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The image displacement instability (IDI) has been measured on the 20 MeV Axis I of the dual axis
radiographic hydrodynamic test facility and compared to theory. A 0.23 kA electron beam was accelerated
across 64 gaps in a low solenoid focusing field, and the position of the beam centroid was measured to
34.3 meters downstream from the cathode. One beam dynamics code was used to model the IDI from first
principles, while another code characterized the effects of the resistive wall instability and the beam break-
up (BBU) instability. Although the BBU instability was not found to influence the IDI, it appears that the
IDI influences the BBU. Because the BBU theory does not fully account for the dependence on beam
position for coupling to cavity transverse magnetic modes, the effect of the IDI is missing from the BBU
theory. This becomes of particular concern to users of linear induction accelerators operating in or near low
magnetic guide fields tunes.
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I. INTRODUCTION

Understanding instabilities that can cause unwanted
behavior for a beam of charged particles in an accelerator
is important for both new accelerator designs and character-
izing stable parameters of existing machines. One of these
instabilities is the image displacement instability (IDI)
which causes a displacement of the beam centroid from
the accelerator axis, effectively steering the beam [1–3].
Two conditions must be met for the instability to occur.
First, the accelerated beam is high current and/or in a low
magnetic guide field. Second, there must be a discontinuity
within the accelerator walls such as accelerating gaps.
This latter point makes the instability especially concerning
for users of linear induction accelerators (LIAs) [4–6]
and for present designers of new LIAs such as the Los
Alamos National Laboratory, the Institute of Fluid Physics
(China Academy of Engineering Physics) [7], and the
Budker Institute of Nuclear Physics (Russian Academy of
Sciences) [8].
Although previous experiments have explored the IDI

[9], it appears that the measurements presented here are the
first to decisively validate the IDI theory. Typically, users of
an LIA suppress the beam break-up (BBU) instability by
increasing the strength of the magnetic guide field, and in
doing so also suppress the IDI. However, there are times
when operating with a low magnetic guide field is desired,
making the IDI a concern. An additional result of these

measurements is that it appears the IDI amplifies the
BBU instability, as the present BBU theory predicts a
significantly slower BBU growth rate compared to these
measurements.

II. IDI THEORY

The IDI arises from an imbalance of electric and
magnetic forces resulting from electrons traveling near a
discontinuity in a conducting surface. These two competing
forces arise as a beam of electrons traveling through a
conducting beam pipe generates both image charge and
image current within the pipe walls. The image charge in
turn generates an electric field that acts to displace the beam
centroid from the axis, while the image current generates a
magnetic field that acts to restore the beam centroid to the
axis (Fig. 1).
In sections of the conducting beam pipe, these two forces

cancel to within γ−2, where γ is the Lorentz factor of the
electron beam. However, when the beam passes through a
discontinuity, such as an LIA accelerating gap, the image
charge builds up on the gap corners while the image current
must travel around the perimeter of the gap. Although the
image charge is not present in the gap, its buildup at the
gap corners causes the electric field to remain nearly
unchanged, but the more distant image current diminishes
the magnetic field responsible for holding the beam
centroid to the axis. These two opposing forces are
azimuthally symmetric only for beam centroids traveling
on axis, so a perturbation of the beam in the transverse
direction will lead to a steering effect.
By combining the Biot-Savart law with the Lorentz

force, the transverse force acting on the beam due to the
magnetic field can be written as (in Gaussian units),
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Fx ¼
2qvI
c2r

¼ 2qvIxi
c2b2

ð1Þ

where I is the beam current, q is the electron charge, v is the
axial velocity of the electrons, and b is the radius of the
beam pipe. The transverse centroid displacement of xi
results in the magnetic image current being located at
r ¼ b2=xi. It is the removal of this force that allows the
electric field to displace the centroid further off axis.
Since the change in transverse momentum is small, it is

assumed that the position of the beam centroid across the
gap remains constant. The transverse change in momentum
across a gap of width w is then,

Δpx ¼
2qwIxi
c2b2

: ð2Þ

A centroid initially offset by xi at the beginning of a gap
will have a final displacement xf at the end of the gap
which follows the matrix equation,

� xf
x0f

�
¼

�
1 0

F−1 1

��
xi
x0i

�
ð3Þ

where x0 ¼ px=pz is the angle of the beam centroid.
Combining px and pz ¼ γmðβcÞ yields,

1

F
¼ 2qwI

γβmc3b2
¼ 1

17.1½kA�
�
2wI
γβb2

�
ð4Þ

which can be thought of as an effective (negative) focal
strength, since it steers the centroid off axis. The beam
current I is in units of kilo-amperes, all lengths are in units
of centimeters, andmc3=q ¼ 17.1 kA because, in this case,
the beam is composed of electrons.
With this effective (negative) focal strength, the mini-

mum magnetic field required to suppress the IDI by a
solenoid field can be found by relating the values of the
centroid’s offset and angle (x and x0). The solenoid’s matrix
equation can be written as,

� xf
x0f

�
¼

�
cosðθÞ 2ρ sinðθÞ

− sinðθÞ=2ρ cosðθÞ

��
xi
x0i

�
ð5Þ

where, ρ ¼ mc3γβ=eB ¼ 1.7γβ=B for B in units of
kiloGauss, θ ¼ L=ð2ρÞ, and L in centimeters is the distance
between gaps.
The criteria for stable transverse motion then requires,

��� cosðθÞ þ ρ

F
sinðθÞ

��� < 1: ð6Þ

The expression inside the absolute value bars is found by
multiplying the four by four matrices from Eq. (3) and
Eq. (5) and then taking the trace of the result. With a little
manipulation and use of the trigonometric identity
½1 − cosðθÞ�= sinðθÞ ¼ tanðθ=2Þ, ρ=F < tanðθ=2Þ, which
becomes ρ=F < ðθ=2Þ for small deflection angles as is
the case in IDI. Inserting the values for ρ and 1=F and
solving for B, we find the minimum solenoid field required
to suppress the IDI is then,

B >
1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1.36Iγβw

L

r
: ð7Þ

We would like to note that Eq. (7) can also be found by
writing the equation of motion for the electron beam as a
Mathieu equation and solving for the stable solutions [10].

III. ISOLATING THE IDI

During normal operations at Axis-I of the DARHT
facility, the magnetic guide fields are set well above the
IDI suppression threshold given in Eq. (7). We refer to such
tunes as nominal tunes and an example can be seen in Fig. 9
of Ref. [11]. Magnetic fields below the IDI suppression
threshold were applied on Axis I [12] of the DARHT
facility. Axis I is a single-pulse linear induction accelerator
with 64 ferrite filled induction cells. Each cell has a gap
width w ¼ 1.91 cm and a cell to cell spacing of 43.2 cm,
while the radius of the beam pipe is 7.6 cm. For this
experiment a beam current of 0.23 kAwith a 60 ns flat-top

FIG. 1. A beamof charged particles traveling down a conducting
beam pipe generates image charge and image current. The image
charge generates an electric field with a force acting to pull the
beam away from the axis. The image current generates a magnetic
force acting to push the beam toward the axis.When the beam is off
axis, these forces are asymmetric. The IDI is responsible for
steering the beam centroid. The BBU instability is responsible for
imprinting and amplifying oscillations in the beam.
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was injected at 3.3 MeV, and each induction cell further
imparted 250 keV onto the electrons.
Each induction cell houses a direct current solenoid

which generates the magnetic fields used to guide the
electrons to the end of the accelerator. Figure 2 shows the
magnetic guide field along the axis of the accelerator.
The induction cells are grouped in sets of eight, and the areas
of low magnetic field are drift spaces. Missing from this
figure is the field from the anode magnet which is located
54 cm downstream from the cathode and focuses the beam
with 570 Gauss. The dots in Fig. 2 show the minimum
magnetic field required to suppress the IDI, as calculated
from Eq. (7). As the electrons gain energy, the field required
to suppress the instability grows, i.e. B ∝

ffiffiffiffiffi
γβ

p
.

Under these conditions, theory predicts that the IDI is
large enough to overcome the focusing effects of the
solenoids. The measured radial offset of the centroid for
the 0.23 kA beam traveling through this magnetic guide
field is presented in Fig. 3 (dots). As we can see, the
steering effect is increasing as the electrons gain energy and
the guide fields remain low.
Using two beam dynamics codes, we compare meas-

urement and theory and explore the relationship between
the IDI and the BBU instability [13–18]. The first code,
XTR [19], was designed to model the transport of electron
beams on Axis I. For the IDI measurements, XTR was
modified to include the theory presented above, but it does

not include the BBU instability. It also predicts the beam
envelope shown in Fig. 2 (right axis) and accounts for the
magnetic guide fields, gap voltages (i.e. electrostatic
lensing effects) and beam scraping. Figure 3 shows that
the results of the model (solid line) agree well with the
measured data (dots). The second code [20,21], the Linear
Accelerator Model for DARHT (LAMDA), has been
benchmarked against theory, experimental data and other
beam dynamics codes and was used to help understand
what effect the BBU and resistive wall instabilities have on
the IDI measurements.
The resistive wall instability [22–24] is similar to the IDI

in that it arises from the imbalance of forces from the image
charge and image current. Where the IDI occurs in dis-
continuities, the resistive wall instability occurs in continu-
ous parts of the accelerator and leads to an attractive force
toward the beam pipe wall. Because the magnetic field
follows a characteristic diffusion time, this instability can
lead to the additional effect of a displacement between the
head and the tail of the beam. An initial offset of 1 mm was
used in the LAMDA model, and Fig. 4(A) shows that the
final centroid displacement is less than two millimeters and
the head-to-tail displacement is even smaller. The resistive
wall instability is therefore negligible compared to the IDI.
The BBU instability, however, is more dangerous as it

can have a direct impact on the beam centroid measure-
ments. The BBU instability occurs because the beam
excites the transverse modes inside the accelerating cavities
of an LIA, which in turn imprint an rf oscillation on the
beam. Equation (1) in Ref. [25] shows that for an initial
displacement of ξ0 and an initial Lorentz factor of γ0, the
amplitudes of the BBU oscillations grow exponentially as,

ξ ¼ ξ0

ffiffiffiffiffi
γ0
γ

r
eΓ ð8Þ

where Γ ¼ 3.33 × 10−3INgZ⊥hB−1i with current I in kA,
transverse impedance Z⊥ in Ω=cm, hB−1i in kG−1 with the
brackets indicating an average and Ng ¼ 64 gaps. The
growth rates for nominal accelerator operation and for that
of the IDI measurements are presented in Fig. 4(B).

FIG. 2. Left Axis—The axial magnetic field of the Axis I solenoids (solid line) and the magnetic field needed to suppress the IDI as
calculated by Eq. (7) (dots). Right Axis—The radius of the electron beam (dashed line).

FIG. 3. Measured radial offset on Axis I (dots), and modeled
IDI relying on the theory presented in Ref. [2] for an initial offset
of 0.045 cm (solid line). The accuracy of the measurements is
within 200 μm.
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The dip in Figs. 4(A) and 4(B) indicate that the BBU and
resistive wall instabilities are suppressed by the magnetic
fields early in the accelerator. In comparison with the low
field tune, the nominal tune in Fig. 4(B) shows a much
more rapid suppression of the BBU instability early in the
accelerator along with oscillations on the curve. This more
rapid suppression and oscillations are due to the much
stronger focusing by the magnetic fields of the nominal
tune. However, as the electron beam travels downstream,
grows and, if large enough, leads to beam scraping and
charge loss at the beam pipe walls. A charge loss to one side
would then shift the centroid position and influence the IDI
measurements. To be sure that the BBU growth was not
shifting the beam centroid, we turn to the beam current
measurements presented in Fig. 5A. The loss of charge
begins around 34.3 meters. Since this is the point at which
we stop the IDI measurements, we conclude that the BBU
did not affect the measurements and the centroid displace-
ment is a result of the IDI.

IV. AMPLIFICATION OF BBU

The loss of charge to the beam pipe wall at the end of the
accelerator is a surprise. The raw data for the low magnetic
guide field case presented in Fig. 5(B) shows that the
erosion of the beam current occurs at the rear of the pulse,
which indicates the presence of the BBU instability at the
end of the accelerator. As shown earlier in Fig. 4, the BBU
growth rate for the low magnetic guide field was calculated
to be lower than the growth rate for the nominal guide field,
yet the measured BBU instability is present only in the low
field case. As seen in Fig. 2, the radius of the beam is about
5 mm at the end of the measurements, and from Fig. 3, the
final centroid displacement is 1.6 cm. The XTR model,
which includes the IDI but not the BBU instability, finds
that the edge of the beam is at most 2.1 cm from the axis
and well away from the 7.6 cm radius of the beam pipe
wall. If we calculate the BBU growth rate using an
initial displacement of ξ0 ¼ 1 mm in the LAMDA model
[Fig. 4(B)], which includes the BBU instability but not the

FIG. 4. LAMDA Code Calculations: (A)—The resistive wall instability and centroid displacement due to image currents and image
charges in continuous parts of the accelerator lead to a final centroid displacement of 2 mm and a relative head to tail displacement of
0.1 mm, both for an initial 1 mm centroid offset. (B)—The growth rate of the BBU instability for the IDI tune is lower than that of the
nominal tune of Axis I.

FIG. 5. (A) Beam current measurements along the length of the accelerator for nominal (dots) and low (solid line) magnetic guide
fields. (B) Raw data from the nominal (dots) and low (solid line) magnetic guide field cases shows erosion of the beam current from the
rear of the low field pulse which is indicative of the BBU instability.
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IDI, then the beam is at most 2.8 cm from the axis.
The computer models predict that the BBU instability
should not be severe enough to cause loss of beam current
to the beam pipe wall, even at the end of the accelerator.
The measurements in Figs. 5(A) and 5(B), however, show
that beam current is lost at the end of the accelerator, and
the computer models underestimated the severity of the
BBU instability.
We consider two reasons why the present BBU theory

did not predict the measured BBU growth. First, consider
Eq. (8). The only displacement in the model is accounted
for by the prefactor ξ0. The displacement during the
experiment, however, is growing due to the IDI. Second,
the transverse resonant magnetic field responsible for the
BBU instability is proportional to J1, the first order Bessel
function, which is zero on axis and increases with radius.
However, the BBU theory considers only a volume average
[13], and LAMDA does not account for the dependence of
the coupling field on beam position. Because of this, it
seems reasonable to consider that the IDI is amplifying the
BBU through the increasing displacement and that our
present computer models may need revision to accurately
predict BBU growth for off-axis beams.

V. CONCLUSION

The beam centroid measurements made on Axis I appear
to be the first of their kind and compare well with analytical
theory and computational analysis for the IDI. Analysis
shows that the resistive wall and BBU instabilities were not
significant enough to affect these measurements, and that
the IDI was the driving force behind the beam steering.
These measurements support the theory behind Eq. (7),
which determines the minimum magnetic field needed to
stabilize the IDI.
Furthermore, it appears that the BBU instability is

amplified by the IDI. This reinforces the practice of using
LIA tunes with magnetic fields purposely set high enough
to stabilize the IDI. Experiments are being developed for
Axis I to validate the stability threshold, and to further
explore how the BBU is affected by the IDI.
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