beam contains different numbers of
trains and different numbers of bunches per train. The
power loss as a function of ttt is shown in Fig. 13. The
power losses deviate from the value calculated for a single
train (the red line) for small distance between trains and
then saturate at this value for larger train spacings. The
deviations are mostly due to variation of the beam current
which changes discretely as a function of the train spacing
[see Eq. (8)].

A weak dependence of the power loss on the bunch
spacing is visible in Fig. 14. Slightly higher values for
larger tbb are due to overlap of some resonances above
cutoff frequency by one of the spectral lines 1=tbb. The
power losses for colliding beams (σ ¼ 40 ps) are still
possible to extract by HOM couplers while for noncolliding
beams (σ ¼ 12 ps) this could be difficult.

2. Contribution of tapers

The taper loss factor and the optimum length depend
on the ratio d=b of larger and smaller pipe radii. For the
transition from d ¼ 15 cm to b ¼ 5 cm the required taper
length is about 3 m which is not feasible because the taper
length would be as long as the length of four cavities in the
cryomodule. It means that the taper geometry should be
optimized using analytic predictions from Eqs. (12), (14).
One of the proposals would be to make transitions to an
intermediate beam pipe radius bint between cryomodules

FIG. 12. Power losses for cavities with different number of cells
in FCC-ee machines. The horizontal dashed line indicates the
maximum power which can be extracted by a single HOM
coupler.

FIG. 13. Dependence of the power loss from continuous
impedance spectrum on train spacing. The horizontal dashed
line is the value for a single train. Calculations are done for
parameters of the Z machine.

FIG. 14. Power losses for parameters of the Z machine
(colliding and noncolliding beams) as a function of the bunch
spacing.
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(containing 4 cavities) in order to keep the ratio d=b small.
For example, for bint ¼ 10 cm the required taper length is
about 0.8 m, which can fit in the cryomodule (Fig. 15).
Then additional tapers from the intermediate radius to beam
pipe with radius of 5 cm can be used only in places where it
is necessary (for example, at the end of straight section for
the rf system). The intermediate beam pipe radius should be
chosen taking into account the aperture size in the quadru-
pole magnets, vacuum limitations, cold to warm transitions,
and the quality factor of the fundamental mode.
According to Eqs. (12), (14), the loss factor and the

optimum taper length are inversely proportional to the
bunch length. As bunches of colliding beams are almost
three times longer than bunches of noncolliding beams,
shorter tapers can be used (see Fig. 15).

B. Power loss from discrete cavity spectrum

1. Hitting of cavity resonances by bunch spacing
beam spectral harmonics

According to simulations performed with ABCI and
CST EMS, several HOMs are below the cutoff frequency
(see Sec. III A). These modes have large R=Q and Q
values, and can significantly contribute to the power loss in
the case of hitting the high-amplitude beam spectral line.
The worst-case scenario is considered below, when the

HOMs sit at the harmonics of the bunch spacing spectral
line 1=tbb. We assume first that all HOMs are damped to
Q ¼ 104 (a typical value for superconducting rf cavities)
and evaluate the power loss for all FCC-ee machines using
HOM parameters listed in Table III. The results of
calculations are summarized in Table V. The highest power
losses for all modes are for the Z machine with
P > 100 kW, which means that the cases of hitting the
HOM by the bunch spacing spectral lines should be
avoided at the cavity design stage. For the W machine

the power loss P can be up to 15 kW forQ ¼ 104, while for
Q ¼ 103 the maximum power loss can be kept below
1.5 kW. As the high-energy machines (H and tt̄) have
smaller beam current, the power loss is significantly lower
and can be easily extracted by HOM couplers.
In cases of high shunt impedance, to maintain longi-

tudinal beam stability reduction of the HOM quality factor
is necessary. So that the corresponding instability growth
time τinst becomes longer than the synchrotron radiation
damping time τSR. For the case of longitudinal coupled
bunch instability, one can use the following estimation [12]

τinst ¼
2EQs

ejηjJAfrðR=QÞQ > τSR; ð17Þ

where η ¼ αp − 1=γ2 is the slip factor. Equation (17) gives
the maximum value of the shunt impedance at a given
resonant frequency fr when the beam is stable. As the
growth time is inversely proportional to the beam current it
is the shortest for the Z machine with the longest τSR. For
this machine we consider a single-cell cavity design with
the accelerator gradient around 2 MV=cavity. To get the
total accelerating voltage of 100 MV the total number of
cavities should be 52 because they are combined by four in
cryomodules. This gives the limit for the shunt impedance
as a function of frequency 5.2 kΩ=fr[GHz], and the HOM
of the single-cell cavity should be damped to Q ¼ 640. In
this case, the power loss is about 30 kW if the bunch
spacing spectral line hits the HOM and difficult to handle.

2. Power loss for different filling schemes

As was already discussed in Sec. II, in the presence of
trains the beam spectrum also contains 1=ttt spectral lines.
Some of these lines can hit the cavity resonances and lead
to significant power losses. Here we discuss how to identify

FIG. 15. The minimum loss factor of a taper-out and the
optimum taper length as a function of ratio d=b obtained from
Eqs. (12), (14) for parameters of noncolliding (solid lines) and
colliding (dashed lines) beams in the Z machine.

TABLE V. The worst-case scenario (HOM coincides with the
bunch spacing spectral line) for the power loss due to HOMs.
Calculations are done for the HOM parameters given in Table III
assuming of Q ¼ 104.

Power loss [W]

HOM Z W H tt̄

Single-cell cavity
1 5.0 × 105 5.1 × 103 290 8

Two-cell cavity
1 2.1 × 105 2.1 × 103 120 3
2 9.6 × 105 9.8 × 103 560 16

Four-cell cavity
1 7.4 × 103 75 4 0.1
2 1.1 × 105 1.1 × 103 64 2
3 1.1 × 106 1.1 × 104 610 17
4 1.5 × 106 1.5 × 104 870 24
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such situations, and finally define recommendations for the
cavity design and machine filling schemes.
We focus on the power loss in the Z machine for the

single-cell cavity design as it has the highest power losses
from continuous spectrum and in the case when HOM is
hit by one of 1=tbb spectral lines. The power loss map
calculated by varying the distance between trains ttt and the
quality factor of the HOM (mode 1 in Table III) is shown in
Fig. 16. For small Q, power losses are around 1 kWand do
not depend on ttt. In this case the impedance is broadband
and overlaps with many beam spectral lines. Thus the HOM
should not be damped below certain level necessary for
beam stability. For medium Q, moderate losses around a
few hundreds of watts are observed. For high Q, there are
several values of ttt with large power losses. This corre-
sponds to the situation when one of the spectral lines hits
the resonance impedance.
To identify the cases when the additional spectral lines

hit the resonant line (below referred to as “resonant” cases),
we propose to use the following equation

����1 − ½frttt�
frttt

���� < 1

Q
; ð18Þ

where ½frttt� denotes the rounded off value. Due to
manufacturing uncertainties each cavity will have slightly
different frequencies of HOMs, this fact is taken into
account in the power loss calculation presented below.
For each train spacing we vary the frequency of the
considered mode with a maximum shift Δfr and identify
resonant cases using Eq. (18). We see that many resonant
cases are present (Fig. 17), but one should not expect a high
power loss for all train spacings. To demonstrate this we
make a scan of the resonant frequency fr ¼ 694� 5 MHz
with a step of 1 kHz of the damped mode (R=Q ¼ 12 Ω
and Q ¼ 640) for different filling schemes. For each train
spacing the highest power loss is shown the in Fig. 18.

FIG. 16. Power losses from the HOM in the single-cell cavity
(mode 1 in Table III) for different train spacings ttt and different
quality factors Q. Calculations are done for parameters of the Z
machine with 2.5 ns bunch spacing. The dashed black line
indicates the quality factor required for the longitudinal beam
stability.

FIG. 17. Cases when the spectral line hits the HOM with
frequency variation �5 MHz. Calculations are done for the Z
machine parameters using Eq. (18).

FIG. 18. Dependence of the maximum power loss in resonant cases on the train spacing for the parameters of the Z machine and
different bunch spacings. The horizontal line shows the limit of 1 kW. For bunch spacings tbb ¼ 5, 12.5, 15 ns the behavior of the power
losses is similar to tbb ¼ 2.5 ns (the black dots) and the power losses are below the values corresponding to tbb ¼ 7.5 ns.
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The power losses are always above 1 kW for tbb ¼ 10 ns
and tbb ¼ 17.5 ns since one of the 1=tbb spectral lines is
close to the HOM. It means that for the present single-cell
cavity design these bunch spacings are not acceptable. For
other bunch spacings power losses are above 1 kW for
tttfrf < 75 which means that these filling schemes should
be avoided in machine operation. For larger train spacings
power losses are below 1 kW because the amplitude of
additional spectral lines decreases for smaller number of
trains ntr, see Eq. (5).

3. Recommendations for new cavity designs

If the HOM frequency is far enough from one of the
1=tbb spectral lines, significant power losses can be
avoided. This defines a “safe” frequency range with a
small power loss for a given bunch spacing. To identify this
region we place the resonance frequency between two
bunch spacing spectral lines, vary the frequency shift Δfr,
and calculate the power loss as a function of the train
spacing. For larger frequency shifts the larger train spacings
are required to keep power losses below 1 kWaccording to
calculations with tbb ¼ 2.5 ns (Fig. 19). It means that if the
power loss limit is fixed, the number of train spacings
which should be avoided in operation depends on Δfr.
Thus, a certain criteria to fix either Δfr or ttt should be

used. According to Eq. (8) the total beam current depends
on the train spacing which is demonstrated in Fig. 20. The
5% deviation of the beam current from the nominal value
leads to the condition tttfrf > 100. Assuming that short
train spacings (tttfrf < 100) should be avoided in opera-
tion, frequency ranges with acceptable power losses for all
bunch spacings can be defined. The results are shown in

Fig. 21. These regions are different for different tbb. One
can see also that it is difficult to find the frequency of HOM
which is suitable for all bunch spacing (see, for example,
the position of HOM for the present single-cell cavity
design). By excluding one of the possible bunch spacings
these regions can be expanded giving more flexibility for
possible cavity designs.

V. CONCLUSIONS

Accurate knowledge of high beam-induced power
losses for accelerating structures is necessary to avoid
damage of their components. In this work semianalytical
and simulation tools were used to evaluate the cavity designs
for FCC-ee machines with this objective. All considered

FIG. 19. Dependence of the maximum power loss in the
resonant cases on the train spacing for different frequency shifts
of HOM. For each train spacing the frequency of the mode was
varied with the step of 3 kHz. For each train spacing, results are
obtained from the scan of the resonant frequency with a step of
10 kHz. The horizontal line corresponds to the HOM coupler
limit of 1 kW.

FIG. 20. Dependence of the total beam current in the resonant
cases on the train spacing for different bunch spacings. The solid
line corresponds to the design current JA ¼ 1.39 A, and the
dashed line is at 0.95 × JA.

FIG. 21. Frequency ranges with acceptable power loss below
1 kW for different bunch spacings (green regions). Regions with
power loss above 1 kW are shown with red color. The vertical
black line corresponds to the position of HOM in the single-cell
cavity with the maximum frequency shift of �5 MHz. The
considered frequency range is limited by the frequency of the
fundamental mode (400.79 MHz) and the cutoff frequency
(765 MHz).
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options (single-cell, two-cell, and four-cell cavities) could
be used in W, H, tt̄ machines because power losses from
cavity impedance above cutoff frequency are below or
around 1.5 kW.
The Z machine is the most challenging due to high total

beam current and large number of bunches. Thus, a single-
cell cavity is the only feasible option. The power losses
above cutoff frequency weakly depend on the bunch spacing
due to overlap of some resonances with one of the bunch
spacing spectral lines. The contribution of tapers has to be
minimized by using tapers with proper dimensions.
We have identified the cases when high-amplitude beam

spectral lines defined by the train spacing can overlap with
the HOM below cutoff frequency. The results of a sys-
tematic scan show that 10 ns and 17.5 ns bunch spacings
are not feasible due to strong power losses. For other bunch
spacings, the train spacings smaller than 75 rf buckets
should be avoided in operation.
Finally, for the train spacings longer than 100 rf buckets

the frequency range for the considered HOM of the single-
cell cavity was found where power losses are below 1 kW.
The width of these frequency ranges depends on the bunch
spacing. The overlap of safe regions is possible by
excluding some of the bunch spacings in operation. This
strategy can be used as recommendation for new cavity
designs with a range for acceptable HOM frequencies
defined by requirements from machine operation.
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