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We consider the performance of free-electron lasers (FELs) in the oscillator configuration, using a
hollow electron beam distribution instead of the usual Gaussian. Using the three-dimensional, time-
dependent FEL code GENESIS, we show that for FEL oscillators lasing can be achieved over a much broader
range of cavity configurations with a hollow electron beam. This occurs because with the hollow electron
beam higher-order optical modes and mode competition are suppressed. We also find a substantial increase
in the saturated out-coupled power, with the optical mode still remaining the fundamental TEM00

mode. For a hollow electron beam, even with a finite mirror misalignment the transverse optical mode
profile remains close to a TEM00 mode but with higher out-coupled power than with perfectly aligned
mirrors. Thus, it is preferable to operate FEL oscillators with a hollow electron beam rather than a
Gaussian.
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I. INTRODUCTION

Free-electron lasers (FELs) are well known for their
transverse coherence and wide range tunability. Among
various modes of operation, the oscillator mode is widely
preferred at modest current values (10–100 A), for long-
wavelength FELs [1–18]. Most of these operating FELs use
hole out-coupling in order to have efficient out-coupling
over a very wide range of wavelengths (an important
exception is the JLab FEL). However, introducing a hole
in one of the mirrors will perturb the resonator stability.
Various theoretical [19–24] and computational [25–27]
studies have been performed to investigate FEL stability
in terms of both the saturated power and optical mode in the
resonator, and are verified with experimental results [28].
Most of these earlier studies explain the stability of the FEL
oscillator in terms of the resonator stability parameters
g1, g2, size of the out-coupling hole, mirror misalignment
[26], optical mode competition [24] and so on. It has been
proposed that FEL oscillators are better operated near the
confocal and concentric configurations. It has also been
observed that at shorter wavelengths the stability region is
much smaller because of enhanced mode competition [26].
Besides cavity and undulator parameters, beam parame-

ters such as emittance, current, energy and particle distribu-
tion contribute significantly to the FEL performance. Studies

carried out by Blank et al. [29] demonstrate that use of
a hollow beam leads to higher saturated power in a
shorter length for an FEL amplifier, though at low energy.
Considering the advantage of reduced space-charge field,
hollow beams can be of great assistance in improving
the FEL performance in its oscillator configuration as well.
Much work has also been done on the design and con-
struction of electron guns that can produce a hollow electron
beam [30,31].
In earlier work on FEL resonator stability with a Gaussian

electron beam [26] we have shown that the choice of
resonator configuration plays a determining role in the lasing
process. At shorter wavelengths (10 and 25 μm) the lasing is
confined to a small region near the concentric and confocal
configurations. In the remaining region the cavity becomes
unstable with a higher order Gauss-Laguerre TEM mode.
Issues with bothmode beating and higher order optical mode
limit the parameter space, especially the wavelength and g
parameter, over which lasing can be obtained. The intro-
duction of cavity mirror misalignment perturbs the lasing
action in an interesting fashion: the out-coupled power is
higher for a finite mirror tilt, instead of no tilt, but at the cost
of a higher order Gauss-Laguerre optical mode.
Here we perform fully three-dimensional, time depen-

dent, simulations using the codes GENESIS [32] and OPC

[33], to analyze the effect of a hollow electron beam on
FEL performance. We consider the oscillator configuration,
Fig. 1, for the FEL and study the issues related to saturated
power, mode competition, transverse optical mode and
region of stability using a hollow electron beam. We also
look at the consequences of mirror misalignment in the
cavity. We show that use of a hollow beam improves the
resonator stability and performance.
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In the next section we summarize the FEL parameters
used in these simulations. In Sec. III we present simulation
results for an FEL oscillator, using both hollow and
Gaussian electron beams. We look at the dependence on
the cavity configuration (by varying the cavity length), and
investigate in detail how mode competition is suppressed
with a hollow electron beam. We also look at the effect
of mirror tilt. Finally, in Sec. IV we present a discussion
on FELs that do not use hole out-coupling (such as the
JLab FEL and proposed x-ray FEL oscillators), before
concluding.

II. FEL PARAMETERS

We considered a long wavelength FEL oscillator with an
out-coupling hole in the downstream mirror, and with a 2 m
long planar undulator with flat pole faces having a period of
50 mm. The length of the cavity was varied between 6.15
to 12.3 m in order to cover the entire range of cavity
configurations, from confocal to concentric. The undulator
was placed at the center of the cavity, and power was out-
coupled through a hole in the downstream mirror. Other
parameters of interest are listed in Table I. We considered
initial electron beam distributions that were Gaussian as
well as hollow, as shown in Fig. 2.
The code OPC uses a Perl script where for every roundtrip

it calls GENESIS (in a FOR loop) and finally dumps the data
at the end of a specified number of passes. For the beam
matching we considered a circular electron beam with
upright ellipse in x-x’ and y-y’ phase space (α ¼ 0), at the
entrance to the planar undulator. We varied the electron rms
transverse sizes (¼ ffiffiffiffiffi

βϵ
p

) at the entrance of the undulator in
the GENESIS input file, thus varying the β-function, and
observed the saturated power after a specified number of
passes (100). We chose that value of the input beam size for
which this saturated power was maximum, indicative of the
best practical matching. This value of the rms size was
0.6 mm, leading to a total beam size, for the Gaussian
beam, of 2.23 mm (given in Table I). For the hollow beam,
this value was taken as the outer radius of the hollow beam.
The inner radius was taken as 0.8 mm, after optimizing it
with respect to the saturated power (for the same outer
radius).
Figure 3 shows the variation of the transverse size of the

electron beam along the undulator for λ ¼ 10 μm for both
Gaussian and hollow beams. It can be seen that the vertical

size has a waist at the center of the undulator, as may be
expected from the undulator focusing. The horizontal size
increases slightly, by around 0.38 mm, through the undu-
lator for both hollow and Gaussian beam, because there is
no undulator focusing in that direction. We could have
attempted further optimization by adjusting the value of αx,
but since that is not essential to the main thesis of this paper,
that hollow electron beams lead to better FEL performance
compared to Gaussian, we have not pursued that optimi-
zation at this stage.
The simulation parameters given in Table I were chosen

so that the results are not artifacts of numerical noise
or error.

FIG. 1. Schematic showing the oscillator configuration of the
free-electron laser. Radiation is out-coupled through a hole in the
downstream mirror.

FIG. 2. Input electron distribution to FEL oscillator: (a) Gaus-
sian; (b) hollow.

TABLE I. FEL parameters for the simulations.

Parameter Value

Undulator parameter ðK ¼ eBλu
2πmcÞ 0.637

Undulator type Linear
Period (λu) (mm) 50
Number of periods 40
γ Tuned for wavelengths
Relative energy spread 0.3%
Gaussian beam matched
beam size (mm)

2.23

Hollow beam outer radius (mm) 2.23
Hollow beam inner radius (mm) 0.80
X emittance (mm-mrad) 20
Y emittance (mm-mrad) 20
Beam current (A) 100
Beam longitudinal distribution Gaussian (6σ)
Beam rms length (mm) 3
Radiation wavelength (μm) 10, 25, 50
Seed power (MW) 1
Seed radiation transverse profile Gaussian
Radius of curvature of mirror (m) 6.15
Mirror cross-section radius (mm) 23
Out-coupling hole radius (mm) 4
Out-coupling mirror tilt (mrad) 0–5
Number of grid points along x and y 512
Grid spacing along x and y (mm) 0.4
Number of longitudinal slices 600, 250 and 120
Number of macroparticles per slice 102,400
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III. FEL INTERACTION WITH A HOLLOW BEAM

A. Cavity length variation

We performed simulations with Gaussian as well as
hollow, specifically Gauss-Laguerre LG01, initial electron
beam distributions. We first investigated the dependence of
saturated power and equilibrium optical mode on the cavity
stability parameter g ¼ 1 − ðl=RÞ, where l is the cavity
length and R is the radius of curvature of the mirror.
We considered a symmetric resonator and varied the cavity
length from 6.15 to 12.3 m (from the confocal to the
concentric configuration), while keeping the radius of
curvature of the mirror fixed (6.15 m). As FELs are known
for their wide bandwidth, we performed this study for 10,
25 and 50 μm laser wavelengths.
We looked at the saturated out-coupled power as a

function of the g-parameter (or equivalently the resonator
length), for the Gaussian as well as hollow beam. The
results are shown in Fig. 4. With a Gaussian electron beam
the cavity is stable only near the confocal and concentric
configurations. However, with the hollow beam lasing
occurs over a wide range of resonator lengths. For a
wavelength of 10 μm, Fig. 4(a) shows that lasing with a
hollow electron beam occurs throughout the entire region
from g ¼ −1 to g ¼ 0, i.e. from the confocal to the
concentric configuration. However, with the Gaussian
electron beam lasing occurs only near the concentric and
confocal extremes, and at one pocket, between g ¼ −0.8
and g ¼ −0.65. Over most of the range (around 65%) there
is simply no lasing with a Gaussian electron beam.
Moreover, the hollow electron beam performs better in
terms of the intensity of out-coupled radiation. The out-
coupled power never drops below 15 MW over the entire
configuration range, reaching as high as 40 MW. In
contrast, with a Gaussian electron beam, the power varies
between 7.5 and 30 MW. At almost every resonator

configuration, the hollow electron beam generates more
out-coupled laser power than the Gaussian electron beam.
Figure 4(b) shows similar behavior at a wavelength of

25 μm. Again, with a hollow electron beam there is lasing
over the entire configuration range, from confocal to
concentric, whereas with the Gaussian electron beam lasing
is confined to near the confocal and concentric configura-
tions; there is no lasing between g ¼ −0.65 and g ¼ −0.3.
In addition, at every resonator configuration, the hollow
electron beam generates more out-coupled laser power than
the Gaussian electron beam. The hollow electron beam
gives a maximum out-coupled power of 16 MW, whereas
with the Gaussian electron beam this number is only 9 MW.
Thus, at shorter and intermediate wavelengths the hollow

electron beam clearly provides better performance than the
Gaussian beam, with lasing over the full range of resonator
configurations, and with higher out-coupled power.
At the longer wavelength of 50 μm, Fig. 4(c), the

situation is slightly different. Both the hollow as well as
Gaussian electron beams provide lasing over the entire
configuration space, from confocal to concentric. However,
even in this case the hollow electron beam performs better
in that it provides much greater out-coupled laser power; up
to a maximum of 8 MW, compared to only 4 MW for the
Gaussian beam.

FIG. 4. Variation of out-coupled saturated power with cavity
stability parameter g, for Gaussian and hollow electron beams, for
(a) λ ¼ 10 μm, (b) λ ¼ 25 μm, and (c) λ ¼ 50 μm.

FIG. 3. Variation of the transverse size of the electron beam
along the undulator for λ ¼ 10 μm for Gaussian and hollow
beams.
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The reason for the better performance of the hollow
beam can be understood by looking at the optical mode of
the FEL. For example, consider a wavelength of 10 μm and
g ¼ −0.6, Fig. 4(a), where the hollow electron beam
produces lasing but the Gaussian does not. The optical
mode at the downstream mirror, for both cases, is shown in
Fig. 5. For the Gaussian beam, Fig. 5(a), the mode is a
higher order Gauss-Laguerre mode which has lesser inten-
sity at the center, from where the power is out-coupled.
However, the moment we use a hollow beam, Fig. 5(b), the
mode improves to a Gaussian-like mode, with a maximum
at the center and intensity decreasing with radius.
These results show that use of a hollow electron beam

leads to a significant improvement in the FEL performance
in terms of the out-coupled power as well as the transverse
optical mode that is now available throughout, between
the confocal and concentric configurations. This makes
the FEL facility more useful to users, since high power
radiation can now be provided over the entire range of
cavity configurations and at all wavelengths.

B. Suppression of mode competition

Degenerate eigenmodes can cause mode competition in
the resonator, which is known to affect lasing. To circum-
vent this problem, to a limited extent, techniques like active
and passive control are used.
As shown above, hollow beams produce excellent results

in terms of saturated power for a given cavity length.
However, we know that higher out-coupled power has a
direct relation with the equilibrium mode in the cavity. In
order to better understand the saturation process in terms of
the stability of the eigenmode as well as saturated out-
coupled power, we analyzed the behavior of these optical
modes in terms of their power and mode stability, for
λ ¼ 10 μm, λ ¼ 25 μm and λ ¼ 50 μm, as a function of
cavity round-trip. The results of these simulations are
shown in Fig. 6; note that for each plot the power is
normalized to its maximum value, so that each plot varies
from 0 to 1, and quantitative comparisons cannot be made
between the plots.
At a wavelength of 10 μm, Fig. 6(a) shows that with a

Gaussian electron beam the optical power oscillates with
each round-trip, which is a signal of mode beating, and

saturation is reached after around 80 passes, when mode
beating has disappeared. For the hollow beam, on the other
hand, the out-coupled power increases without any oscil-
lation with successive round-trips, leading to a saturation
just after 45 passes. At a wavelength of 25 μm, Fig. 6(b),
with a Gaussian electron beam we again observe beating of
the optical mode, this time without achieving saturation.
The situation dramatically improves with the use of a
hollow electron beam with no oscillation and saturation in
out-coupled power. Finally, at a longer wavelength of
50 μm, the increase and saturation of the out-coupled
power is almost identical for the Gaussian and hollow
electron beams. In particular, no mode beating is seen with
the Gaussian electron beam, and in both cases power
saturates at around the same value and after the same
number of round-trips.
A clearer understanding of mode beating emerges

from looking at the optical mode profiles on the down-
stream mirror. At a wavelength of 10 μm, corresponding to
Fig. 6(a), we looked at the mode profiles on three
successive passes (60, 61 and 62), for both beams.
These are shown in Figs. 7(a)–7(c) for the Gaussian
electron beam and in Figs. 7(d)–7(f) for the hollow electron
beam. It can be seen that for the Gaussian electron beam the
optical mode oscillates between different higher-order
modes. This mode oscillation is reflected in the power

FIG. 6. Out-coupled power as a function of pass number in the
FEL resonator for the hollow and Gaussian beams, for
(a) λ ¼ 10 μm, (b) λ ¼ 25 μm and (c) λ ¼ 50 μm. In all cases
g ¼ −0.6.

FIG. 5. Transverse optical field profile at the out-coupled
mirror: for the (a) Gaussian, and (b) hollow, electron beams,
both at g ¼ −0.6 and λ ¼ 10 μm.
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oscillation in Fig. 6(a). For the hollow beam, the mode is
always Gaussian, and therefore the power in Fig. 6(a)
evolves smoothly.
Similarly, at a wavelength of 25 μm, corresponding to

Fig. 6(b), the mode profiles on three successive passes
(60, 61 and 62), are shown in Figs. 7(g)–7(i) for the
Gaussian beam, and Figs. 7(j)–7(l) for the hollow beam.
Again, for the Gaussian beam the modes on all three passes
are different higher-order modes, in this case quite dra-
matically so. As a consequence there are large oscillations
in the out-coupled power in Fig. 6(b). However, for the
hollow electron beam the mode is always Gaussian, and
therefore the power evolves smoothly.
In order to have a quantitative comparison of the power,

Fig. 8 shows the power variation of Fig. 6(a), but now
without normalization. Both, the intracavity power and the
out-coupled power are shown for comparison. It can be
seen that the hollow beam produces much higher power
than theGaussian—whether in termsof the intracavity power
or the out-coupled power. For the hollow beam, the saturated
intracavity power is around 46 MW, while the out-coupled
power is around 21 MW. For the Gaussian beam, these
numbers are only 4.55 and 0.4 MW, respectively.
Figure 8 also shows the modes on the downstream out-

coupling mirror at passes 30, 60 and 80. For the hollow
beam it can be seen that the mode is always the same,
whereas for the Gaussian beam the mode is different at each
pass. For both beams these modes are consistent with those

shown in Fig. 7, which were for three consecutive passes,
60, 61 and 62.
It is instructive to look at the out-coupling fraction,

which is the ratio of the out-coupled power to the intra-
cavity power, for the two beams. From Fig. 8 it can be seen
that for the hollow beam the out-coupling fraction is 45%,
while for the Gaussian it is less than 20%. This difference is
clearly because of the difference in the mode structure.
From Fig. 8 it can also be seen that the small-signal gain

is greater for the hollow beam compared to the Gaussian.
This is because for the latter, the higher-order optical mode
has a poorer overlap with the Gaussian electron beam,
compared to the overlap of the higher-order electron beam
with the Gaussian radiation beam. This in turn is because
for the hollow beam the hole at the center is very small,
around 0.5 mm in radius, compared to the size of the
radiation mode (radius of around 10 mm), so that the
overlap is still pretty significant.
From these results it is clear that hollow electron beams

are especially effective at shorter wavelengths at controlling
mode competition and beating, and delivering a near-
Gaussian optical mode. As a consequence, lasing occurs
at all wavelengths, and the out-coupled power increases and
saturates smoothly, in few tens of passes.

C. Effect of mirror tilt

Most stability analyses performed on FEL resonators
consider a symmetric cavity with the assumption that the
upstream and downstream mirrors are parallel with respect
to each other. In practice these components are assembled
physically and the possibility of misalignment cannot be
ignored. Earlier studies with a Gaussian electron beam [26]
have shown that an FEL in the confocal configuration is
more affected by mirror tilt than in the concentric

FIG. 8. Out-coupled and intracavity power as a function of pass
number for the Gaussian and hollow beams. Also shown are the
transverse modes at the out-coupling mirror after the 30th, 60th
and 80th passes, for both beams. With g ¼ −0.6 and λ ¼ 10 μm.

FIG. 7. Transverse optical mode as a function of pass number
for Gaussian and hollow electron beams for three consecutive
passes (60, 61 and 62). (a), (b), (c) and (g), (h), (i) are for the
Gaussian electron beam and at wavelengths of 10 and 25 μm
respectively, while (d), (e), (f) and (j), (k), (l) are for the hollow
electron beam and at wavelengths of 10 and 25 μm respectively.
In all cases g ¼ −0.6. The scale for all the plots are from −23 to
23 mm in both x and y directions.
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configuration. It was also found that for all wavelengths,
the maximum out-coupled power obtained in the confocal
configuration is for a nonzero mirror tilt, but this is at the
cost of a higher-order optical mode.
Here we repeat the same studies with a hollow electron

beam instead of a Gaussian beam. At a wavelength of
10 μm, for a confocal resonator, Fig. 9 shows the normal-
ized out-coupled power as a function of mirror tilt, where
we have assumed equal tilts in both transverse directions.
Note that for each curve the power is normalized to its
maximum value, so that each curve varies from 0 to 1, and
quantitative comparisons cannot be made between the plots.
One can see from Fig. 9 that with a Gaussian electron

beam the out-coupled power performs an oscillation with
increasing mirror tilt and is maximum at a tilt of 0.42 mrad;
the absolute value of the power is 8.3 MW. As the mirror tilt
is changed, there are sharp changes in the out-coupled
power; therefore, even a slight misalignment of the mirrors
can lead to a large change in the out-coupler power. At large
values of mirror tilt, over 0.8 mrad, lasing is extinguished.
With a hollow electron beam the out-coupled power

increases gradually with increase in the mirror tilt, with a
maximum value at 0.36 mrad (where the absolute value of
the power is 79 MW), and again drops to zero at 1.2 mrad.
There are no abrupt variations in the out-coupled power. A
direct comparison of the two curves in Fig. 9 clearly suggests
that operating an FEL with a hollow electron beam provides
more tolerance towards mirror misalignment for resonators
operating in the confocal configuration. Also, the out-
coupled power is much higher with the hollow beam.
Analyzing the optical field from the point of view of

quality of the transverse optical mode, we can see from
Figs. 10(a) and 10(c) that without mirror tilt the optical
beam is essentially Gaussian for both hollow as well as
Gaussian electron beams. However, with nonzero tilt the
transverse optical modes that we obtain in the two cases are
poles apart, as shown in Figs. 10(b) and 10(d). The mode
obtained with a Gaussian beam is closer to Gauss-Laguerre

GL03 þ GL01 mode, while the one obtained with a hollow
electron beam is closer to the fundamental Gauss-Laguerre
GL00 (Gaussian) mode. These results show that though for
both the Gaussian hollow electron beams the out-coupled
power is maximum (and almost equal) for a finite tilt of
around 0.4 mrad, the transverse optical mode obtained in
the case of hollow beam is more promising in terms of
practical application as it is closer to the fundamental
TEM00 mode.

IV. DISCUSSION AND CONCLUSION

It should be noted that we have restricted our study to
hole out-coupled FEL oscillators, because almost all
operating FELs use hole out-coupling; a choice driven
by the need to have substantial out-coupled power over a
wide range of operating wavelengths. It is the introduction
of the hole in one of the mirrors that leads to the optical
cavity supporting higher-order modes. Therefore the issue
of higher-order modes and mode competition is endemic to
operating FELs. Our work suggests that using hollow
beams could solve this problem without sacrificing the
advantages of hole out-coupling.
However, experiments have been performed at Jefferson

Laboratory, at a wavelength of 1.6 μm, using transmissive
out-coupling [34], where the out-coupled mode is essen-
tially Gaussian. This experiment has been modeled using
MEDUSA and OPC, and the simulations seem to agree with
the experiments [35,36].
Studies on x-ray FEL oscillators [37–39] use more

complicated resonator geometries, in which there is no
hole out-coupling. Here too the modes are essentially
Gaussian.

FIG. 10. Transverse optical field profile at the out-coupled
mirror: (a) for the Gaussian electron beam with zero tilt, (b) for
the Gaussian electron beam with a tilt of 0.42 mrad, (c) for a
hollow electron beam with zero tilt and (d) for a hollow electron
beam with the tilt of 0.42 mrad, all at g ¼ −0.6 and λ ¼ 10 μm.

FIG. 9. Out-coupled power as a function of mirror tilt with
Gaussian and hollow electron beams at λ ¼ 10 μm, for a confocal
resonator.

ABHISHEK PATHAK and SRINIVAS KRISHNAGOPAL PHYS. REV. ACCEL. BEAMS 21, 070702 (2018)

070702-6



In summary, we have performed three-dimensional,
time-dependent simulations using GENESIS and OPC to
investigate the advantages of using a hollow electron beam
instead of a Gaussian in the FEL oscillator. A hollow
electron beam results in an equilibrium optical mode that is
close to Gaussian. As a result, lasing can be found at all
resonator configurations and at all wavelengths; with a
Gaussian beam it is invariably the formation of a higher-
order optical mode that terminates lasing and limits
performance. For operating FEL facilities this is an
important advantage, allowing lasing over the complete
range of wavelengths that the FEL can be tuned to. In
addition, the hollow electron beam provides higher power
at almost all wavelengths. Our study of FEL oscillators to
understand their tolerance towards cavity mirror misalign-
ments showed that we obtain the maximum saturated out-
coupled power for a nonzero tilt value, as we obtain with a
Gaussian electron beam. However, with a hollow beam,
instead of a higher order Gauss-Laguerre mode that we
obtain with a Gaussian beam, we obtain an optical
distribution that is close to the TEM00 mode. Overall,
therefore, we find that there are substantial advantages to
employing hollow electron beams in FELs—enough to
warrant experimental studies.
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