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Measurement and correction of focusing errors is of great importance for performance and machine
protection of circular accelerators. Furthermore LHC needs to provide equal luminosities to the
experiments ATLAS and CMS. High demands are also set on the speed of the optics commissioning,
as the foreseen operation with f*-leveling on luminosity will require many operational optics. A fast
measurement of the f-function around a storage ring is usually done by using the measured phase advance
between three consecutive beam position monitors (BPMs). A recent extension of this established
technique, called the N-BPM method, was successfully applied for optics measurements at CERN, ALBA,
and ESRF. We present here an improved algorithm that uses analytical calculations for both random and
systematic errors and takes into account the presence of quadrupole, sextupole, and BPM misalignments,
in addition to quadrupolar field errors. This new scheme, called the analytical N-BPM method, is much
faster, further improves the measurement accuracy, and is applicable to very pushed beam optics where the

existing numerical N-BPM method tends to fail.
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I. INTRODUCTION

In recent years the field of optics measurement and
correction is growing in interest with the design of pushed
optics like the high-luminosity LHC (HL-LHC) upgrade
and next generation light sources. A review of the progress
in the last years is given in [1]. The original method to
determine the f function from turn-by-turn phase data
makes use of three adjacent beam position monitors
(BPMs) [2]. The betatron phase of the BPMs is derived
from the harmonic analysis. The phase advance between
BPMs is then used to calculate S-functions according to the
formula [2]

C0t¢ij - COtd)l’k
~ cot ¢i; —cotyy

p(si) P (si), (1)

where ¢;; = ¢(s;) — p(s;) are the measured phase
advances between BPMs j and i; the superscript (m)
denotes model values. The phase measurement is indepen-
dent of BPM calibration and transverse misalignments.
This method is sensitive to the position of the BPMs
relative to each other. If the phase advance between two of
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them is too close to nz, errors in the phase measurement get
strongly enhanced. In order to measure the transversal
displacement of the beam as accurately as possible, in the
LHC the beam is excited by an AC-dipole [3].

A. Original N-BPM method

To avoid such cases with unsuitable phase advances
and to improve statistics, BPMs can be skipped and more
combinations can be used and averaged over with appro-
priate weights. The N-BPM method was developed [4] to
implement this feature. It is illustrated in Fig. 1. If we use a
range of N BPMs, where the probed BPM is fixed at
position s;, there are n = (N — 2)(N — 1)/2 combinations
of BPMs. The N-BPM method was successfully used in the
LHC [4], as well as in the storage rings of ALBA [5] and
ESRF [6]. In comparison to the original three BPM method,
there is a huge gain in precision in the interaction regions
(IRs) of colliders, where neighboring BPMs have unsuit-
able phase advances with respect to each other. Systematic
errors from the model and random phase uncertainties are
taken into account separately where only statistical uncer-
tainties are calculated analytically. Systematic errors are
determined using Monte Carlo simulations.

The f function of the /th combination reads

_ cotg; — cotghy,
cot ¢ — cot qﬁ?}q

Pi(si) p(s5)- (2)

Unfortunately, the more lattice elements there are
between BPMs the more sources of errors may lie between
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FIG. 1. TOP: the 3 BPM method takes only adjacent BPMs.
The blue BPM is the one whose f function is being determined.
BOTTOM: The N-BPM method allows to skip BPMs in order to
use a bigger amount of data to increase statistics and to avoid
unsuitable phase advances.

them, Eqgs. (1) and (2) being derived under the assumption
of having error-free regions between BPMs. Furthermore
the different results for the  function at one location are not
independent of each other which also has an impact on the
quality of the final result.

Especially in the LHC IRs, where the phase advance
between the BPMs is close to 0 or 7, the three BPM method
fails. At the same time a high precision of the measurement
of beta beating is needed to control #* and to optimize the
aperture.

To find the best estimation for the measured f we
calculate a weighted average

B(Si) = Zﬁl(si)glv (3)
1

where the weights g; are calculated using a least-squares
estimation. The sum runs over all n BPM combinations
(details are worked out in Appendix A). The weights are

9 = > Vi
>V

where V denotes the covariance matrix of the f;. The
uncertainty of the averaged f is then given by

o5 = Zgzgj"zj- (5)
17

(4)

p is a function of the measured phase advances which are
subject to measurement uncertainties. We can get the error
matrix V from the single variances by

V =TMT"!, (6)

where M = diag(c} , ..., 03 ) is a diagonal matrix con-
sisting of the variances of the phases and T is the Jacobian
matrix

) )
Tp(s;) = gl;?) 6¢*0’

(7)

0¢ = 0 meaning that the derivatives are evaluated with all
phase advance errors set to zero. The correlation of
statistical errors (coming from BPM noise) is

OB (s;)
T?’Z(s,-) = p)
b lsp—0
_ (8t - 5;1.[)sin‘2 n— (8t - 5il)sin‘2 n s,
cot@f} — cotgp '
(8)

We place here intentionally a superscript ¢ to highlight that
the T matrix only includes statistical errors coming from
the uncertainty of the phase measurement. 63 denotes the
Kronecker 6. Including systematic errors, the total error
matrix is

V= Vstat =+ Vsyst’ (9)

where Vg, = T’MT?~! and the total uncertainty of the
averaged /3 is then given by

612; = Ugtat + agyst- (10)

In the existing numerical N-BPM method only the
statistical errors are calculated analytically while Vg
and hence ogyst are evaluated from Monte Carlo simulations
of lattices with errors. For that the statistics over many
simulations is gathered. Even with a highly parallelized
code on a multicore machine this procedure takes about
1 hour for a “fast” set of 1000 simulations. Since the
computation time scales linearly with the number of
simulations, this can take up to 10 hours for 10* simulations
which were used in the post processing of a measurement.

B. Extension of the N-BPM method

In this paper we introduce a new method that calculates
also the systematic errors analytically. On the same
computer the analytical N-BPM method takes only 30 sec-
onds to compute the # function for more than 500 BPMs
whereas the N-BPM method takes about one hour. It
provides a fully analytical calculation of the uncertainties
while the precision of the original method depends on the
number of simulations. Any source of uncertainties can be
taken into account if its analytical expression is known.
The method does not depend on the stability of the lattice
whereas the Monte Carlo simulations fail if, for some
combinations of errors, no closed orbit can be found. This
is a limiting factor when the N-BPM method is used for
pushed optics with very low #* like the HL-LHC.

Equation (2) will be modified in Sec. II for taking into
account the presence of quadrupolar field errors as done in
[71, as well as transverse misalignments of sextupoles and
longitudinal displacement of quadrupoles and BPMs. In
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Sec. III we then incorporate these results in the develop-
ment of a fully analytical N-BPM method which does
not require the splitting of the statistical phase uncertainties
and the systematic errors. This was a limitation of the
N-BPM method described in [4]. We eventually compare
the methods through simulations for the current LHC lattice
design as well as the Achromatic Telescopic Squeeze (ATS)
lattice proposed for the HL-LHC upgrade.

II. $ FUNCTION FORMULA WITH
IMPERFECTIONS

Equation (2) assumes that no error is present in the
region between the involved BPMs. A new formula has
been developed in [7] that takes quadrupolar errors into
account,

cot gy, — cot i3

s1) = = — ™ (s,) + O(6K?),
Bls1) Cot¢‘f‘2—cot¢‘f‘3+h12—h13ﬂ (s1) + O(6K7)
(11)
with
_ e iPUSK,, sinZ M.
hij:Zl<W<]ﬁ. . m,1 ¢ J (12)
sin

ij

The sum runs over all elements w between BPMs i and ;.
0K, 1 is the integrated quadrupolar field error of element w.
The definition of K,, follows the MAD [8] convention. Note
that Eq. (12) is only defined for the case s; < s, < s3 i.e.
the f function is calculated at the position of the first BPM.
Since we want to use as many BPM combinations as
possible we will derive below a form of Eq. (11) without
this constraint.

In [7] the quality of Eq. (11) has been assessed for the
ESREF storage ring by simulating a lattice with errors and
comparing the results of Eq. (11) to the beta beating of the
simulated lattice. In this paper the same study is repeated
for the LHC and its future upgrade the HL-LHC. Table I

TABLE 1. Estimates for the LHC gradient and misalignment
errors. MQ are focusing and defocusing quadrupoles, MS are
sextupoles. The values of the magnet errors are derived from
magnetic measurements of [9,10].

Element ox/K; [1074] 6, [mm] o, [mm]
MQ 18 1.0

MQM 12 1.0

MQY 11 1.0

MQX 4 6.0

MQW 15 1.0

MQT 75 1.0 e
MS . e 03
BPM 1.0 .

[ Equation (1), rms = 0.177 %, p-t-p = 1.527%
: [ Equation (11), rms = 0.007 %, p-t-p = 0.072%
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FIG. 2. Top: Difference between the real (simulated) horizontal
p-functions and the ones calculated by Eq. (1) in red and (11) in
blue, respectively. Data are from MADX simulations of a lattice
with quadrupolar errors only. Bottom: The same quantities are
evaluated for the case with additional magnet misalignments. rms
denotes the root mean square of the deviations and p-t-p denotes
peak-to-peak deviation.

summarizes those uncertainty estimates for the LHC
elements that are relevant for this study. In Fig. 2 a
comparison between Egs. (1) and (11) is shown in the
horizontal plane. The plot shows a histogram of the
deviation of the formulas (1) and (11) from the real (i.e.,
simulated) # function values. The histogram contains the
values of all the individual BPMs for one simulated lattice.
The top plot shows the case with only quadrupolar field
errors whereas in the bottom plot also misalignment errors
were included in the lattice. The introduction of errors not
taken into account in Eq. (12) deteriorates the result.
However Eq. (11) still yields a clearly better estimate.

Moreover Eq. (11) may be easily modified for taking
into account a more realistic set of errors—quadrupolar
field errors as well as sextupole transverse misalignments,
quadrupole longitudinal misalignments, and BPM longi-
tudinal displacements.

While the magnet misalignment errors can be approxi-
mated as effective quadrupolar field errors and integrated in
Eq. (12) the BPM misalignments need a different approach
as shown in the next paragraph.
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A. Effect of transverse sextupole misalignments

The magnetic field of a sextupole displaced horizontally
by Ax reads

B, =

o]

[(x + Ax)? — 2. (13)

This induces a quadrupolar field error whose strength
6K 1 is

1 OB, B
J = ——Ax. (14)

oK, = —— =
Bopoy Ox x=y=0 Bopo

This term can be used in Eq. (12) to include sextupole
offsets in A; e

B. Effect of longitudinal quadrupole misalignments

The effect of a longitudinal displacement ds of a
quadrupole magnet can be approximated by leaving the
magnet at its original position and introducing two thin
magnets at its edges to mimic the displacement, as shown in
Fig. 3. In the direction of the displacement there is an
additive element with integrated field strength 6K = k;Js
(k; being the nonintegrated quadrupole strength), whereas
an error —6K is placed at the opposite end.

C. Effect of BPM misalignments

An error, Js;, in the longitudinal position of a BPM
affects the evaluation of Eqgs. (11) and (12) which rely on
the model values of f§ and ¢ at the nominal position of the
BPM. To determine the effect we start with the definition of
the phase advance

S

bij = O (15)

We can approximate the phase error and the resulting 3 shift
at the position s; + Js; as

ds

—

N |

K, -

V7727772
I
NNNNNNNY

k'153 *k‘168

FIG. 3. The top sketch shows the displaced quadrupole (solid
gray) relative to the original position (dashed). In the bottom
sketch one can see the quadrupole at its original position with thin
magnets on both ends.

~ 1
i~ p; +—-6s, (16)
Bi
Bizﬂi+%5si = pi — 2a,0s;, (17)

up to first order in Js;. By a; we denote the « function at the
position of element i, defined as

10,

We have to rederive an equation similar to Eq. (11) by
taking into account the considerations of the preceding
sections. The steps of the derivation are elaborated in
Appendix B. The final formula up to first order reads:

cotg;;, —coteyy,

Bi(si)~ ————[f"(s:) —2a™(s;)5s].

! coteh; —cotdiy +ij, — i, l o
(19)

with

_ . #Sj)ésj_/?’mﬁési+Zwelﬂrv1v15Kw,ISin2 $J'

gij:Sgn(’_J) ’

in2 M
s ij

(20)

where 6K, | now includes quadrupolar-like errors coming

from sextupole misalignments and quadrupole longitudinal

misalignments, as described in the previous sections.
Having defined the set I as

I = [min(i, j), max(i, j)] C N, (21)

so that an element with index w € I lies between elements i
and j, Egs. (19) and (20) hold for every combination i, j, k
of the BPMs. By doing so, we do not need to distinguish
the three cases where the probed BPM is in the middle, left
or right.

All these considerations can be put into Eq. (19) and
used to get a more accurate f function. To verify the validity
of Eq. (19), its horizontal S-functions are compared to the
ones simulated by MADX along with the ones inferred
from Eq. (1), this time including sextupole radial offsets
and BPMs longitudinal shifts.

The result is shown in Fig. 4. The accuracy is now as
good as the one of Eq. (11) when only quadrupolar field
errors were introduced in the lattice, which in turn is much
greater than the old formula, Eq. (1).
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[ Equation (1), rms = 0.211 %, p-t-p = 2.035%
, [ Equation (19), rms = 0.007 %, p-t-p = 0.096 %
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FIG. 4. Accuracy of the horizontal S-function evaluated via
Eq. (1) and (19) with the effect of magnets and BPM misalign-
ments taken into account. The accuracy of Eq. (19) is similar to
the one of Eq. (11) with quadrupolar field errors only (Fig. 2).

III. THE ANALYTICAL N-BPM METHOD

A. Calculation of the correlation matrix
The Jacobian T of Eq. (7) can be split into blocks

T = (T’TXT?), (22)
for the uncertainties of phase T?, quadrupole field TX and
BPM misalignment T*. T? is the same of Eq. (8). For the
quadrupolar field errors we get

15) .
Tﬁ(si) — ﬁl(sl)
K1, |sx—0
M (s;) (s Sin2¢m<
— T p (m)ﬁ (i)m < . ﬁjl,Aij/(’l)
cotgbijl—cotgbik, sin“¢;;,
sin?gp™
19}
with
1 if i<i<j
A,-j(/l): -1 if j<i<i. (24)
0 else

The contribution from the BPM misalignment is calculated
analogously:

OP(si
Tf/l(s,-): ﬁalij)

65=0

==2a"(s;)5;
sgn(i—ji) ( B™(si) oJ i\ sen(i—=k)) / p™(s;) ok .
Siﬂ2¢?}: (/3'"(‘?,'1)6/11_53)_ sin2¢;211 (méﬂl_‘%ﬂ

cotgy; —cotgy

(25)

In Egs. (23) and (25) the minus and plus signs refer to the
horizontal and vertical case, respectively.

B. Removal of bad BPM combinations

Since a phase advance ¢;; ~ nz results in an enhance-
ment of phase measurement errors and in the extreme case
numerically unstable values, a filtering was introduced.
Instead of keeping a constant number of combinations as in
[4] we set a threshold for bad phase advances. A phase
advance A¢ is considered bad if A¢p € [nx — 8, nm + 8| for
n €N and a given threshold 6. If any of the four phase
advances @;;,, pir,. P, - i in Eq. (2) is bad, the corre-
sponding BPM combination is disregarded in the calcu-
lation of the weighted mean. This allows us to still use
several combinations but skipping those which are numeri-
cally unstable. The current value for the threshold is
8 = 27 x 1072, The use of fewer combinations results in
a lower computation time.

To test the analytical N-BPM method and compare it to
the original 3-BPM and the Monte Carlo N-BPM method, a
large set of LHC lattices with * = 40 cm with randomly
distributed errors is generated and a measurement is
simulated by tracking a single particle via polymorphic

1051 I 3-BPM error bar [ 3-BPM accuracy spread
§ 851 I N-BPM error bar I N-BPM accuracy spread
E 6.51 Il A. N-BPM error bar I A. N-BPM accuracy spread
4.5
2.5 m— L
207 T
< 1.5
= 1.0
o I
0.5 1
0.0-
Arc IR
0.61  Arc 1 3-BPM
04 [ N-BPM
’ 1 A.N-BPM
=02
3
N
=}
g 0.61 IR [ 3-BPM
= 04 1 N-BPM
5 C— A.N-BPM
©02
—4.5 -3.0 -1.5 0.0 1.5 3.0 45
deviation of measured f [%]
FIG. 5. Comparison of the 3-BPM method, the original

N-BPM method and the analytical N-BPM method (denoted
as A.N-BPM) for the nominal LHC lattice at collision, with
p* =40 cm. Bottom: histogram of the difference to the real
p-function in percent. Top: the average of the error bars and
the accuracy spread (width of a standard distribution fit to the
distribution in the bottom plot) in percent. The analytical N-BPM
method has the best accuracy both in the arcs and in the IRs. Data
have been cleaned of outliers.
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tracking code (PTC) [11]. The random errors are created
from Table I and a Gaussian noise of o, = 0.1 mm is
applied to the BPM signal. No singular value decompo-
sition cleaning is applied since it would clean the artificial
noise too efficiently [5]. The excitation amplitude is
0.8 mm at a g function of about 120 m. The tracked
particle positions are then analyzed by the three methods
(3-BPM, N-BPM, and analytical N-BPM) and the respec-
tive deviation from the real horizontal f§ function is shown
in the bottom plot of Fig. 5. The analytical N-BPM method
includes the filtering of phase advances. Especially in the
IR, where neighbouring BPMs have often unsuitable phase
advances, the N-BPM and analytical N-BPM method yield
more accurate values.

The top diagram of Fig. 5 shows that the error of the
3-BPM method is considerable larger, whereas the N-BPM
and analytical N-BPM method are very accurate with
similar accuracies in the IR and arcs.

C. HL-LHC

The ATS optics [12] is the baseline choice for the
HL-LHC and our optics measurement tools have to be
prepared for the challenges imposed by such an optics. In
Fig. 6 the three methods are compared in the same way as in
Fig. 5. The excitation amplitude was 0.8 mm at a # function

14.01 I 3-BPM error bar [0 3-BPM accuracy spread
5 115 I N-BPM error bar [ N-BPM accuracy spread
. Z(S) Il A. N-BPM error bar I A. N-BPM accuracy spread
4-0_‘, ] — . | 4
157 T
¥ 1.0
©0s
0.0+
Arc IR
061 Arc 1 3-BPM
04 [ N-BPM
[ A N-BPM
=0.2
51
N
E
5061 IR [ 3-BPM
= 1 N-BPM
Ehe C—1 A.N-BPM
©02
—4.5 -3.0 -1.5 0.0 1.5 3.0 4.5

deviation of measured 8 [%]

FIG. 6. Same comparison of Fig. 5 between the three methods
for the HL-LHC p* = 15 cm ATS optics. The analytical N-BPM
method yields clearly better results, both in the IRs and in the
arcs. Compared to the f* = 40 cm optics shown in Fig. 5, the f
function reconstruction is less accurate: This was also demon-
strated for the f* = 20 cm optics in [4].

of 127 m. For the current HL-LHC collision optics
(f* =15 cm) the performance of N-BPM and analytical
N-BPM method is again better than the 3-BPM method,
especially in the IRs. All three methods are, however, about
a factor two more inaccurate than for the f* = 40 cm optics
of LHC, in agreement with Fig. 7 of [4].

In the post-processing of the data taken during the LHC
Machine Development measurement (MD) [13] for testing
the ATS principle with a f* = 10 cm optics, the analytical
N-BPM method was used for the first time with filtering
of bad phase advances. Figure 7 demonstrates that the
analytical N-BPM method deals well with the ATS MD
optics. Monte Carlo simulations were not possible for this
optics.

Figure 8 shows the precision of the final results for the
p* =10 cm optics of both beams compared to the simu-
lations of the HL-LHC lattice with #* = 15 cm. To ease the
comparison the error bars are shown in the bottom plot.
They are slightly larger for the real measurement than those
in simulations. We believe that the use of lower beam
excitation to ensure machine protection is behind these
larger error bars. Figure 7 shows also that the 3-BPM
method has many outliers and error bars up to several
kilometers caused by bad phase advances. Large error bars
have been excluded for the mean shown in Fig. 8.

The Monte Carlo simulations failed for low #* optics and
so we were not able to use the original N-BPM method
during ATS MDs. This is another advantage of the

¢ ¢ 3-BPM, rms = 436.950

1000 : v - . ‘
— 500 |- 4 E
S
=)
~
Y
< 500t 1 1
—1000 I I I i It
0 5000 10000 15000 20000 25000
s [m]
¢ ¢ N-BPM, rms = 6.556
40 [ T \O T ]
X
=)
~
o
<

| | |
15000 20000 25000

s [m]

|
10000

|
0 5000

FIG. 7. Horizontal § beating of beam 1 at #* = 10 cm during
the ATS MD 2016. Top: 3-BPM method. Bottom: analytical
N-BPM method. The 3-BPM method suffers from bad phase
advances and has many outliers. The regions of high f beating at
around 8000 m and 23000 m lie in the telescopic arcs.
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(758 i [ analytical N-BPM, mean = 4.3% |]
€ 50 3 3BPM, mean = 17.4%

LHCB1 horizontal

0 5 10 15 20 25 30
size of errorbars [%]

120 . : : : :
100} [ analytical N-BPM, mean = 3.3% |4

2 80p [ 3BPM, mean = 14.6%

2 601 1

O 40t LHCB2 horizontal -

20+
0 | " - — -~y
0 5 10 15 20 25 30
size of errorbars [%]
S 16 I 3-BPM
= " BN N-BPM
3 N A N-BPM
o
o S
3
o 4r
1S
ATS LHCB1 ATS LHCB2 HLLHC Simulations
p* = 10cm 5% = 10cm [* = 15cm
FIG. 8. A comparison of the error bars of the f* = 10 cm optics

of the October 2016 MD. Top: histogram of the error bars of
beam 1. Center: histogram of the error bars of beam 2. Bottom:
mean of the size the error bars. The mean of the analytical
N-BPM method is a factor 4 more accurate than the 3 BPM
method. The third set of values shows the mean of the error bars
of the simulations as shown in Fig. 6 but for the whole ring.

analytical N-BPM method that it is able to evaluate the
systematic errors independently of the success of particle
tracking.

IV. CONCLUSION

A new method for the measurement of f and «
functions has been developed based on the existing
N-BPM method. A fully analytical calculation of the
covariance matrix provides a faster and more accurate
measurement of # and a functions. The analytical N-BPM
method also avoids the complications from failing to find
closed optics that occur in the Monte Carlo simulations
needed by the existing N-BPM method. This stability
with respect to the choice of optics model makes it more
suitable for low f* optics. Simulations show that, together
with a filtering of BPM combinations according to the
phase advances, the method is optimal for the HL-LHC
upgrade.
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APPENDIX A: LEAST-SQUARES ESTIMATION

We search for the weights g; of Egs. (3)—(4) through a
least-squares optimization. We can rewrite the weighted

mean, f, as system of linear equations

f=Bi+e=f+¢
/i ﬂT q
f= ) B=1]: r= :
B pr On
€ j
= | B=|:] (A1)
€, B

where ¢; is the error of measurement f3;, i.e. the difference
to the weighted mean. §; are the weights and n is the
number of measured S values. We seek a set of weights g;
for which the squared errors in Eq. (A1) are minimal. Since
the different f5; are correlated and have a covariance matrix
Cov[f] # diag(s?. ....52) we have to apply the theory of
generalized least-squares estimation [14].

The covariance matrix of a set of random variables w; is
defined as

Cov[a] = E[(& - Ela)]) (@) - E[@])"]

where E @] is the expected value of the random variables @.
Equation (A2) can be expressed component-wise:

(COV[W])” = E[a’iwj] - E[wi]E[wj]~

(A3)

1. Error propagation

We have a set of unperturbed phase measurements {1, ...,
¢,} and nonobservable parameters {K, . ..., K|, 51, ...,
Sy» X1, ...x,} with corresponding errors Ag,, AK| 4, As,,
Ax,. We collect all parameters into a vector
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¢ Ad

G=| 5| an=|2K (A4)
s As
by Ax

Using a Taylor expansion we can propagate the errors in
these parameters

BiQ) = Bi(Sy) + OPi(Q) AL,
+ DB () AQAQ; + O(AQY),  (A5)

where the Einstein summation convention is used and

the derivatives are with respect to Q;: 9'f; = %. In the

following we omit the argument (ﬁo) for the $ function and
its derivatives at the unperturbed position €,. For the

calculation of the covariance matrix, we truncate Eq. (A5)
|

to second order and derive the two summands of Eq. (A2)
separately.

E[B(Q)] ~ Ef; + 0 iAQ; + 00 fAQAQ))
=1+ O'BE[AQ)] + 0'0/BE[AQAQ;].  (A6)

We assume that there are no systematic errors in the
measurement instruments and so E[AQ;] =0 and the
middle term vanishes. We can conclude

E[B(Q)E[B(D)]
R Pibn + (B0 P + 00 B)EIAQAQ)]. (A7)

where terms proportional to the square of the variance go
into the remainder O(AQ?).
To calculate the term E[f;f,,] more steps are needed:

EB(B)p(D)] = EI(B) + DA, + T OJAQAR) (B, + I P AQ,; + D0, AQAQ))]
~ E[ﬁlﬁm + (ﬂlaiﬁm +ﬂmaiﬁ1)AQi + aiﬂlajﬁmAQiAQj + (ﬁlﬁiajﬂm + ﬁmalajﬁl)A'Q‘lAQ/]

= PiPm + 0'P10' B E[AQAQ;] + (B,0'0' B, + f,,0'0')) E[AQ;AQ].

Finally, subtracting Eq. (A7) from Eq. (A8), we obtain

(Cov[f]);, = aiﬁlajﬂmE[AQiAQj] = 8iﬁlajﬂmCOV[A_Q]ij'

(A9)

In the last step we made again the assumption E(AQ;) = 0,
implying

Cov[AQ)],; = E[AQE[AQ;] - E[AQ,AQ)] = E[AQ,AQ].

(A10)
In matrix notation Eq. (A9) reads
Cov[f] = T Cov[AQ|T”, (A11)
where
op;
T, =—. Al2

If the parameters Q are uncorrelated, the covariance matrix
of AQ simplifies to

(Cov[AQ]),; =0 if i# j, (A13)

(A8)
(Cov[AQ)]); = o2, (A14)
= E[AQ,AQ)] = E[AQIE[AQ] if i#j,  (Al5)
and Eq. (A9) reads
(CoV[B))y, = DB BLEIAQ}] = D p0'B 07, (AL6)
with the variance being defined by
o? = E[AQ?]. (A17)

2. The generalized least-squares estimator

After computing the covariance matrix of f, we can
calculate the generalized least-squares estimator by solving
the translated system

X-1f=X"'By+ X~& (A18)

where the translation X is such that X”X = V = Cov][/].
The least-squares estimation searches for a minimum of

IX~'(5-B7)I° = (- B7) V' (- B7). (Al19)

We solve Eq. (A19) in the index notation:
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ai > (ﬂi - Zﬂz!ﬁ) vy (ﬁ_,- - Zﬂm)
Ik 75 7 p
=2) AV <ﬁ, - Zﬂmgm) =0
i.j m
= D Vil = 2 Vi P
- .

Z _lﬂ
= g, = T
m Zl] lj

where we renamed the summation index in the numerator
to highlight a solution of the system:

i 1m

Z 1ﬁm

z/ 1/

(A20)

v
a(v) = SV (A2)
Zj,kvjk
The uncertainty of the weighted average is then
A(X~f) = §TVj= Zg, ygi (A22)

APPENDIX B: § FUNCTION FROM PHASE WITH
QUADRUPOLE AND MISALIGNMENT ERRORS

In this Appendix we briefly present the derivation of
Egs. (19) and (20). It is basically a repetition of Appendix A
of [7] without the constraint s; < s; < s; and with BPM
longitudinal misalignments from Egs. (16) and (17)
included. The derivation is based on the resonance driving
terms (RDTSs) formalism of [15] and references therein. As
in [7] it is assumed that coupling RDTs are negligible, tune
lines from nonlinear RDTs are small and Hamiltonian
octupolar-like terms can be neglected. The important RDTs
and Hamiltonian terms for the derivations are

S BRoK,e P
8(1 47an)

Sa000, = + O(6K?)

|
hi100 = —ZZﬁ$5Kw,1 + O(5K7), (B1)

for the horizontal plane. It is understood that in the above
equations the f function and phase are the horizontal ones.
For the vertical plane the RDT f(,g ; and the Hamiltonian
term /17 shall be used while both terms have the opposite
sign. For the sake of brevity the vertical plane will not be
regarded in this derivation. The sums run over all W
quadrupole errors (including misalignments that act as
quadrupolar field errors).

The indices jkim of the RDTs f i, ; will be suppressed
in the following discussion. Under the assumptions of
Eq. (16), the RDT f; = f1000; behaves as follows

fj = fj|5s=0 + 0(5K55)' <B2)

Subtracting two Hamiltonian terms i and j yields

hi100.ij = hllO()j — hi100,i
—_= Z Bo.OK,1 + O(6KY) if 5, <,
l<W<j
(B3)
and
hllOO ij =+ Z ﬂxwéle+0(5K2) lfS <. (B4)

]<W<l

We can use the ratio of the components m;; and m, of the
transport matrix M(s;, s;) (see [2], chapter 2) to calculate
the f function:

my

! (cotqb,] + ;).

mps ﬁl (BS)

From [7] the  and a functions and the phase advance are
calculated as:

B; =1 +8Z[f;]) + O(6K?).
bij = ¢ — 2hi; +4R[f; - fi] + O(5K?),

with h;; = hyjg9,;; from Egs. (B3) and (B4). Introducing the
BPM misalignments as described in Egs. (16), (17) changes
the equations above to:

B~ (ﬁj“ - 2aj?16sj)(1 + 8Z[f]).

bij ~ @ = 2h;; +AR[f; — fi] +

més,,

1
— 55 —
/)’}“’ﬂ

up to first order in Js;. f; can be expressed in terms of f;, as
developed in [16-18]

~

f] — hl —2l¢]n +f eZZ( m

~ 1 .
with ;= sgn(i = j) £ > _pRoK,..e .

wel

(B8)

Thus, we can eliminate the f; dependence in the second line
of Eq. (B7)

RIf; = fi] = Rlhye" "] + RIf ] (~2sin 7))

— Z[f ]2 sin ¢} cos ¢} (B9)

Before putting everything into Eq. (B5), we have to expand
cot ¢i j

111002-9



WEGSCHEIDER, LANGNER, TOMAS, and FRANCHI

PHYS. REV. ACCEL. BEAMS 20, 111002 (2017)

2h;; —4R[f; - fi] —%,/_nésj + 7 05,
sin*gplh ’
2,’1” — 4R[ﬁ”ezl¢;n]
sin*gpfl
m LS5 — L ds;
cos iy pmOSj T pmOSi
+ 8R[f] + 8Z[fi] = n{—ﬁ’ . zﬁm
sin ¢} sin“¢;’

= cotgfi(1 + 8Z[fi]) + g;; + 8R[f ]

cotg;; ~ cot @y} +

= cot¢jj +

(B10)
with

2hy; — AR [y ) = k35 + s,
J 1

gUE (Bll)

2 pm

sin“¢};

m

We can still simplify 2h;; — 4R[ﬁ,-jezi¢f] a bit:

2]’1” — 472[]:\!1]62”/);"]
=sgn(i— /)Y _BuoK, [l - R[]

wel

= sgn(i— /)Y _BuoK,1[1 - cos(2¢m,)]

wel

B T
= Sgn(l_.])EZﬁwéKw,lsulz( wj)'

wel

(B12)

Now instead of /; ;in Eq. (12) we have the terms g;; defined
as follows:

ﬁ%ﬁgj - 1#55‘!' + Sgl’l(i - j)ZWGIﬂwéKw.lSinzd)yn;j

102 4m
SUN

gij =
(B13)

Combining Egs. (B7), (B10) and the result for g;; into (B5)
yields

1
—(cotg;; + a;) =

B (cot @} + o + 7)),
l

1
A= 2alos;

1

(B14)

for the horizontal plane. We note here that for the vertical
plane g;; would have the opposite sign and f and ¢ would
of course be the vertical # function and phase.

For a fixed probed BPM i we can exchange j — k in
Eq. (B14). We can solve for f; by taking the difference of
the resulting equations:

cot ¢U — cot ¢ik

ﬂ4 e — —
" cotdt — cot R + i — Jix

(™ = 2a5s;) + O(5s?).

(B15)
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