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Beam dynamics analysis of dielectric laser acceleration
using a fast 6D tracking scheme
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A six-dimensional symplectic tracking approach exploiting the periodicity properties of dielectric laser
acceleration (DLA) gratings is presented. The longitudinal kick is obtained from the spatial Fourier
harmonics of the laser field within the structure, and the transverse kicks are obtained using the Panofsky-
Wenzel theorem. Additionally to the usual, strictly longitudinally periodic gratings, our approach is also
applicable to periodicity chirped (subrelativistic) and tilted (deflection) gratings. In the limit of small kicks
and short periods we obtain the 6D Hamiltonian, which allows, for example, to obtain matched beam
distributions in DLAs. The scheme is applied to beam and grating parameters similar to recently performed
experiments. The paper concludes with an outlook to laser based focusing schemes, which are promising to
overcome fundamental interaction length limitations, in order to build an entire microchip-sized laser

driven accelerator.
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I. INTRODUCTION

Dielectric laser acceleration (DLA) provides highest
gradients among nonplasma accelerators. In 2013, the
acceleration of relativistic electrons was demonstrated at
SLAC with a gradient of more than 250 MeV /m [1], which
was recently increased to 690 MeV/m [2]. Low energy
electrons (27.7 keV) were accelerated by the group in
Erlangen [3] with a gradient of 25 MeV/m using a single
grating structure. The group at Stanford University used a
dual pillar structure to accelerate 96 keV electrons with a
gradient of more than 200 MeV/m [4]. In principle, the
gradient of a DLA is only limited by the structure damage
threshold fluence, which is roughly two orders of magnitude
higher for dielectrics than for metals. The reason for the
rediscovery of this rather old concept of inverse Smith-
Purcell or inverse Cherenkov effects for particle acceleration
(see, e.g., [5])is that nowadays both the ultrashort laser pulse
control techniques as well as the nano-fabrication have
significantly improved. Summaries of the recent develop-
ments can be found in [6,7].

Although the experimentally demonstrated gradients in
DLA structures are very promising, there are still crucial
challenges to create a miniaturized DLA-based particle
accelerator. So far the experimentally achieved gradients
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could only be used to increase the beam’s energy spread
and not for coherent acceleration. Moreover, the interaction
length with present DLA structures is limited to the
Rayleigh range (see Appendix) of the incident electron
beam. For low energy electrons, due to the high gradient,
the acceleration defocusing even leads to interaction dis-
tances significantly shorter than the Rayleigh range.

Thus, in order to use DLA for a real accelerator, focusing
schemes have to be developed. One option would be
alternating phase focusing (APF) as outlined in Fig. 1.
Here, drift sections between grating cells lead to jumps in
the synchronous phase, which can be designed to provide
net focusing. Such schemes can be a way to increase the
interaction length in DLAs and make an accelerator on a
microchip feasible.

A challenge in the creation of a DLA based optical
accelerator is related to the complex 3D beam dynamics in
DLA structures, which has not been treated systematically

the author(s) and the published article’s title, journal citation, FIG. 1. Example Bragg cavity grating with a Bragg mirror on
and DOL one side.
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in the existing literature yet. In order to facilitate front to
end simulations and identify optimized DLA structures, we
employ a simple and efficient numerical tracking scheme,
which does not require a large amount of computing power,
it runs in MATLAB [8] on an ordinary PC.

Due to the periodicity of a DLA grating, only one spatial
Fourier harmonic contributes to the kick of the beam. In a
simplified approach, where fringe fields are neglected, the
entire laser field can be represented by a set of such Fourier
coefficients, where only one complex number represents
each grating cell. By means of the Panofsky-Wenzel
theorem [9], this single complex number also allows to
determine the transverse kicks experienced by a particle
while traveling through one grating period.

When the three-dimensional kicks are applied to the
beam particles in a symplectic scheme (we use symplectic
Euler, which is equivalent to Leap Frog) the tracking
becomes phase space volume preserving. Thus, with no
numerical (artificial) emittance increase, the physical emit-
tance increase due to the nonlinear fields in the DLA
interaction can be calculated. Moreover, since the equations
of motion are coupled, there is also emittance exchange
between the different planes which can be analyzed.

In the present study we neglect all intensity dependent
effects as space charge, wakes, and radiation emission. The
number of particles is chosen such that smooth spectra are
obtained, a reasonable value is 10°, at which the computa-
tional time is about one second per grating cell.

With no loss of generality, we restrict ourselves to
symmetric grating structures driven from both lateral sides.
This makes sure that the axis of symmetry is in the center
and the fields have a cosh profile. In the case of non-
symmetric structures or nonsymmetric driving, the fields
will have an exponential or an off-axis cosh profile.
However, single driver systems can be combined with
Bragg mirrors in order to obtain a good approximation to an
on-axis cosh profile with a single side driver (see again
Fig. 1). Another option is to reshape the structure as e.g.,
presented in [4], or, just to accept the asymmetry which
then leads to a smaller effective aperture. Furthermore, we
restrict ourselves to linear dielectrics. Driving the dielectric
into its nonlinear regime is discussed in [10] (experimen-
tal), whereas the theoretical reader [11] particularly covers
quantum aspects of high fields.

As it is usually done, e.g., for the synchrotron motion in
ion synchrotrons, we take the limit from the tracking
difference equations to differential equations. Since the
three-dimensional kick must be irrotational due to the
Panofsky-Wenzel theorem, it can be derived from a scalar
potential. This potential directly allows to determine the 6D
Hamiltonian which completely describes the single particle
dynamics analytically.

Both the numerical and the analytical approach can be
generalized from ordinary DLA gratings to tilted DLA
gratings, which have been proposed as deflectors or laser

S

FIG. 2. Tilted Bragg cavity grating, where the dual drive laser
comes from top and bottom and is polarized in the electron beam
direction (left to right).

driven undulators [12—14]. Such a grating is depicted in
Fig. 2. However, since our code does not include the
radiation fields, a dedicated code as, e.g., [15] can be used
to treat the dynamics self-consistently. The analytical kicks
reported here can serve as input quantities. Our approach
aims at maximal simplicity such that studies of fundamen-
tal questions, as, e.g., transverse focusing and deflection,
are quickly possible.

The paper is organized as follows. Section II presents the
determination of the longitudinal and transverse fields and
kicks in a single grating period. Here we use CST Studio
Suite [16] to calculate the longitudinal kick at the center of
the structure. The dependence on the transverse coordinates
as well as the transverse kicks are modeled analytically.
In Sec. III we present a symplectic 6D tracking method
based on one kick per grating period. Analytical descrip-
tions of the coupled longitudinal and transverse beam
dynamics as well as the full 6D Hamiltonian are given
in Sec. IV. Simplifications and beam matching in linearized
fields are also discussed in this section. In Sec. V we
address the three crucial examples: subrelativistic accel-
eration, relativistic acceleration, and deflection by means of
DLA gratings. The paper concludes with a summary and an
outlook to DLA focusing channels in Sec. VI.

II. FIELDS AND KICKS IN PERIODIC
STRUCTURES

Usual particle tracking algorithms solve Maxwell’s
equations with a predefined time step. Instead of that,
we make use of the periodicity of the structure and apply
only the kicks which are known not to average out a priori.
The other field harmonics are neglected. The validity of
this neglect depends on the effect of transients which is
effectively suppressed when the structure period is matched
to the beam velocity. With no loss of generality we restrict
ourselves here to an infrared laser with 4, = 1.96 ym and
structures made of Silicon (¢, = 11.63). A single cell of
a symmetrically driven Bragg mirror cavity structure is
shown in Fig. 3.

A. Analysis of the longitudinal field

A coordinate system is applied such that the electron
beam propagates in positive z-direction and the z-polarized
laser propagates in y-direction. The unit cell of a periodic
dielectric structure has dimensions 4,, and 4,,. In order to

111302-2



BEAM DYNAMICS ANALYSIS OF DIELECTRIC ...

PHYS. REV. ACCEL. BEAMS 20, 111302 (2017)

Electrons

ok

| Apdfture | fie,

FIG. 3.
structure.

One period of a symmetric Bragg mirror cavity

allow the laser field to escape the structure, open bounda-
ries in positive and negative y-direction are assumed.
The energy gain of a particle in one cell is

e/2
AW(x,y;s):q/ E.(x,y,z;t=(z+s)/v)dz (1)
A/

Agz

j'1:/2 ;
_ q/ g RG{EZ (x’ y, Z)ezw(ﬂ»x)/v}dZ’ (2)
—Ag:/2

[se]

where the underlined electric field is a phasor at the
fixed frequency w = 2rc/Ay of the laser, and ¢ is the
charge (¢ = —e for electrons). The variable s denotes
the relative position of the particle behind an arbitrarily
defined reference particle moving at z = vt. Thus z is
the absolute position in the laboratory frame, while s
denotes the phase shift with respect to z. Due to the
z-periodicity, the laser field can be expanded in spatial
Fourier series

. —im2Z.
Ez(xvy»Z): Z gm(x’y)e gz (3)

m=—0oo

1 ’Iyz/z imziz
gm(xvy) =5 EZ(X,)/, Z)e Aoz dZ, (4)
lgz _iyz/z

which allows us to compute the energy gain integral
[Eq. (2)] as

nis j.
AW(x,y;s) = qRe [6270 Z e, (X, y)Agsinc <ﬂ£ - m>] , (5)

m=—0oo

where sinc(-) = sin(z+)/(z-). The electric field phasor
and its spatial Fourier coefficients for the structure in
Fig. 3 are plotted in Fig. 4. It has a small real part, which is
coincidental, and a strong first and weak second harmonic.
If the round braces in Eq. (5) is non-integer, the energy
gain averages to zero, if it is integer other than zero, it
directly vanishes. Thus we have the phase synchronicity
condition

’Igz = mﬂﬂo (6)

and the particle’s energy gain simplifies to

—Re

-1r ==Im
2t
N _3 L

Phasor E_ [V/m]

01 02 03
z[pm]

o

AW (x,y;s) = gy Re{eToe,, (x,y)}

s

= qAg|en|cos <2ﬂ% + (pm>, (7)
where ¢,, = arctanIm{e,,}/Re{e,,} is the phase of the
Fourier coefficient. The energy gain is maximal at s, =
—@mPlo/2n for positively charged particles and sqp =
—(@. + 7)PAo/ 27 for electrons. Zero acceleration is found
at so = —(@,, = 7/2)pAy/2x, where all these expressions
are to be taken modulo 1, /m. The integer spatial harmonic
m has the same meaning as the harmonic number in
conventional accelerators, i.e., the number of buckets per
grating period and Eq. (6) resembles the Wideroe condition.
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FIG. 4. Longitudinal electric field on the beam axis for the Bragg mirror structure in Fig. 3 and spatial Fourier harmonics for incident

laser field normalized to 1 V/m.
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As shown in Eq. (5), the higher nonsynchronous
harmonics average out. It can be shown, that their second
order (ponderomotive) contribution is also small. However,
the lower non-synchronous (sub-) harmonics can provide
ponderomotive focusing, as discussed in [17]. In our code,
they can be represented by modifying the synchronous
Fourier coefficient e;(n) along the grating cells n, which
however is beyond the scope of this paper.

For subrelativistic accelerators, the grating needs to be
chirped in period length in order to always fulfill Eq. (6) on
the energy ramp. The change of period length is given by
the energy velocity differential

Az 1 AW
PR (8)
/Igz prys W
and is in the range of <1% for Wy, = 30 keV and
AW/2,, =1 GeV/m. The thus created “quasiperiodic"
gratings can be seen in good approximation as periodic,

however, phase drifts have to be compensated in the
structure design [18].

B. Analysis of the transverse field

The transverse field probed by a rigidly moving charge
can be obtained using the Panofsky-Wenzel theorem [9],
which holds for either vanishing fields at infinity or
periodic boundary conditions as

/2 -
Vx5 = [ < FEL
-T)2 N
=17/2
= B|—/T/2 =0. ©)

Here the “relative gradient” is defined as V' =
(0,,0,,—0;) T and 4, = pcT. The transverse kick per
cell can be written as

AFL(xyis) = — / dsV, Apy(ryis)  (10)

A 1 Agz/2 .
9z 40—V Im{E.(x.y. iw(z+s)/v dz, 11
o5V [ ImE ey ey (1)
where the energy momentum differential Ap = AW/(fc)
was applied. Moreover, if the phase-synchronicity con-

dition [Eq. (6)] is fulfilled, the kick becomes

. 21 it
ApL(nyis) = =5 g2V Im{e e, ()} (12)
Ao 1 .
== gL, ) ()

where Zm (x,y) = 4,V e,(x.y)/2n. In the following, the
structure under investigation is generalized to a tilted
grating as visible in Fig. 5, which reproduces the ordinary
grating for tilt angle @ = 0. The tilted grating is periodic
in z and x direction. Thus for any function F(x,y,s)
must hold

substrate

substrate substrate

FIG. 5. Tilted grating with periodic boundary conditions in x
and z direction and tan @ = Ay, /e = v/uU.

OF O0F0s0z OF

ox  Os0zox 05 M (14)

The s-derivative can be calculated in the Fourier repre-
sentation by Eq. (7) as

2ri
=tana——e,,(x,y). 15
S en(xy) (15)

The derivatives in y-direction can be determined by the
dispersion relation for the synchronous mode. We have

2
k=2 kX:ﬁ—Z)tana and k:% (16)

and thus

1
k=412 = (R +k2) =2, 1 5 ttanta).  (17)
- C

For a nontilt grating (@ =0) this is the well-known
evanescent decay of the near field k, = iw/(fyc). Once
ky, k, are determined, the fields can be found from

en(x.y) = €,(0.0) cosh(ik,y)e™, (18)
where A, = 1,/ tana.

A map of the energy gain and transverse kicks for the
grating in Fig. 6 can be seen in Fig. 7 for a grating tilt angle

T
. AN
T : i

FIG. 6. Single cell of the tilted grating deflector structure and
enlargement of kick integration curves array. The integrated kicks
are displayed in Fig. 7.

111302-4



BEAM DYNAMICS ANALYSIS OF DIELECTRIC ...

PHYS. REV. ACCEL. BEAMS 20, 111302 (2017)

%1078 Real Numerical
0.8
0.7
0.6

%108 Real Analytical
0.8
Es 0.7

>
..... 0.6
% 2 3 4 5

%107

x [m]

Imag Numerical

0.2
= 0
ES5
> -0.2
-04
-0.6
00 1 2 3
x [m] x107
%108 Imag Analytical
0.2
= 0
=X
> -0.2
-04
% 1 2 3 4 5 0.6
x[m] x107
x10
15
10
5

x [m] %107

FIG. 7. Contour lines of e;(x, y) and kick field f | (x,y) for the tilted grating with @ = 30 deg. The fields have been obtained both
analytically and numerically, the bottom plots show the relative difference.

a = 30 deg. The results labeled numerical are obtained by
line integration [Eq. (7)] of the electric field simulated with
CST MWS [16] and the analytical results correspond to
Eq. (18). The transverse kicks are obtained by Eq. (13) as

Zm (x.y) = €,(0,0) cosh(ik,y)e™*im tan ae,

+ €,(0,0) sinh(ikyy) e (ik,4,./27)é,

(19)

and are depicted as arrows in Fig. 7. For the numerical
results, the gradient is determined by finite differences
in MATLAB [8]. Note that —ik, € R*, ie., the kick in
x-direction is in phase with the acceleration while the kick
in y-direction is 90 degrees shifted.

For a particle that is only slightly displaced from the
beam axis by Ax = (Ax, Ay), the kick can be written as
two-dimensional Taylor expansion

[y = F (x0.0) + (Vif, (x0.50))AX + O(|| A% )
A

—

o (Vlgm (xov yO)

+ (VLV])en(x0. o) AX) + O(||AX][*),  (20)
where
0> 0.0
V, VT = o y) 21
1= ( vo. 21)

is the Hessian. The expansion Eq. (20) about xy; =0,
vo = 0 of Eq. (18) results in

2 Ax A Ay 0.0 ik, — k2Ax -
74580 =32e000)( " ). 02

i.e., a position independent (coherent) kick component in
x-direction, vanishing for @ = 0. Using this abstract der-
ivation, the results of several papers proposing DLA
undulators [12—14] can be recovered.

III. TRACKING EQUATIONS

In order to study the motion of particles in the fields of
periodic gratings we approximate the forces by one kick per
grating period and track with the symplectic Euler method.
In spite of the very high gradients in DLA structures, the
energy can still be seen as an adiabatic variable, as it is the
case in conventional linacs. Tracking the full time depend-
ence of y, as required for example in plasma accelerators,
can be avoided due to the shortness of the periods. For
simplicity, we restrict ourselves to m =1 from this
point and introduce normalized variables in the paraxial
approximation
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woPr gp_Any.e)
Pz Pz0
N Apy(xy.¢)
D0 P-o
W—W
Q= 27[1, §=—-—2,
ﬂgz WO
AW(x,y,p) — AW(0,0,
As = AWy qo)W 0.0.99) (23)
0

where Wy = ym,c? and p., = ffym,c. The particle at the
synchronous phase ¢, has Ad = 0, i.e., its energy gain is
entirely described by the acceleration ramp. The energy
gain AW is given by Eq. (7) and thus the energy gain of the
synchronous particle is

AW(0,0, p) = gA,Re{e e}, (24)

where we write e; =e¢;(x =0,y =0) for brevity.
Note that the synchronous phase and the phase of each

particle always refer to the laser phase. The sum of the
kicks

W(N) = Wi+ Y AW®(0,0, ")
1

N
(25)

n

describes the acceleration ramp, where the synchronous phase
@, can be chosen arbitrarily in each grating cell. The variables
ey, g, Wo, B, v, s and all variables in Eq. (24) are stored as
arrays indexed by the grating cell number. The kicks are
obtained using Egs. (7), (18), (19), and (13) and read

A i3
AY = — 2% tan(a) cosh(ik,y)Re{e e 5} (26a)
Pz0¢ ’

—ik,A2qp o2
Ay = —2 ginh(ik,y)I S 26b
St sinh(ik )m{e "5y (260)
86 = U, Refe (cosh(iky)e* 5 - o)), (260
_ymecz ee;(cosh(ik,y)e e'?s) L C

where k, is given by Eq. (17). The tracking equations are

e N (n) 20(5,9.9) (n+1)
X AX + AX (x,y, ) 0
)
y/ _ | y, . Ay (%, ¥, ) ’ 27)
y Ay + DY (x,. ) 0
Q@ Q@ - /522_;,[25()" V. )
P 8+ AS(x, ¥, @3 Pync) 0

where an explicit scheme is obtained by applying first the
“kicks” and then the “pushes”. The adiabatic damping in
the transverse planes is described by

A — (ﬁ?’)mﬂ) -

(Br)™

Symplecticity of the scheme is confirmed by calculating

AogRe{e®s ()
1+ M . (28)
Prmec

o(x,x,y,y, @,8)0*h
o(x, X', y,y, ¢, 8)"

det = A2, (29)

which holds independently of the realization of the kick
functions Ax'(x,y,¢), AY(x,y,p) and AS(x,y,¢).
Equations (27) contain the full nonlinear kicks which
cannot be linearized, since the usual bunch lengths and
widths are not significantly smaller than the grating periods
and apertures. However, in the idealized case of extremely
small bunches, linearization results in a scheme equivalent
to one linear R-matrix transformation per grating period.

Relevant information about the particle ensemble mov-
ing in space is given by statistical quantities such as
envelope and emittance, which can be derived from the
beam matrix (second order moment matrix) as function of
the period number. We define the 6D coordinate vector as

F'= (X, py.y. py. As, AP)T, (30)

where As=(¢p—@;)A,./2nand AP, =Ap,/y=W,/(Bcy)s.
The symmetric and positive definite beam matrix reads

M = (7r7), (31)
where the average is taken component-wise. In the absence
of nonlinearities, particular emittances are conserved. That
is in the case of coupling only the 6D emittance given by

Ep = V det M.

In case of decoupled planes, the determinants of the
diagonal blocks (the emittances of the respective plane)
are conserved individually. They read

(32)
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1
Exn — e \/ detMl,

e

1
V.1 \ det M2,
C

E =
e

1
£ = \/det My, (33)

in the usual units of m rad and eVs, respectively.
The analysis of emittance coupling by means of the
eigen-emittances

Eeig,i — eigS(JM) > (34)

where J is the symplectic matrix, is also possible with our
code, however beyond the scope of this paper.

IV. CONTINUOUS EQUATIONS OF MOTION

In order to address the continuous motion in
DLA structures we employ positions and momentum as
canonically conjugate variables in all directions. The
transformation for the energy is Ap. = AW/(fc). We
address the flat and the tilted grating separately and assume
for simplicity |e;| to be constant for all cells and
arg(e;) = 0.

A. Flat grating

Hamilton’s equations can be written as

. D
=2 35
X o (35a)
pr=0 (35b)
. n
_ Py 35
y= (35¢)
; Yz @ o (92 in (27 (35d)
= —ge; = — — —
P 2 gy re) M\
;= AP (35¢)

3
mey

. Wy 2ns
Ap, = h(— - . 35f
p. = qe; [cos (ﬂyc) cos<igz> cos (px] (35f)

Due to Eq. (9) the force field is irrotational and can be
derived from a potential as F = —V'V, where integration
yields

A wy 2rs
V= % cosh( — ) sin{ =— | — . (36
ge, [27: cos <ﬂyc> sin (ﬂgz ) 5 CoS gos} (36)

This potential and its adiabatic change with f is illustrated
in Fig. 8. The full 6D Hamiltonian reads

-200 m
-300 i
= :
o
< -400 ;
-500 ’
-100 0 100 ’

4 y [hm]

FIG. 8. The potential (Eq. (36) as function of ¢ and y at the
synchronous phase indicated by the solid vertical line. The
longitudinally unstable fixed point (dashed line) flips the sign
of the transverse potential. The color scale indicates the adiabatic
change of the potential with f.

H =

24 2 L AP 4V, 37
2m@y(px+py+ 2+ (37)

where Ap_/y was replaced with AP_. The coupled equa-
tions of motion are

=0

y 14 sinh ( oy ) sin (2”)
y=- — —
me72 Pre lgz

L qe wy 27rs> >
§= cosh( — ) cos[— | —cosg, |. (38¢)
me]’3 < (ﬁyC) <’1gz

If the beam size is significantly smaller than the aperture
(y < fyc/w), the longitudinal equation decouples and
becomes the ordinary differential equation of synchrotron
motion. The transverse motion becomes linear in this case,
however still dependent on the longitudinal motion via ¢.
The equation of motion,

(38a)

(38b)

. —qew
y =
m.y*pe

sin(@)y, (39)

is Hill’s equation, with the synchrotron angle being the
focusing function. However there is a crucial difference to
ordinary magnetic focusing channels. The focusing force
scales as y~3 as expected for acceleration defocusing [19],
rather than with y~!' as would be expected for a magnetic
quadrupole focusing channel. The solution to Eq. (39) as
function of z for fixed s = A,.¢,/2x, i.e., when the bunch
length is significantly shorter than the period length, is

—ge .
Y = Yoexp < A sin rp.;Z) (40)
me]/ C

and a synchronous particle with nonzero transverse offset is
expected to grow to double transverse amplitude in
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In2
Lzzn—_ (41)

—qe;w :
m273ﬂ3c3 sin (ps

For subrelativistic particles L, can reach down to a few
micron. However, longer interaction lengths can be achieved
by focusing the beam into the DLA structure externally.

As shown in Fig. 9, the phase ranges of longitudinal and
transverse focusing are disjoint. This is a consequence of
Earnshaw’s theorem [20] which can be directly observed in
Eq. (36), i.e., V has no minima but only saddle points.
Similarly as in Paul traps (see, e.g., [21]), stable motion in
both the y- and z-planes can only be achieved by rotating
the saddle. For an accelerator this means alternating the
synchronous phase. This so called alternating-phase-
focusing (APF) scheme has been developed for ion rf
linacs already in the 1950s (e.g., [22]) but later rejected in
favor of the RFQ [19].

For an adiabatic Hamiltonian and if stable orbits exist, a
matched locally Gaussian distribution is given by

f = Ce H/H) (42)

and a locally elliptic (Hofmann-Pedersen [23]) matched
distribution is given by

f=Cy\/Hy—H. (43)

The normalization constant C is determined by integration.
Note that in the case of nonperiodic motion f will not be
integrable. Thus, we can only write a matched distribution
for the longitudinal plane if ¢ € [7/2,#] and for the
transverse plane if ¢, € [r,3/2x].

The Hamiltonian is not time independent, however its
dependence on f and y is adiabatic. Thus, if ¢, is changing
at most adiabatically, the distribution will deform such that
the emittance increase is bounded, i.e., also the emittance
remains an adiabatic invariant. First, we consider the
longitudinal plane and linearized fields. For a given bunch
length o, the matched energy spread is

kick (arb. units)

Accele\l;ation

7 1

Long. foc. Trans. foc.

FIG. 9. Overview of electron acceleration and focusing proper-
ties for an x-invariant grating.

Co .
Caw = p \/—Znﬂgzmey3qel Sin Q0 A, (44)

For a slow change of the potential and filling the
bucket only up to a small fraction, the phase space area
given by 765,06,y is conserved. Moreover, using Eq. (44)
a normalized bunch length and energy spread can be
written as [19]

1
OAW.n — WGAW (453)
OApn = \4/ ﬂ3}/3O'A(p' (45b)

Accordingly, in position and momentum coordinates,
this reads

OaP., = \ gO'APZ (46a)
OAsn — </70AS' (46b)
p

Thus the adiabatic phase damping in DLAs behaves in the
same way as in rf linacs.

As a test of the code, we plot the long time evolution of
the longitudinal emittance at zero transverse emittance for
3 different setups in Fig. 10. First, we consider a bunch
matched according to Eq. (44) in linearized fields. As
expected, the symplectic code preserves the emittance in
linear fields. However, the linearly matched bunch shows
emittance growth in the non-linear fields. Even stronger
emittance increase is to be expected, when there is a
mismatch of the bunch length and the energy spread (here
we chose 10% excess energy spread). The according result

2
——Lin. Longitudinal
—Full Longitudinal
1.5} |~ 10% Mismatched

[keV fs]

€

0 500 1000 1500 2000
n

FIG. 10. Longitudinal emittance evolution for a linearly
matched Gaussian beam in linearized fields, with the full fields,
and with 10% excess energy spread.
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is obtained for the y-emittance when setting the synchro-
nous phase into the transverse focusing regime and taking
the longitudinal emittance as zero.

The effect of adiabatic damping also appears in DLAs in
the transverse plane. The linearized transverse Hamiltonian
reads

_ p% geiwsing; ,
2my  2Pyc

and the matched momentum spread is

m,qe @ sin @,
=4 /————0,. 48
e \ pre (48)
The area oo

VO, is conserved and thus we can write
normalized spreads as

H,

(47)

1
Oyn = 373=0 (49&)
y 4,57 y
Cpn = Y ﬁyapy. (49b)

One observes, that for increasing beam energy the transverse
beam size increases, while the momentum spread decreases.
This is in accordance with the potential becoming flatter in
the transverse plane, while it becomes steeper in the
longitudinal plane for increasing beam energy (cf. Fig. 8).

B. Tilted grating

The Hamiltonian for the tilted grating is obtained by
modifying the potential [Eq. (36)] as
2ns  2mx

A
V=ge, [Zi;cosh(ikyy)sin (g—i- ]

)-seosa. 50

gx

The coupled equations of motion are

i 2ms 2

=292 eh (ik,y) cos <7rs + ﬂx) (51a)
myy gx . ;L!JZ /ng

—ikyAg.qey . . . (2rs  2rmx

y = —29%7 " qinh (ik, — 51b

T VA B1e)
2 2

§= qe13 {cosh(ikyy)cos <7zs+ M) —cosqo,;]- (51c)

eV /ISJZ /lgx

One can observe that a bunch which is not significantly
shorter than the grating period is accelerated in both
positive and negative x-direction dependent on .
Therefore, a coherent deflection can only be obtained for
extremely short bunches. In the following we assume
no net acceleration, i.e., @, =7x/2, and replace s =
Aows/27m + As. Since tilted gratings are outlined for the
generation of wiggler radiation we restrict ourselves to the
ultrarelativistic case (f — 1) here. From Eq. (17) one finds
+ik, = k, = w/ctana, which simplifies the potential to

wtana

A
V=gqge, ﬁcosh ( y> cos [g(As +xtana)] . (52)

The equations of motion become

t
=24 tan(a) cosh [w anay} sin F (As + xtan a)}
myy c
(53a)
—ikyA ) t
j= 70248 Gon {a) anay] cos [ﬂ (As + xtana)]
2zxm,y c c
(53b)

. tan
As = qel3 cosh {a) ay] sin [Q(As + xtan a)]. (53c¢)
myy c ¢
Injecting the beam with an offset x; < /(4 tan a) results
in a coherent oscillation around the x-axis with the longi-
tudinal period

2
Ay = (54)

=219¢1 tan
m,yly

for a particle with As =y = 0. In linearized fields, the
oscillation amplitude is arbitrary. However, in the nonlinear
fields, additionally to the longitudinal plane, we find
“buckets” with a distance 4, also in the x-plane. These
buckets split a ribbon beam which is large in x-direction
into multiple beamlets, where the momentum spread
acceptance is maximum at zero and vanishes at 4,./2,
where integer multiples of 4, can be added.

V. APPLICATIONS

We apply our approach to similar experimental param-
eters as for the subrelativistic experiments at FAU Erlangen
[3] and the relativistic experiments at SLAC [1,2]. Although
the structures are idealized, the results are qualitatively
recovered. As a next step, we show modifications and
idealizations of the beam parameters, which outline the
way to a microchip accelerator.

A. Subrelativistic acceleration

A subrelativistic DLA structure needs to be chirped in
order to always fulfill the synchronicity condition (6) for
the synchronous particle. The proper chirp for each cell and
the synchronous velocity are obtained by iterating the two
equations

qe A cos oY 3

- 1—p0? (55)

mec

Az(n+1)

Az(n—H)

pnt) — gv
4o

(56)

The cell length and synchronous energies are
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05 - T T T 70
60
0.45
50 >
?
Q 04 =
402
0.35¢
30
0.3 20
0 20 40 60 80 100
n
FIG. 11. Acceleration ramp according to Egs. (56) and (58).
n
1) =20+ > ALY (57)
=2
- i—1) 5 (j—1
W((Jn) = Winie +gey Z cos 40§J_ %;]_ . (58)
j=2
Initial Cell:2 Cell:4 Cell:6

0.02 o
- 0 i S
-0.02 ’

FIG. 12.

N\

Longitudinal (bottom) and transverse (top) phase space for 16 cells of the chirped grating with an initially unbunched beam,

In the following simulations, we assume that the con-
struction of the grating was made such that the cells always
fulfill Eq. (57). We start with very low energy electrons
Wi = 27.7 keV, ie., = 0.3165.

For 4y = 1.96 ym the initial grating period is 620 nm.
For simplicity we assume e; = 1 GV/m with zero phase
for all cells. Aiming for a gradient of 500 MeV/m, the
synchronous phase has to be 120 degree. The ramp
according to these parameters is depicted in Fig. 11.
Since the electron bunches in the experiments are signifi-
cantly longer than the grating period, we look at initially
unbunched beams with oy = 10 eV.

In free space, the full Rayleigh length (cf. Appendix) of
the beam with assumed geometric emittance 1 nm at the
aperture of A =200 nm is Lg = A?/(4e,) = 10 um, i.e.,
about 16 cells. This requires the optimai initial focusing
angle of 20 mrad. However, as shown in Fig. 12, in the
presence of strong acceleration defocusing forces, the waist
appears earlier, i.e., in cell 4.

The particle loss and the energy spectrum are plotted in
Fig. 13. The spectrum shows clearly that only a fraction of
the particles is trapped in the bucket, the particles with

Cell:8 Cell:10 Cell:12

Cell:14

Cell:16

focused into the structure. The axes are —100 nm < y < 100 nm and O < ¢ < 2z. The color represents the phase space density, where
the initial plots are normalized to their maximum and all other plots are normalized to the respective maxima of the second column.

8
25 x10
—Initial
4
2 —38
—12
15} |—16
=
z
1
0.5
0
-15 -10 -5 0 5
é x1073
FIG. 13.

100

80

60

40

Survival [%)]

20

0 5 10 15 20
n

Energy spectra and particle survival rate for the unbunched beam.
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Initial Cell:7

AE [keV]

Cell:28

Cell:14

Cell:21

FIG. 14. Longitudinal phase space evolution for zero transverse emittance. The vertical axis is 0 < ¢ < 27.

Cell:6

Cell:2

Cell:4

FIG. 15.

Cell:8 Cell:10 Cell:12 Cell:14 Cell:16

Longitudinal (bottom) and transverse (top) phase space for 16 cells of the chirped grating with the beam initially focused into

the structure. The axes are —100 nm < y < 100 nm and 1.5 < ¢ < 2.6. Again, the color represents the phase space density, normalized

to the maximum of the second column.

5~ —13 x 1072 are lost, although they do not hit the
aperture. The physical loss of particles happens when they
reach the aperture in y-direction (100 nm). The longi-
tudinal bucket capture process is illustrated more clearly for
zero transverse emittance in Fig. 14, where no transverse
losses appear and a full synchrotron period is displayed.
As next step, we take a bunched beam with 6, = 30 nm
and a reduced transverse emittance of &, = 0.1 nm. As
shown in Fig. 15, the waist appears approximately at cell 7,
when the beam is strongly focused initially with 45 mrad.

8
10 x10
—Initial
6
8 —_—12
—18
6f|—24
=
4
2
0 "
-5 0 5

s %107

Without the acceleration defocusing, the Rayleigh length
would be 100 ym at an initial focusing angle of 2 mrad.
The bunch has initially again an energy spread of 10 eV,
which is significantly smaller than the matched energy
spread. Thus a coherent quadrupole oscillation appears,
which is also visible in the energy spectrum in Fig. 16.

B. Relativistic acceleration

In this example we take the full aperture to be
A =800 nm, A, =1y =196 um, |e;|=1GV/m, and

100

& 2] [o]
o o o

Survival [%]

N
o

FIG. 16. Energy spectra and particle survival rate for a short low energy bunch.
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Cell:20

Initial

Cell:40

Cell:60 Cell:80 Cell: 100

FIG. 17.
phase space density, normalized to the second column.

%10°

—[nitial

Evolution of the y and z phase spaces. The axes are —400 nm < y < 400 nm and 0 < ¢ < 2z. Again, the color represents the

100
80
® 60
©
=
>
g 40 ]
20
0 .
0 20 40 60 80 100

n

FIG. 18. Energy spectra with 1 nm (solid lines) and zero (dashed lines) transverse emittance normalized to the initial number of

particles 10 (left) and particle survival rate (right).

the number of grating cells is 100. Taking the reference
particle on-crest, i.e., ¢, = =, the design ramp is linear with a
slope of 1 GeV/m. The incident electron beam has a bunch
length significantly larger than the grating period and is
again assumed as unbunched. The kinetic energy is 60 MeV
and the spread is oy = 10 keV. The spot size is taken as
o, = 400 nm and the geometric emittance £ = 1 nm. The
full Rayleigh range is thus Ly = Az/(48_\,) = 160 pm,
which is practically achieved when the beam is focused
with 5 mrad into the structure. Figure 17 shows the evolution
of the y and z phase spaces. The particle loss is monitored in
Fig. 18, where the first jump is again the loss at the initial
aperture. The plateau is within the Rayleigh range, however
already before the end of the Rayleigh range the particles
with excess momentum are being lost. Exactly at the
Rayleigh range (after cell 81), the particle, that was initially
the intersection of the ellipse diagonal with the aperture, is
lost. The acceleration defocusing plays only a minor role for
highly relativistic beams, i.e., the Rayleigh range is not
significantly shortened. Figure 18 shows also the energy
spectrum which becomes broader along the grating. This is
due to particles being accelerated and decelerated according

to their phase. Such spectra were also practically measured
in[1,2]. The dashed lines in the plot show the same spectrain
the case of zero transverse emittance, where also no loss on
the aperture occurs.

C. Dynamics in tilted gratings

Finally, we address the tilted grating with the same
laser parameters and a bunched electron beam with
parameters &, =¢, =1 nm, o, =1um, o, =04 um,
o, =30nm, oy =10keV and a focusing angle of
5 mrad in the y-direction. The grating tilt angle is
70 degrees and again |e;| =1 GV/m. Figure 19 shows
the evolution of the phase space in all three planes.
Evaluating Eq. (54), one finds 4, = 1604, i.e., half an
oscillation period in the x-direction in the displayed 80
grating cells.

As visible in Fig. 19, the horizontal and longitudinal
phase spaces are correlated. The projections of the energy
spectrum can be seen in Fig. 20 together with the particle
loss, which takes place at the physical aperture in y-direction
at £400 nm. Unlike the straight grating with relativistic
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Initial Cell:10 Cell:20 Cell:30

Cell: 40 Cell:50 Cell:60

Cell:70

Cell:80

FIG. 19.

Horizontal, vertical, and longitudinal phase space projection for every tenth cell. The axes are —1.5um < x < 1.5 uym,

—0.4 ym <y <04 pym and 1.3 < ¢ < 1.8. Again, the color represents the phase space density, normalized to the second column.

100

Survival [%]

FIG. 20. Evolution of the energy spectrum and particle loss.
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20
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—60
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FIG. 21.

Horizontal and longitudinal phase space for every fortieth cell for &

Cell: 160 Cell:200 Cell:240

Cell:280

Cell:320

y = 0. The axes are —1.5 um < x < 1.5 yum and

1.3 < ¢ < 1.8. Two periods of transverse oscillations are visible [cf. Eq. (54)].

particles, the tilted grating creates a defocusing force in the
y-direction which significantly decreases the Rayleigh
range. The energy spread shows a breathing mode, similar
to the quadrupole modes in the synchrotron motion.
However, since the synchrotron motion is practically frozen
due to the high y, this mode arises entirely due to the
correlation with the x-plane. Excluding the defocusing by
setting £, = 0, two coherent oscillation periods are dis-
played in Fig. 21.

VI. CONCLUSION AND OUTLOOK

The laser fields in a periodic DLA grating can be
represented by spatial Fourier harmonics, where only the
resonant harmonic, which fulfills the Wideroe condition,
provides a first order net kick. Exploiting this property,
we showed that the entire 6D beam dynamics without
collective effects can be modeled by applying kicks in
all spatial directions once per grating period. These kicks
are not independent, but analytically connected by the
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Panofsky-Wenzel theorem. If the structure is not periodic,
but slightly chirped (quasiperiodic), our approach is
still applicable. However, fringe fields at the end of the
structure are neglected.

As an example we introduced a novel Bragg-reflection
based grating structure, which shows a particularly high
first harmonic. The structure is discussed in [18,24] in more
detail. Here we restrict ourselves in representing the grating
structures by the one resonant Fourier coefficient, i.e., one
complex number for each grating cell.

We also showed that our tracking approach still works
for tilted gratings that have been proposed for beam
deflection or optical undulators. However, in the case of
curved gratings, which have been proposed for focusing,
the fields cannot be determined analytically, since the decay
constant is not uniform. In order to still use our tracking
algorithm, the longitudinal kicks must be provided numeri-
cally for each pair of transverse coordinates.

Additionally to our fast, symplectic tracking approach, we
also derived the Hamiltonian for the single particle motion
in DLA structures. This allows analytical approaches to the
6D nonlinear and coupled equations of motion in DLA
structures. In the case of constant synchronous phase, the
longitudinal beam dynamics is identical to the one for
conventional drift tube linacs. However, for longitudinally
stable buckets, the transverse fields are always defocusing.
Due to the high gradients in DLA, this strong defocusing
cannot be compensated by ordinary means as magnets,
which is particularly critical at low electron beam energy.
At relativistic energies the full Rayleigh range of an
externally focused beam can be reached, however this is
also only in the range of several hundred microns.

In future a focusing scheme for DLA needs to be
developed. One candidate is the proposed higher order
harmonic focusing [17]. In order to simulate this with our
code, the additional harmonic kicks would have to be
implemented. The other candidate is alternating phase
focusing (APF), which can be directly approached with
our code. In this scheme the synchronous phase is alter-
nated between longitudinally stable and unstable ranges,
similarly as a FODO cell, but instead of x-y, rather in the
y-z planes.

We plan to achieve such phase jumps by inserting drift
sections as already outlined in Fig. 1. Other options are to
modify the accelerating Fourier coefficient in each cell,
e.g., by phase masking within the structure or by active
phase control of individual parts of the laser pulse. In
general, we believe that this paper gives a beam dynamics
foundation on which DLA structures providing stable long
distance beam transport schemes can be developed.
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APPENDIX: RAYLEIGH RANGE FOR
LIGHT AND PARTICLE BEAMS

The Rayleigh range for a particle beam can be defined in
the same way as for a light beam. The envelope of an
externally focused beam is

z2\2
w = wy 1—1—(—) . (A1)
<0
Inserting into the envelope equation
w'=w3 (A2)

results in wy = /zp. The beam size is given by a(z) =
V/éw(z) and thus the Rayleigh length is zy = a3/e, where
ag is the beam size at the waist. The beam size at the
Rayleigh length, where it is limited by the aperture, is

a, = /2a,. The full Rayleigh range Ly = 2z, as function
of the full aperture A = 2a, is thus

AZ

Lp=—.
R 4¢

(A3)
The same result is obtained for a light beam, where
the emittance is identified with the wavelength, i.e.,

Elight = Ao/ 7.
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