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We consider the electromagnetic field of a point charged particle moving along the axis of a cylindrical
waveguide from a homogeneously filled area to a dielectric loading area having an axially symmetrical
channel. We are interested in studying the Cherenkov radiation excited in the bilayer area. The solution is
performed by expanding the field in each area in a series of orthogonal eigenmodes. The main attention is
focused on investigation of the wave field in the bilayer section. We show that, at a given observation point,
the “reduced wakefield” is simplified with time (the number of modes decreases). The obtained results are
generalized for the case of a bunch with Gaussian longitudinal profile. The typical numerical results for
wakefield formation process are presented. These results agree with simulations done by the industry

standard electromagnetic code CST Particle Studio.
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I. INTRODUCTION

Considerable attention is currently focused on the devel-
opment of new methods of charged particle acceleration, in
particular, the wakefield acceleration technique in dielectric
loaded waveguides. This technique is based on the use of a
Cherenkov radiation generated by the charged particle bunch
moving through the waveguide [1,2]. In this connection, the
possibility to use rectangular [3-5] and cylindrical [6,7]
waveguides containing a vacuum channel as an accelerating
structure is considered. Analysis of the wakefield formation
process is significant for this acceleration method.

Note that the investigation of electromagnetic fields
produced by charged particles in a dielectric-loaded wave-
guide with channel is of interest for development of
methods of bunch diagnostics as well. For example, the
bunch length measurement method by use of bilayer
circular waveguides was presented in [8]. Reference [9]
is devoted to the method for determination of particle
energy. The proposed method is based on the dependence
of the mode frequency of a cylindrical regular bilayer
waveguide on Lorentz factor.

The electromagnetic fields generated by moving charges
in cylindrical waveguides with transverse boundaries were
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investigated earlier in the series of papers [10—12]. However,
the presence of a vacuum channel was not considered in
these works. This assumption is justified if the channel
radius is much less than the waveguide one. However, if the
channel radius is comparable with the waveguide one then
the problem is complicated principally because two wave-
guide parts possess different sets of eigenmodes.

In the present paper we investigate the electromagnetic
field of a point charge and Gaussian bunch moving with
uniform velocity along the cylindrical waveguide axis. The
waveguide consists of two semi-infinite parts: a homo-
geneously filled part and a dielectric part with coaxial
channel and dielectric layer. The charge moves from the
homogeneous section into the bilayer one.

It should be noted that a similar structure was considered
earlier for the problem of axially symmetrical transverse-
magnetic mode launching on the transverse boundary in the
waveguide [13]. In that work we described the mode
transformation effect caused by the waveguide irregularity.
We also studied the case of a charge moving from the bilayer
area to the vacuum one [14]. The main attention was focused
on the so-called Cherenkov-transition radiation effect when
Cherenkov radiation excited in the bilayer area penetrates
through the transverse boundary. In particular, we showed
that it is possible to generate both monochromatic and
multifrequency radiation in the vacuum waveguide area.

The present work is devoted to the case of the “opposite”
charge motion which results in different physical effects.
We assume that the charge velocity is more than the light
velocity in the cylindrical layer but less than the light
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velocity in the channel and in the homogeneous part of the
waveguide. Therefore, Cherenkov radiation is excited in
the bilayer waveguide area, but it is not excited in the
homogeneous one. Note that the wave field of the charge in
the regular cylindrical waveguide with channel (the so-
called “wakefield”) is well studied [1,2]. Here we focus on
analytical and numerical investigation of process of the
wakefield formation in the bilayer waveguide area.

II. ANALYTICAL TREATMENT

We consider the infinite cylindrical waveguide of radius
a composed of the area with relative permittivity e,
relative permeability u;, and bilayer area with dielectric
filling (&4, ug) and coaxial channel (e, u.) of radius b (see
Fig. 1). All media are isotropic, homogeneous, and non-
dispersive. The dissipation in the media is negligible. The
external waveguide surface is perfectly conducting. The
cylindrical coordinates are used. The point particle with
the charge ¢ uniformly moves along the waveguide axis
with velocity ¥ = ¢ffé. (¢ means the speed of light in
vacuum) and intersects the boundary z = 0 at the instant
time ¢ = 0.

We consider the situation when n,f > 1, n.f < 1,n4 <
1 (n; = VEM, 1= c.d, 1), i.e., Cherenkov radiation is
generated only in the area z > 0, r > b. Initially we put
for generality that n, and n,. are different from 1, but further
we will study in more detail the case of the vacuum area
7 <0 and the vacuum channel since this situation is of
main interest for practice.

The electromagnetic field in each waveguide area can be
presented as a sum of two terms:

- - - (b
Ei, E Egz) H ,=H (1qz)+ 3 (1)

The first summand with superscript (g) is the field of the
particle in the infinite regular waveguide. It is called a
“forced” field by Ginzburg [15]. The second summand (b)
(“free” field) is determined by the influence of the trans-
verse boundary. The subscripts 1 or 2 denotes the area
z < 0 and z > 0O correspondingly.

The forced fields in both areas have been investigated in
the literature [2,9,16]. We give here expressions only for
longitudinal field components:
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FIG. 1. Composite waveguide structure.
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Here Jj(x), Yo (x) are the Bessel and Neumann func-

tions, respectively, H (()11) (x) are Hankel functions of the first
kind, Iy(x), Koi(x) are modified Bessel and Hankel
functions, respectively.

The free field components can be written as a series of
eigenfunctions of the transverse operator. According to this
method, a free field takes the form
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Here ®,,,, = —wt F h,gl’z)(w)z, functions B (w) are

unknown mode excitation coefficients, 7, is the zero of
Bessel function Jy(n,) = 0;
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Coefficients a., 4, can be determined as follows. The

requirement Egl;) =0 at the surface r = a and the con-

tinuity conditions for Eg) and Hg;) at the surface r = b
result in the relation a2, = @?(n2 — n2)/c* + a2, and the
following dispersion equation, which can be regarded as an
equation for coefficients ay,:

gcadn‘ll (acnb)WI (adn) _8daan0(acnb)W0(adn> =0. (10)

The mode excitation coefficients Bﬁ,l'z)(a}) can be
found by using the continuity conditions for the
tangential components of the total electromagnetic
field [defined by the expression (1)] at the transverse
boundary:

E1r|z=—0 = E2r‘z=+0’ Hlfﬂ|z:—0 - H2fﬂ|z:+0‘ (11)

Our main interest is to analyze the field generated in the
bilayer area. For this purpose we multiply equalities (11) by
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Note that functions F,(r,®) possess the orthogonality
property (bar means complex conjunction):
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the function rJ,(y,,r/a)(m = 1,2...), and integrate over
the waveguide radius using the orthogonality property of
eigenmodes in the region z < 0O:
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In that way the following infinite systems can be obtained

for coefficients B (w):
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Here superscripts (gw) and (bw) denote the wakefield and
discrete part of the free field correspondingly.
Cherenkov radiation in a bilayer regular waveguide

II1. “REDUCED WAKEFIELD” IN
BILAYER AREA

Further we will assume that the channel and the area
z < 0 are vacuum (n; = n. = 1). The main attention will
be given to the investigation of the sum of the wakefield
(i.e., Cherenkov radiation in bilayer infinite regular wave-
guide) and the discrete part of the free field. This sum can
be named as “reduced wakefield” (the meaning of this term
will be clarified further). Hence, the reduced wakefield
longitudinal component can be written as

B = B 4 5

(usually named as wakefield) is determined by the poles
contribution in expression (3). The wakefield explicit form
can be obtained, therefore, by using the residue theorem
[9]. Here we give only the expression for the wakefield
longitudinal component:

ZEZZk -
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where ©(x) =1 for x > 0, ®(x) =0 for x <0,
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Res[f(x)] means the residue of function f(x), and w; is the
Cherenkov frequency which is determined by the equation
Fep(@) =0, (26)

where F, is defined by (17).
In accordance with (6), the longitudinal free field mode
has the form

gl _ic [+ B (0) (F( ®)

2zn & Jo @
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X exp [i®,,(w)]dw. (27)

Asymptotic expressions for such an integral can be found
by using the steepest descent method [)17]. Using this
method, we establish the saddle point wﬁf location out of
the equation d®,, /da = 0, i.e., dh} /dw - 7 — t = 0. This
equation can be written in the form

7= qu'qr)(a),(f))t, (28)

where 01" = 0w/Oh? denotes the group velocity of the n
mode. Note that in the case under consideration the
condition to be able to use the method of steepest descent
is |z — 0¥ (0)1] > a.

Significant contributions into the free field can be
produced by the singularities of the integrand (27), which
are crossed at transformation of the initial integration path
(real axis) toward the steepest descending path (SDP). The
desired discrete part of the free field is determined by those
of the crossed singularities, which represent the poles of
function B,(,z)(a)). .

In the case n; = n, =1 the right part U of the system
(13) is simplified:

B qwak
" mve(kPa® 43, (s*a® — )
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(29)

Comparing the function U, (®w) denominator with the
equation for Cherenkov frequencies (26), we conclude
that the poles of the function U,,(®) are at frequencies

+w(k=1,2...). The functions BY (w) may have poles
only at the same frequencies as the function U,,(w).

After cumbersome mathematical transformations one
can show that

B iqegk(wy) wols(wy)]
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el e
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i.e., the amplitude of the nth free field mode possesses only
one pole from the complete set of Cherenkov frequencies.
The contribution of the pole w;, is determined by the residue
theorem. Here we present only the longitudinal component
of the free field discrete part:

4 ©_ Res[B”
EgiW) :£®(t)Re {Z es[B (wy)]

& =l Wy
y <Fk<rvwk) +6Fk(r’wk))
r or
x O[v\" (w1 — z}ei%“’k] : (31)

As can be seen, the discrete part of the free field consists of
a set of waves (Cherenkov modes) generated at Cherenkov
frequencies.

The contribution (31) exists only if the pole w; is crossed
at transformation of the initial integration path (real axis)
toward the SDP. One can show that this crossing takes place
under condition a),(f>

z < v\ (w;)t. Further, one can show that the pole con-

tribution is equal in magnitude and has the opposite sign in
comparison with wakefield mode (25) generated at the
same frequency wy;. Thus, the wakefield mode is compen-
sated by the corresponding part of the free field in the area

< @y, that is identical with inequality

7< v,((gr>(a)k)t. Therefore, the mode of the reduced wake-

field in the area z < v\ (wy )¢ is equal to zero. This effect

determines the choice of the term reduced wakefield used to
denote the sum of the wakefield and discrete part of the free

field. As soon as the group velocity v,((gr) (wy) is different for

different modes and, moreover, increases with increase of
mode number, we observe the effect of switching off the
modes one by one behind the charge. The analogous effect
was described in Ref. [12] for the case of homogeneous
dielectric filling in both waveguide areas.

The obtained results can be generalized for the case of a
bunch having Gaussian longitudinal profile with volume

031302-5



ALEKSANDRA A. GRIGOREVA et al.

PHYS. REV. ACCEL. BEAMS 21, 031302 (2018)

charge density pl9 = g(v/276) 7' 6(x)8(y) exp[-¢?/(26%)).
As a result, the longitudinal component of the reduced
wakefield generated by Gaussian bunch in a bilayer wave-
guide area can be written in the form

w 4 > r
E§z> — v—?@(t)@(—C)Re LE:] o R(r, w;)0[z — 1,]({9 )(wk)t]

X exp (i%a}k - (“”“’)zﬂ . (32)

20?2

As follows from this expression, it is possible to
achieve an amplitude decrease of the high-frequency
modes by bunch length selection, since there is a summand

exp [—(wy0)?/(20%)].

IV. NUMERICAL RESULTS AND DISCUSSION

Figure 2 shows the example of the time dependence of
the reduced wakefield component Eg;) at point r = 0 cm,
z =75 cm in the case in moving point charge (waveguide
and particle parameters are « = 1 cm, b = 0.2 cm, ¢; = 4,
ug=1,¢g=1nC, v =0.99c). We present the case when
the wakefield and the discrete part of free field practically

contain 16 Cherenkov modes (further increase in number of
modes leads to insignificant change of the wave field). As
was mentioned earlier, the kth mode of the reduced

wakefield exists in the area z > v,igr)(a)k)t only. We

emphasize that the end of this area moves with the group

velocity of the mode. The reduced wakefield E(ZVZV) is
consequently composed of a different number of modes
depending on the time moment and the observation point.
The number i in Fig. 2 means the number of modes in the
corresponding time interval. One can see that the number of

modes in the field EQ;) decreases with increasing distance
from the charge. In time domain 2.53 < ¢ < 8.17 ns the
reduced wakefield contains the set of sharp extrema. A
similar field structure corresponds, as a rule, to the field in a
wakefield accelerator [6]. From the moment 7 ~ 9.84 ns we
can see a single frequency field. The reduced wakefield
disappears at moment 7 = 9.90 ns.

Figure 3 shows the dependence of the relative group
velocity 1" (wy)/c on the mode number k for the same
structure parameters. As one can see, the group velocity of
the first mode is close to the group velocity of the first mode
in the case of homogeneous dielectric waveguide, i.e.,

Uggr)(wl) ~c?/(vey) = c/eq = 0.25¢ This effect can be
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FIG. 2. Dependence of the reduced wakefield longitudinal component £,_" on time ¢ at point » = 0 ¢m, z = 75 c¢m (obtained on the
basis of analytical results). Waveguide and point charge parameters are a = 1 cm, b = 0.2 cm, e, =4, u; =1, g = 1 nC, v = 0.99c¢.
The number i means the number of Cherenkov modes contributing in a corresponding time interval.
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FIG.3. Dependence of the relative group velocity v,ﬁcm

charge parameters are the same as in Fig. 2.

explained by the fact that characteristic scales of the first
modes variation are large in comparison with the channel
radius, so the channel has only a little influence on these
modes. Note that the group velocity behavior becomes
more complicated with increasing of the mode number. For
small mode numbers the group velocity slowly increases
with k, then faster and reaches a maximum (its further
decrease is not essential since the modes with number
greater than 16 are insignificant for the parameters under
consideration). Such behavior leads to the unequal time
intervals in Fig. 2.

The results based on the analytical investigation are
verified by comparing with results of numerical simulation
in CST Particle Studio for the case of a moving Gaussian
bunch. Figure 4 illustrates the time dependence of the
total field EgSST) calculated by CST simulation at point

r = 0.3 cm, z = 30 cm and the same dependence Eg;) fora

reduced wakefield obtained on the basis of analytical

19 21 23 25 2r 29 31 33 35 37 39
k

(wy)/c on mode number k at point = 0 cm, z = 75 cm. Waveguide and point

a=1cm, b=0.7cm, g;,=4, uy,=1, g=1nC, ¢ = 0.6 cm,
v = 0.9¢. The bilayer waveguide part is 100 cm in length
and the vacuum part is 30 cm in the CST model. The
parameter ¢ was chosen so that the wakefield excited in this
situation has practically only the first mode with frequency
@; ~ 13.0 GHz (other modes have negligible amplitudes).
The moment #; ~2.84 ns corresponds to the time when

condition z = v\¥”) () )¢ s satisfied at the observation point

(“breakage” of the wakefield mode). One can see that the
total field coincides with the wakefield at r < ¢; almost
everywhere with very high accuracy (in the domain ¢ < #;
the pole contribution of the free field is absent). The wave
parts of the forced and the free fields compensate each
other for ¢ > t#,; therefore the reduced wakefield is absent in
this domain. Naturally, the exact field (blue curve) is
continuous: there is some transient process in the total
field at ¢ ~ ¢;. Note that the amplitude of the exact field is
approximately equal to half of the amplitude of forming the

consideration. The following model is considered:  wakefield at t = ;. Mathematically this point corresponds
0.2 [ [ [ [ I I — I [ I I
— (CST)
By
0.15 |~ (w) -
E2z
= 01p , .
i Nl
> < » 1
= 005 X ! §
~— A »“
3 ' AWANA
&) 0
; iV V
- S
1
| | | | | | | | | |
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

FIG. 4. Dependence of component ngsﬂ

t (ns)

of the total field obtained using CST simulation (blue solid line) and reduced wakefield

component E(Q‘Zv) obtained from analytical investigation (red marked line) on time ¢ at point » = 0.3 cm, z = 30 cm. Waveguide and
bunch parameters are a =1 cm, b =0.7cm, ¢, =4, u; =1, g =1nC, 6 = 0.6 cm, v = 0.9¢.
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to coincidence of the pole and the saddle point where the
integral asymptotic is determined by half of the pole
contribution [17].

V. CONCLUSION

We have investigated the electromagnetic radiation gen-
erated by the charge crossing the boundary between the
vacuum area of the cylindrical waveguide and the area with
the layered dielectric filling. The solution was carried out by
representing the free field as a set of eigenmodes in
corresponding waveguide areas. Primary attention was given
to the study of the wave field in the region partially loaded
with a dielectric. It was shown that wakefield and free field
discrete parts are excited at the same Cherenkov frequencies
and compensate each other in some area behind the charge.
Results obtained for the point source were generalized to the
bunch with a Gaussian longitudinal profile.

The typical wakefield formation process in a bilayer
waveguide area was presented. At the given observation
point, the reduced wakefield is simplified with time (the
number of modes is decreased). An analogous effect takes
place at the given observation moment: the number of
modes decreases with increasing distance from the charge
to the observation point. To verify the analytical results, we
used the numerical simulation by CST for the case of
Gaussian bunch. Simulations show that there is the large
domain behind the bunch where the total electromagnetic
field is almost entirely determined by the wakefield only.
As well, there is some transition domain where the mode
amplitude is smoothly decreased.
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