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An accurate calculation of the synchrotron radiation flux within the vacuum chamber of an accelerator is
needed for a number of applications. These include simulations of electron cloud effects and the design of
radiation masking systems. To properly simulate the synchrotron radiation, it is important to include the
scattering of the radiation at the vacuum chamber walls. To this end, a program called Synrad3D has been
developed which simulates the production and propagation of synchrotron radiation using a collection of
photons. Photons generated by a charged particle beam are tracked from birth until they strike the vacuum
chamber wall where the photon is either absorbed or scattered. Both specular and diffuse scattering is
simulated. If a photon is scattered, it is further tracked through multiple encounters with the wall until it is
finally absorbed. This paper describes the Synrad3D program, with a focus on the details of its scattering
model, and presents some examples of the program’s use.
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I. INTRODUCTION

Calculation of the synchrotron radiation flux within an
accelerator vacuum chamber is important for a number of
applications. For example, the electron cloud effect [1–6]
has been a major performance-limiting issue for many
accelerators in the past, and will need to be mitigated in
future accelerators. In lepton accelerators and very-high-
energy hadron accelerators, the cloud is seeded by photo-
electrons, which are generated by synchrotron radiation.
Understanding the evolution of the electron cloud and its
effect on the beam requires a detailed understanding of
where the photoelectrons are created. This is true since
electrons will tend to follow the local magnetic field lines.
Thus an electron produced at the top or bottom of the
vacuum chamber in a bend with a vertical magnetic field
will behave quite differently than an electron produced
horizontally to the side. Since photoelectrons are created
where photons of the requisite energy are absorbed, the
photon absorption distribution has a profound effect on the
electron cloud.
Simulation of synchrotron radiation is also needed in the

design of radiation masking systems [7] to protect sensitive
areas of the machine from the radiation flux. Additionally,
vacuum pumping of exposed chamber surfaces is affected by
the distribution of synchrotron radiation.
To properly simulate the effects of synchrotron radiation,

it is important to include the scattering of the radiation at the

vacuum chamber walls. Areas that do not have any direct
radiation shining on them may still see a significant flux due
to scattering. To this end, a program called Synrad3D [8] has
been developed which simulates synchrotron radiation by
tracking photons generated by a charged particle beam from
birth through scattering—both specular and diffuse—in
multiple wall encounters, to eventual absorption.
In Sec. II and Sec. III below, this paper describes the

Synrad3D program and its scattering model. In Sec. IV, the
results of benchmarking the model against data are pre-
sented. Several examples of Synrad3D photon production,
transport and absorption simulations, in which diffuse
scattering is included in the simulation, are given in
Sec. V. After the summary in Sec. VI, a detailed discussion
of the derivation of the scattering model equations, and how
they are used in Synrad3D, is presented in the Appendix.

II. SYNRAD3D

As part of the research for the CesrTA test accelerator [9],
the Synrad3D [8,10] program has been developed to track
synchrotron radiation photons generated in storage rings
and linacs. Synrad3D is based upon the Bmad software library
[11]. Bmad is a toolkit for the simulation of charged particle
as well as X-ray beams. Associated with Bmad are a number
of programs used for lattice design and analysis, intrabeam
scattering calculations, spin tracking, etc. Synrad3D, as well
as Bmad, is open source and can be downloaded from the
web as part of the Bmad distribution package [12].
The motivation for developing Synrad3D was to estimate

the energy and position distribution of photons absorbed
on the vacuum chamber walls, which are critical inputs to
codes which model the growth of electron clouds. Synrad3D
includes both specular and diffuse scattering from the
walls. For the scattering calculation, Synrad3D takes as input
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the specular photon reflection probability as a function of
angle and photon energy for a smooth surface. Using this,
along with input values for the rms surface roughness and
transverse correlation length, Synrad3D calculates the diffuse
and specular scattering probabilities for the rough surface
using an analytical model derived from Beckmann [13,14].
The smooth-surface photon reflectivity which Synrad3D

uses as the basis for the scattering calculation is dependent
upon the material properties of the surface. Different
smooth-surface reflectivities can be assigned to different
parts of the vacuum chamber. If not specified by the user,
the default smooth-surface reflectivity model used is that
for an aluminum chamber with a 10 nm carbon film on the
surface. This smooth-surface reflectivity model is illus-
trated in Fig. 1. The data for this model was obtained from a
Lawrence Berkeley National Laboratory (LBNL) x-ray
scattering database [15].

Synrad3D can handle machines where the geometry is not
planar and can handle intersecting beam lines. For example,
Synrad3D can handle the geometry created by x-ray beam
lines connected to a storage ring. Additionally, Synrad3D can
handle a wide variety of vacuum chamber profiles.
The vacuum chamber wall is defined in Synrad3D by the

union of a number of “subchambers” as shown in Fig. 2. A
photon is considered within the vacuum chamber if, and
only if, it is inside at least one of the subchambers. Each
subchamber is defined by a number of cross sections, as
shown in Fig. 3, and each cross section is defined by a
number of vertices. A straight line or the arc of an ellipse
can be used to connect the vertices. The one restriction on

subchamber construction is that the volume between
adjacent cross sections should be convex. By imposing
this restriction, Synrad3D can efficiently track photons.

Synrad3D uses Monte Carlo techniques to generate simu-
lated photons based on the standard synchrotron radiation
formulas for charged beam particles traversing dipoles,
quadrupoles and wigglers, in the lattice of an accelerator.
Photons are generated with respect to the particle beam’s

actual orbit (which may differ from the zero orbit), so the
effect of variations in the orbit can be studied. The particle
beam size is also taken into account when generating the
photon starting positions. The emittance needed to calculate
the beam size can be supplied by the user or is calculated
from the standard synchrotron radiation formulas.

III. SCATTERING MODEL

Generally, the probability of specular reflection of a
photon from a rough surface depends on the rms surface
roughness σ, the photon wavelength λ, the incident and
scattering angles, and the atomic properties of the surface.
An explicit formula for this probability is (see Beckmann
[13], or Eq. (A78) in the Appendix)

Pspec ¼ Re−g; ð1Þ
in which

g ¼ 4π2σ2ðxþ yÞ2
λ2

ð2Þ

x is the cosine of the incident polar angle, and y is the
cosine of the scattered polar angle. The atomic properties of
the surface are reflected in the smooth-surface photon
reflectivity R.
For a typical technical vacuum chamber surface, the rms

surface roughness σ ∼ 200 nm is greater than most of the
x-ray wavelengths of interest. In this regime, except at very
small grazing angles, diffuse scattering from the surface
dominates over specular reflection. This is illustrated in
Fig. 4, which is based on Eq. (1), but with R ¼ 1.
The theory of diffuse scattering of electromagnetic

waves from random rough surfaces is a well-developed
subject, and is covered in detail in Beckmann [13] and
Ogilvy [14]. The approach is based on Kirchhoff (scalar)
diffraction theory; this approach has been used successfully

0 200 400 600 800 1000 1200 1400
0.0

0.2

0.4

0.6

0.8

1.0

1
2
3
4
5
6
7

10
15
20
30
45
60
75
90

Incident grazing
angle (deg)

Photon Energy (eV)

R
efl

ec
tiv

it
y

FIG. 1. Smooth surface photon reflectivity R for a 10 nm C film
on Al substrate [15].

FIG. 2. The vacuum chamber is the union of a number
of subchambers. This figure illustrates this showing two
subchambers—one colored green and the other colored red.
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FIG. 3. A subchamber is defined by a number of cross-sectional
slices. (A) A subchamber (red) and two cross-sectional slices
(blue). (B) A given cross section is defined by a number of vertices.
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to describe the scattering of soft x-rays from metal surfaces
[16,17]. In Synrad3D, we assume a Gaussian form for both
the surface height distribution (rms σ) and for the transverse
autocorrelation (the same in both transverse directions, with
autocorrelation coefficient T).
The most general expression for the diffusely scattered

power involves an infinite sum [see Eq. (A97)]. This full
expression is used in Synrad3D. However, the expression
simplifies substantially in the limit g ≫ 1. This condition is
satisfied (except for very small grazing angles) for rough
surfaces, corresponding to technical vacuum chambers, and
for high energy photons, for which typically σ ≫ λ. In this
limit, the average diffusely scattered power per unit solid
angle is given by [see Eq. (A111)]

�
dP2

dΩ2

�
¼ P0

Rτ2

4πy
ð1þ xy − hζÞ2

ðxþ yÞ4 e
−τ2ð2−x2−y2−2hζÞ

4ðxþyÞ2 ; ð3Þ

in which

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

q
ð4Þ

ζ ¼ cosϕ: ð5Þ

In this expression, P0 is the incident power, R is the
smooth-surface photon reflectivity, and ϕ is the scattering
angle out of the plane of incidence. Note that the scattered
power depends on the ratio τ ¼ T=σ, and not on T or σ
separately, and, in the g ≫ 1 limit, the distribution is
independent of photon wavelength.
The smooth-surface photon reflectivity R depends on the

atomic structure of the surface materials (including any thin
layers which may be deposited on the surface). The surface
roughness parameters σ and T depend on the geometry of
the surface deviations from a perfect plane. These param-
eters may be determined from inspection of the vacuum
chamber surface, for example, using an atomic force
microscope.
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FIG. 4. Specular reflection probability [13], vs. photon energy
and angle, for an rms surface roughness of σ ¼ 200 nm. The
curves have been calculated from Eq. (1) with R ¼ 1.
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FIG. 5. Diffuse scattering polar angular distributions for 30 eV
photons, σ ¼ 200 nm and T ¼ 5500 nm. The full diffuse scatter-
ing expression [Eq. (A97)] has been used to calculate these
curves.
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FIG. 6. Diffuse scattering out-of-plane angular distributions for
30 eV photons, σ ¼ 200 nm and T ¼ 5500 nm. The full diffuse
scattering expression [Eq. (A97)] has been used to calculate these
curves.
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FIG. 7. Diffuse scattering polar angular distributions for high
energy photons, σ ¼ 200 nm and T ¼ 5500 nm. The curves are
calculated from the approximate relation given in Eq. (3). In this
case, high-energy photons correspond to λ ≪ σ, i.e., E ≫ 6 eV.

SIMULATING SYNCHROTRON RADIATION IN … PHYS. REV. ACCEL. BEAMS 20, 020708 (2017)

020708-3



For σ ¼ 200 nm and T ¼ 5500 nm, which are the
default values used by Synrad3D, diffuse scattering distribu-
tions for 30 eV photons are shown in Fig. 5 and Fig. 6. At
this low photon energy, the approximation g ≫ 1 does not
hold in general, and the full diffuse scattering formalism
[Eq. (A97)] is used to compute these distributions. Diffuse
scattering distributions for high energy photons, for which
g ≫ 1 are shown in Fig. 7 and Fig. 8. These distributions
have been computed from Eq. (3).

IV. BENCHMARKING

A. DAΦNE benchmarking

To benchmark the scattering model for a typical vacuum
chamber surface, we have relied on measurements [18] of
x-ray scattering from an aluminum vacuum chamber sur-
face made at DAΦNE. For these measurements, the rms
surface roughness of the sample was reported to be 200 nm.

The theory of diffuse scattering discussed above has
been used, together with smooth surface reflectivity results
taken from an x-ray database [15], to predict the scattering
and compare with the measurements. From these compar-
isons, the best-fit value for the transverse autocorrelation
parameter, T, was found to be 5500 nm. As discussed by
Dugan and Sagan [19], it was found that the smooth-
surface reflectivity corresponding to a 10 nm carbon film
on an aluminum substrate was needed to fit the data
[The presence of a carbon (or carbon monoxide) film on
technical vacuum chamber surfaces is a well-known phe-
nomenon]. The assumption of an aluminum oxide surface
film was not consistent with the data. The data and the
corresponding fits are shown in Fig. 9,10, and 11.

B. Benchmarking with other x-ray
scattering measurements

Additional comparisons of this theory with measure-
ments have been reported in [20]. In that paper, the general
outline of the theory is given, but the paper lacks a detailed
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FIG. 8. Diffuse scattering out-of-plane angular distributions
for high energy photons, σ ¼ 200 nm and T ¼ 5500 nm. The
curves are calculated from the approximate relation given in
Eq. (3). In this case, high-energy photons correspond to λ ≪ σ,
i.e., E ≫ 6 eV.
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FIG. 9. Comparison of data [18] and model for diffuse
scattering at 5° from a rough (σ ¼ 200 nm) surface layer on
an aluminum substrate.
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FIG. 10. Comparison of data [18] and model for diffuse
scattering at 45° from a rough (σ ¼ 200 nm) surface layer on
an aluminum substrate.
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FIG. 11. Comparison of data [18] and model for diffuse
scattering at 85° from a rough (σ ¼ 200 nm) surface layer on
an aluminum substrate.
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description of the derivation of the theory, including the
underlying assumptions, which is presented in the
Appendix here.
In Sec. III of [20], direct measurements of the surface

roughness parameters σ and T of two samples of (alumi-
num) technical accelerator vacuum chamber surfaces were
reported. These measurements support the assumptions in
the scattering model that the rms surface roughness and the
correlation length are the same in both transverse dimen-
sions [see Eq. (A54) and Eq. (A60)]. They also support the
use of a Gaussian form for the autocorrelation function.
The measurements, which were done using an atomic

force microscope, yielded an average value for the rms
surface roughness σ ∼ 100 nm. This value was found to be
roughly the same in both transverse directions and for both
samples, with a variance around 10%–25%. The observed
autocorrelation function was much closer in form to a
Gaussian than an exponential (see Fig. 13 in [20]). The
fitted autocorrelation coefficient itself varied widely (from
about 3000 nm to about 17000 nm) between the samples
and between transverse directions, but the measurement
variance was so large (25%–65%) that the results were
statistically consistent with no variation with transverse
direction. (see Table I in [20]).

V. PHOTON PRODUCTION, TRANSPORT, AND
ABSORPTION SIMULATION EXAMPLES

A. Photon emission in a single dipole

As an example simulation, we consider the CesrTA ring
with a 5.3 GeV positron beam. The vacuum chamber is a
simple ellipse 9 cm horizontally by 5 cm vertically.
Figure 12 illustrates the three-dimensional nature of the
simulation. In this case, photon generation is restricted to
the upstream end of the first dipole on the right in Fig. 12.
Photons generated by the beam propagate downstream and
strike the vacuum chamber. Some are absorbed here, but

most scatter and strike the vacuum chamber further down-
stream. More are absorbed here, but many others scatter
again. Blue dots represent absorption sites. For this simple
example, in which the photon source is localized longitu-
dinally, the absorption site locations tend to be clumped in
several clusters (at the location of downstream dipoles),
with decreasing intensity as we get further from the source.

B. Photon emission throughout the ring,
realistic vacuum chamber

As a second example, photon emission throughout the
CesrTA ring from a 2.1 GeV positron beam was simulated
with a realistic vacuum chamber profile as shown in
Fig. 13. Four different scattering conditions were consid-
ered: (a) all specular scattering; (b) specular and diffuse
scattering from a polished surface (σ ¼ 4 nm, with
T ¼ 200 nm); specular and diffuse scattering from two
different rough surfaces: (c) σ ¼ 100 nm, T ¼ 5500 nm,
and (d) σ ¼ 200 nm, T ¼ 5500 nm. Diffuse scattering was
simulated, using the model described in Sec. III. Figure 14
shows the absorbed photon distribution (in photons/meter/
radian) vs. polar angle (measured around the vacuum
chamber, with zero angle corresponding to the radial
outside direction), averaged over four different types of
magnetic environment, for the four scattering conditions.

FIG. 12. Photon trajectories from a dipole in three dimensions. The photon source is on the right. For purposes of illustration, the
transverse geometry has been distorted from an ellipse to a circle, and the longitudinal dimension has been shrunk by a factor of 10.
Black lines are trajectories, and blue dots are photon absorption sites. Photons generated by the beam propagate downstream (to the left
in the figure) and strike the vacuum chamber. Some are absorbed, but most scatter and strike the vacuum chamber further downstream.
The absorption site locations tend to be clumped in several clusters (at the location of downstream dipoles), with decreasing intensity as
we get further from the source.

FIG. 13. CesrTA beam pipe cross-section. The vacuum cham-
ber (middle) is 9 cm wide and 5 cm high. The cooling water
chamber (left) and pump chamber (right) were not part of the
simulation.
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In Fig. 14, comparing the results of all specular reflection
[curves (a)] versus the results with specular and diffuse
reflection from a rough surface [curves (c) or (d)], it is seen
that the photon intensity on the top and bottom of the
chamber (polar angles of π=2 and 3π=2) with all specular
reflection is much higher than with both specular and
diffuse reflection. This is due to the out-of-plane diffuse
scattering, which results in substantial amounts of radiation
scattering out of the median plane. In addition, the radiation
striking the radial inside edge of the vacuum chamber
(polar angle near π) is also increased in the SBEND and
WIGGLER elements.
Comparing the two rough surfaces cases [curves (c) and

(d)], it can be seen that there is not much dependence on σ.
A polished surface [curves (b)] gives considerably less
scattering, as expected, but there is still a significant
difference between this case and pure specular reflection
[curves (a)].
In Fig. 14, the three curves showing absorption with

diffusely scattered photons, curves (b), (c), and (d) are
very similar. The reason for this is the following. Photons
which are absorbed in the drifts have scattered out of the
magnetic elements in which they were produced via

synchrotron radiation. Since the reflectivity is high for
low energy photons with low grazing angles, most of the
scattered photons in the drifts will tend to have lower
energy and be scattered at low grazing angles, which
correlates with wider angular distributions, than in the
magnetic elements. The scattered photon angular distribu-
tion will be narrower for the smoother surface, case (b),
than (c) or (d), but if the distribution is already wide enough
in case (b) that many photons hit the top and bottom of the
chamber and are absorbed, then a wider distribution for
cases (b) and (c) will not make much difference for the
absorption rates, and the results for cases (b), (c) and
(d) will be similar.
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C. Application to the ILC damping ring

As part of the effort [21] to characterize the electron
cloud effect in the ILC damping ring, Synrad3D has been
used to predict the radiation environment in the vacuum
chamber of the ring. The ring layout is shown in Fig. 15.
The radiation environment will be different in the arc

regions, where the principal source of photons is the arc
dipoles, and the wiggler region, where the wigglers are a
source of intense radiation.
Figure 16 shows the design of the vacuum chamber. The

radial inside and outside of the wiggler antechamber are
designed to fully absorb any photons which strike them. In
the arc and dipole antechambers, a slanted wall on the
radial outside reduces the scattering of photons back into
the chamber.
The absorbed photon distributions predicted by Synrad3D

are illustrated in Fig. 17. Top-down symmetry is broken
here, because of the backscattering from the slanted wall of
the arc and dipole antechambers. The absence of photons at
zero and π radians are due to the antechambers.

VI. SUMMARY

As part of the Bmad code ecosystem, a program called
Synrad3D has been written to track synchrotron radiation
photons generated in storage rings. Synrad3D can handle
complicated lattice geometries including nonplanar lattices
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FIG. 16. Vacuum chamber designs for magnetic elements in the
ILC damping ring. The upper part of the figures correspond to the
outer radius of the ring, when installed.
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FIG. 17. Photon absorption distributions in different magnetic environments (QUADRUPOLE, WIGGLER, DRIFT and SBEND) and
ring regions (Arc1, Arc2, and Wiggler) for the ILC damping ring.
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and intersecting beam lines. Synrad3D can also handle a wide
variety of vacuum chamber profiles with varying surface
properties.
The program includes scattering from the vacuum cham-

ber walls, based on x-ray data from an LBNL database [15]
for the smooth-surface reflectivity, and an analytical model
[13,14] for diffuse scattering from a surface with finite
roughness.
The predictions of the scattering model have been bench-

marked againstmeasurements atDAΦNE. Additional bench-
marking against recent x-ray scattering measurements has
also been reported [20].
Results from the program have given photon absorption

site distributions for the CesrTA ring, which have been used
as input to electron cloud buildup simulations, whose
results can be compared with tune shift [6], retarded field
analyzer (RFA), and shielded pickup measurements [22].
The program has also been used to model the radiation
environment in the ILC damping ring and the Advanced
Photon Source (APS) [23].
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APPENDIX: DIFFUSE SCATTERING
FORMALISM

This appendix presents the details of the formalism used
to describe diffuse scattering. The basic approach is to use
scalar Kirchhoff diffraction theory, as originally formulated
by Beckmann [13], to describe the angular distribution of
power scattered from a random rough surface with a normal
distribution variation in height, with rms σ, and with a
transverse autocorrelation length T.
In thematerial below,wepresent a derivation of the results

from scalar Kirchhoff diffraction theory for a general sur-
face, starting with an expression from Jackson [24].
For the case of a smooth surface, we show how the

general expressions for the scattered field and power are in
agreement with Jackson [24]. For a random rough surface,
we use the general expressions, following the methodology
of Beckmann [13], to derive results for the mean value of
the scattered power.
We have done this for both a Gaussian and an expo-

nential transverse autocorrelation function. The results are
in agreement with Beckmann [13], for the Gaussian
autocorrelation function. (Beckmann [13] does not con-
sider the exponential autocorrelation function).
Finally, the scattered power expressions are used to

derive marginal and cumulative probability distribution
functions for the angular variables. These functions are
used in the Synrad3D code to choose outgoing scattering
angles from a rough vacuum chamber surface.

1. General scalar theory

The notation and terminology are taken from Beckmann
[13] (Chap. 3). The starting point is Jackson [24] (p. 491,
Eq. 10.108) which gives the Kirchhoff (scalar) field
integral. When rewritten in the notation from Beckmann
[13] (p. 19, Eq. 8), the integral is

E2ðr0Þ ¼
e{kr0

4πr0

Z
dS e−{k2·r½−n ·∇E1ðrÞ − {k2 · nE1ðrÞ�

ðA1Þ

in which k is the photon wave number, E2ðr0Þ is the (scalar)
field at the point with radial coordinate r0, resulting from
the integral over the whole surface S of the scattered
(scalar) field E1ðrÞ. r is a point on the surface S, the local
surface unit normal is n, and the outgoing wave vector k2 is

k2 ¼ kðcos θ2ẑþ sin θ2 cosϕ2x̂þ sin θ2 sinϕ2ŷÞ: ðA2Þ

To evaluate this, we write the scattered field as

E1ðrÞ ¼ RE0e{k1·r: ðA3Þ

Here E0 is the incident (scalar) field, and the incident wave
vector k1 is

k1 ¼ kð−cos θ1ẑþ sin θ1x̂Þ: ðA4Þ

R is the smooth-surface field reflection coefficient. The
wave vectors and radius vectors used in Eq. (A1) and
Eq. (A3) are illustrated in Fig. 18 and Fig. 19.
For the terms in the Kirchhoff integral, we have

n · ∇E1ðrÞ ¼ RE0e{k1·r{k0
1 · n ðA5Þ

in which k0
1 is a vector in the direction of the reflected wave

from the local surface. Using

k0
1 · n ¼ −k1 · n: ðA6Þ

FIG. 18. Coordinate system illustrating the vectors k1 and k2.
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then

n ·∇E1ðrÞ ¼ −RE0e{k1·r{k1 · n ðA7Þ

and we have

−n ·∇E1ðrÞ − {k2 · nE1ðrÞ ¼ RE0e{k1·r{ðk1 − k2Þ · n
ðA8Þ

so

E2ðr0Þ ¼ {E0

e{kr0

4πr0

Z
S
e{v·rRv · ndS ðA9Þ

in which

v ¼ k1 − k2

¼ kðsin θ1 − sin θ2 cosϕ2Þx̂
− kðcos θ1 þ cos θ2Þẑ − k sin θ2 sinϕ2ŷ: ðA10Þ

To describe the surface from which the scattering occurs,
we take the surface height to be a function of the transverse
coordinates x and y:

z ¼ ξðx; yÞ: ðA11Þ

The local surface normal vector is

N ¼ ẑ −
∂ξ
∂x x̂ −

∂ξ
∂y ŷ: ðA12Þ

The local surface normal unit vector is

n ¼ N
N

¼ ẑ − ∂ξ
∂x x̂ − ∂ξ

∂y ŷ
N

ðA13Þ

in which

N2 ¼ 1þ ∂ξ
∂x

2

þ ∂ξ
∂y

2

: ðA14Þ

The radius vector to a point on the surface is

r ¼ xx̂þ yŷ þ ξẑ: ðA15Þ

so

Nv · n ¼ −vx
∂ξ
∂x − vy

∂ξ
∂yþ vz ðA16Þ

v · r ¼ vxxþ vyyþ vzξ: ðA17Þ

The surface area is

dS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂ξ

∂x
2

þ ∂ξ
∂y

2

s
dxdy

¼ Ndxdy: ðA18Þ

The integral appearing in Eq. (A9) is thenZ
S
dS e{v·rRv · n ¼

Z
dx dy e{ðvxxþvyyþvzξÞ

×R
�
−vx

∂ξ
∂x − vy

∂ξ
∂yþ vz

�
ðA19Þ

so

E2ðr0Þ ¼ {E0

e{kr0

4πr0

Z
dx dy e{ðvxxþvyyþvzξÞ

×R
�
−vx

∂ξ
∂x − vy

∂ξ
∂yþ vz

�
: ðA20Þ

It is convenient to transform the integration variables to
cylindrical coordinates at this point, defined by

ρ2 ¼ x2 þ y2 ðA21Þ

tanϕ0 ¼ y
x
: ðA22Þ

Then

∂ξ
∂x ¼ cosϕ0 ∂ξ

∂ρ −
sinϕ0

ρ

∂ξ
∂ϕ0 ðA23Þ

∂ξ
∂y ¼ sinϕ0 ∂ξ

∂ρþ
cosϕ0

ρ

∂ξ
∂ϕ0 : ðA24Þ

Introducing

v2t ¼ v2x þ v2y ðA25Þ

tanϕv ¼
vy
vx

ðA26Þ

FIG. 19. Coordinate system illustrating the vectors r, r0, and n.
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we have

vx
∂ξ
∂xþ vy

∂ξ
∂y

¼ vt

�∂ξ
∂ρ cos ðϕ

0 − ϕvÞ −
sin ðϕ0 − ϕvÞ

ρ

∂ξ
∂ϕ0

�
ðA27Þ

and

e{ðvxxþvyyþvzξÞ ¼ e{½vtρ cos ðϕ0−ϕvÞþvzξ� ðA28Þ

so

E2ðr0Þ ¼ {E0

e{kr0

4πr0

Z
ρ dρ dϕ0 e{½vtρ cosðϕ0−ϕvÞþvzξ�

×R
�
−
∂ξ
∂ρ vt cosðϕ

0 − ϕvÞ

þ vt sinðϕ0 − ϕvÞ
ρ

∂ξ
∂ϕ0 þ vz

�
: ðA29Þ

We can simplify this expression with the substitution

ϕ ¼ ϕ0 − ϕv; ðA30Þ

if we assume axial symmetry for ξ:

ξðρ;ϕ0Þ ¼ ξðρ;ϕ0 − ϕvÞ:

Then

E2ðr0Þ ¼ {E0

e{kr0

4πr0

Z
ρ dρ dϕ e{ðvtρ cosϕþvzξÞ

×R
�
−
∂ξ
∂ρ vt cosϕþ vt sinϕ

ρ

∂ξ
∂ϕþ vz

�
ðA31Þ

2. Scattering from a smooth surface

a. Field

If the surface is perfectly smooth, then

ξ ¼ ∂ξ
∂ρ ¼ ∂ξ

∂ϕ ¼ 0 ðA32Þ

and we have

E2ðr0Þ ¼ {E0

e{kr0

4πr0
vzR

Z
ρ dρ dϕ e{vtρ cosϕ: ðA33Þ

The field reflectivityR has been removed from the integral,
as it is independent of position for a flat surface. If we take
the scattering surface to be a disk of radius a, and surface
area A ¼ πa2, then

Z
ρ dρ dϕ e{vtρ cosϕ ¼

Z
a

0

ρ dρ
Z

2π

0

dϕ e{vtρ cosϕ

¼ 2π

Z
a

0

ρ dρ J0ðρvtÞ

¼ 2πaJ1ðavtÞ
vt

ðA34Þ

in which J0ðxÞ and J1ðxÞ are Bessel functions. Thus

E2ðr0Þ ¼ {E0

e{kr0

4πr0
vzR

2πaJ1ðavtÞ
vt

¼ {AvzRE0

e{kr0

2πr0

J1ðavtÞ
avt

ðA35Þ

in which

vz ¼ −kðcos θ1 þ cos θ2Þ ðA36Þ

and

v2t ¼ v2x þ v2y

¼ k2½ðsin θ1 − sin θ2 cosϕ2Þ2 þ ðsin θ2 sinϕ2Þ2�
¼ k2ðsin θ21 þ sin θ22 − 2 cosϕ2 sin θ1 sin θ2Þ: ðA37Þ

b. Power

According to Jackson [24], the consistent way to use the
scalar electric field to compute the power is to use the
relation

dP2

dΩ2

¼ r20
2Z0

jE2ðr0Þj2: ðA38Þ

Thus

dP2

dΩ2

¼ A2v2zR2jE0j2
ð2Z0Þ4π2

�
J1ðavtÞ
avt

�
2

: ðA39Þ

The total power in the incident field striking the area A is

P0 ¼
A
2Z0

jẑ · k̂1jjE0j2 ¼
A cos θ1
2Z0

jE0j2 ðA40Þ

so

1

P0

dP2

dΩ2

				
spec; flat

¼ Av2zR2

4π2 cos θ1

�
J1ðavtÞ
avt

�
2

: ðA41Þ

This represents the specular power reflected froma flat disk of
radius a and field reflectivity R. The Bessel function
dependence represents diffraction from the edge of the disk.
If we take the limit a → ∞, the diffraction effects vanish, and
the Bessel function dependence makes the power sharply
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peaked at the point vt ¼ 0, corresponding to the specular
condition on the scattering angles: sin θ2 ¼ sin θ1 and
ϕ2 ¼ 0. In this case, integration of this expression over the
scattering angles yields the total scattering probability Pscatt∶

Pscatt ¼ lim
a→∞

Z
dΩ2

1

P0

dP2

dΩ2

				
spec; flat

¼ R2 ¼ R ðA42Þ

in which we introduce the smooth-surface photon (or
intensity) reflectivity R, which is related to the field reflec-
tivity R by

R ¼ R2: ðA43Þ

3. Scattering from a rough surface

a. Field

For a rough surface, we use the following relations in
Eq. (A31):

Z
ρ dρR e{ðvtρ cosϕþvzξÞ ∂ξ∂ρ
¼ Rρ

{vz
e{ðvtρ cosϕþvzξÞ

				ρ¼a

ρ¼0

−
1

{vz

Z
dρR e{ðvtρ cosϕþvzξÞð1þ {vtρ cosϕÞ ðA44Þ

Z
dϕR e{ðvtρ cosϕþvzξÞ ∂ξ∂ϕ sinϕ

¼ R sinϕ
{vz

e{ðvtρ cosϕþvzξÞ
				ϕ¼2π

ϕ¼0

−
1

{vz

Z
dρR e{ðvtρ cosϕþvzξÞðcosϕ − {vtρsin2ϕÞ:

ðA45Þ

So

E2ðr0Þ¼−E0

e{kr0

4πr0

1

vz

�Z
dρdϕRe{ðvtρcosϕþvzξÞ

× ½−ð1þ {vtρcosϕÞvtcosϕþvtðcosϕ− {vtρsin2ϕÞ

− {ρv2z �þavt

Z
2π

0

dϕ cosϕRe{½vtacosϕþvzξða;ϕÞ�
�

¼ {E0

e{kr0

4πr0

v2t þv2z
vz

�Z
ρdρdϕRe{ðvtρcosϕþvzξÞ

þ {avt
v2t þv2z

Z
2π

0

dϕ cosϕRe{½vtacosϕþvzξða;ϕÞ�
�
:

ðA46Þ

The last term in the final bracket in Eq. (A46) is evaluated
on the boundary of the scattering region. This term is

typically neglected in the computation of radiant power
scattered from rough surfaces (see Beckmann [13]). As
noted in Ogilvy [14], p. 82, neglecting the boundary term is
correct only for the diffusely scattered power, not for the
specular power. In this application, we are only interested in
the expression for the diffusely scattered power, so we will
neglect this term.
Then, using

v2 ¼ v2t þ v2z ðA47Þ

the field equation is

E2ðr0Þ ¼ {E0

e{kr0

4πr0

v2

vz

Z
ρ dρ dϕR e{ðvtρ cosϕþvzξÞ: ðA48Þ

b. Power

The power is

dP2

dΩ2

¼ r20
2Z0

jE2ðr0Þj2

¼ jE0j2
ð2Z0Þð4πÞ2

v4

v2z

Z
ρdρdϕρ0dρ0dϕ0RR0e{ηðρ;ρ0;ϕ;ϕ0Þ

¼ P0

ð4πÞ2Acosθ1
v4

v2z

Z
ρdρdϕρ0dρ0dϕ0RR0e{ηðρ;ρ0;ϕ;ϕ0Þ

ðA49Þ

in which

ηðρ;ρ0;ϕ;ϕ0Þ¼vtðρcosϕ−ρ0cosϕ0Þþvzðξ−ξ0Þ ðA50Þ

with ξðρ;ϕÞ ¼ ξ and ξðρ0;ϕ0Þ ¼ ξ0.
The field reflection coefficient R depends on the

incident photon energy k, the incident polar angle θ1,
and the local surface slopes ∂ξ

∂x and
∂ξ
∂y. The dependence ofR

on the local slopes means that, in general, R cannot be
taken out of the integral. However, since the local surface
slopes are typically small, the conventional treatment (as in
Beckmann [13]) is to ignore this dependence, and treat R
as a function of k and θ1 only. We can then take it outside
the integral and introduce the photon reflectivity from
Eq. (A43):

RR0 → R2 ¼ R:

With this replacement, the power is

dP2

dΩ2

¼ P0R
ð4πÞ2A cos θ1

v4

v2z

Z
ρ dρ dϕρ0 dρ0 dϕ0 e{ηðρ;ρ0;ϕ;ϕ0Þ:

ðA51Þ
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To proceed with the evaluation of the power, we must
specify the surface height function ξðρ;ϕÞ. The conven-
tional approach is to take the surface height ξ to be a
random variable. This variable can be described by speci-
fying its statistical measures: the distribution function and
the characteristic function.
Let the two-dimensional distribution function of the

random variable ξ be wðξ1; ξ2Þ. The two-dimensional
characteristic function of ξ is

χðu; vÞ ¼
Z

dξ1 dξ2 wðξ1; ξ2Þe{ðuξ1þvξ2Þ

¼ he{ðuξ1þvξ1Þi ðA52Þ

in which the brackets specify an ensemble average over the
distribution function.
For this analysis, we assume a Gaussian distribution

of surface fluctuations. The normalized two-dimensional
distribution function is

wðξ1; ξ2Þ ¼
1

2πσ2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2

p e
−
ξ2
1
−2Cξ1ξ2þξ2

2

2σ2ð1−C2Þ ðA53Þ

in which

σ2 ¼ hξ21i ¼ hξ22i ðA54Þ

is the mean square surface height fluctuation (assumed to
be the same in both transverse directions), and

C ¼ hξ1ξ2i
σ2

is the autocorrelation (which is typically a function of the
transverse coordinates). From Eq. (A52), the characteristic
function is

χðu; vÞ ¼ e−
σ2

2
ðu2þv2þ2CuvÞ: ðA55Þ

We can write the ensemble average of the power in terms of
the characteristic function for ξ as follows:

�
dP2

dΩ2

�
¼ P0

R
ð4πÞ2A cos θ1

v4

v2z

×
Z

ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi ðA56Þ

in which

he{ηðρ;ρ0;ϕ;ϕ0Þi ¼ e{vtðρ cosϕ−ρ0 cosϕ0Þhe{vzðξ−ξ0Þi
¼ e{vtðρ cosϕ−ρ0 cosϕ0Þχðvz;−vzÞ
¼ e{vtðρ cosϕ−ρ0 cosϕ0Þe−σ2v2zð1−CÞ: ðA57Þ

Thus

Z
ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi

¼
Z

ρ dρ dϕρ0 dρ0 dϕ0 e−gð1−CÞe{vtðρ cosϕ−ρ0 cosϕ0Þ ðA58Þ

in which

g ¼ σ2v2z : ðA59Þ

Since C is a function of the transverse coordinates, we
cannot remove the term containing C from the integral. We
assume that the dependence of C on the transverse
coordinates has the form in which

C ¼ Cðj~ρ − ~ρ0j=TÞ ðA60Þ

in which T is the correlation length. By virtue of the
substitution in Eq. (A30), the vector ~vt lies along the
x-axis, so

vtðρ cosϕ − ρ0 cosϕ0Þ ¼ ~vt · ð~ρ − ~ρ0Þ ðA61Þ

so

Z
ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi

¼
Z

d~ρ d~ρ0e−gð1−Cðj~ρ−~ρ0j=TÞÞe{ ~vt·ð~ρ− ~ρ0Þ: ðA62Þ

Let us introduce the new dummy integration variable ~r [not
to be confused with the vector defined in Eq. (A15)]

~r ¼ ~ρ0 − ~ρ ðA63Þ

then

Z
ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi

¼
Z

d~ρ d~ρ0e−g½1−Cðr=TÞ�e−{ ~vt·~r: ðA64Þ

We make a power series expansion of the integrand using:

egCðr=TÞ ¼ 1þ
X∞
m¼1

½gCðr=TÞ�m
m!

: ðA65Þ

Substituting this, we have
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Z
ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi

¼ e−g ×


Z
d~ρ d~ρ0e−{ ~vt·~r

þ
X∞
m¼1

Z
d~ρ d~ρ0

½gCðr=TÞ�m
m!

e−{ ~vt·~r
�
: ðA66Þ

Using the result from Eq. (A34), we can write the first term
in the bracket in Eq. (A66) as

Z
d~ρ d~ρ0e� ~vt·ð~ρ− ~ρ0Þ ¼

�
2πaJ1ðavtÞ

vt

�
2

: ðA67Þ

To evaluate the terms in the sum, we note that the
correlation function C as a function of r typically falls
from 1, at r ¼ 0, to zero on the distance scale of the
correlation length T. Ultimately we will take the radius a of
the scattering region to go to infinity, so T ≪ a. Since the
integrand is essentially zero at values of jrj ≫ T ≪ a, we
can extend the range of integration over ~r to infinity.
Introducing the azimuthal angle β associated with ~r in
cylindrical coordinates, and noting that, for fixed ~ρ,

d~ρ0 ¼ d~r ¼ rdrdβ;

we have

Z
d~ρd~ρ0

½gCðr=TÞ�m
m!

e−{ ~vt·~r

≈
Z

d~ρ
Z

∞

0

rdr
½gCðr=TÞ�m

m!

Z
2π

0

dβ e−{vtr cos β: ðA68Þ

Then, using

Z
d~ρ ¼ A ðA69Þ

Z
2π

0

dβ e−{vtr cos β ¼ 2πJ0ðrvtÞ; ðA70Þ

in which A ¼ πa2 is the area of the scattering region, we
have

Z
d~ρ d~ρ0

½gCðr=TÞ�m
m!

e−{ ~vt·~r

≈ 2πA
Z

∞

0

r dr
½gCðr=TÞ�m

m!
J0ðrvtÞ: ðA71Þ

Thus

Z
ρ dρ dϕρ0 dρ0 dϕ0 he{ηðρ;ρ0;ϕ;ϕ0Þi

≈ 2πAe−g


2a2

�
J1ðavtÞ
avt

�
2

þ
X∞
m¼1

Z
∞

0

r dr
½gCðr=TÞ�m

m!
J0ðrvtÞ

�
: ðA72Þ

The power is then

�
dP2

dΩ2

�
≈ P0

Re−g

4π cos θ1

v4

v2z
×



A
π

�
J1ðavtÞ
avt

�
2

þ 1

2

X∞
m¼1

Z
∞

0

r dr
½gCðr=TÞ�m

m!
J0ðrvtÞ

�
: ðA73Þ

If the surface is smooth, σ ¼ 0 ⇒ g ¼ 0, the sum dis-
appears in the expression for the power, and we have

�
dP2

dΩ2

�				
σ¼0

≈ P0

AR
4π2 cos θ1

v4

v2z

�
J1ðavtÞ
avt

�
2

: ðA74Þ

In the limit a → ∞, we have vt → 0 so v ¼ vz this
expression reduces to the specular power from a flat
surface, Eq. (A41). Thus, in the limit a → ∞, we can write

�
dP2

dΩ2

�
≈ e−g

dP2

dΩ2

				
spec;flat

þ dP2

dΩ2

				
diff

ðA75Þ

in which

dP2

dΩ2

				
diff

¼ P0

Re−g

8π cos θ1

v4

v2z

×
X∞
m¼1

Z
∞

0

r dr
½gCðr=TÞ�m

m!
J0ðrvtÞ: ðA76Þ

Integration over the scattering angles, the total scattering
probability from a rough surface can be written as

Pscatt ¼ R ¼ lim
a→∞

Z
dΩ2

P0

�
dP2

dΩ2

�

≈ e−g
Z

dΩ2

P0

dP2

dΩ2

				
spec;flat

þ
Z

dΩ2

P0

dP2

dΩ2

				
diff

¼ Pspec þ Pdiff ðA77Þ

in which

Pspec ¼ e−g
Z

dΩ2

P0

dP2

dΩ2

				
spec;flat

¼ e−gR ðA78Þ

is the probability of specular reflection, and
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Pdiff ¼
Z

dΩ2

P0

dP2

dΩ2

				
diff

¼ Pscatt − Pspec ¼ ð1 − e−gÞR

ðA79Þ

is the probability of diffuse reflection.

c. Diffuse power evaluation:
Gaussian autocorrelation function

For a Gaussian autocorrelation function, we have

Cðr=TÞ ¼ e−r
2=T2

; ðA80Þ

so the diffuse power is

dP2

dΩ2

				
diff

¼ P0

Re−g

8π cos θ1

v4

v2z

×
X∞
m¼1

Z
∞

0

r dr
gme−mr2=T2

m!
J0ðrvtÞ: ðA81Þ

The integral is

Z
∞

0

r dr e−mr2=T2

J0ðrvtÞ ¼
T2

2m
e−T

2v2t =4m ðA82Þ

so the power is

dP2

dΩ2

				
diff

¼ P0

Re−g

8π cos θ1

v4

v2z

T2

2

X∞
m¼1

Xm ðA83Þ

in which

Xm ¼ gm

m!m
e−

v2t T
2

4m : ðA84Þ

Introducing

x ¼ cos θ2 ðA85Þ

y ¼ cos θ1 ðA86Þ

ζ ¼ cosϕ2 ðA87Þ

h ¼ sin θ1 sin θ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

q
; ðA88Þ

we have

v4 ¼ 4k4ð1þ cos θ1 cos θ2 − sin θ1 sin θ2 cosϕ2Þ2
¼ 4k4ð1þ xy − hζÞ2 ðA89Þ

vz ¼ −kðcos θ1 þ cos θ2Þ
¼ −kðxþ yÞ ðA90Þ

v2t ¼ k2ðsin θ21 þ sin θ22 − 2 cosϕ2 sin θ1 sin θ2Þ
¼ k2ð2 − x2 − y2 − 2hζÞ ðA91Þ

g ¼ σ2v2z ¼ k2σ2ðxþ yÞ2: ðA92Þ

So we have

dP2

dΩ2

				
diff

¼ P0

Rs2e−g

4πy
ð1þ xy − hζÞ2

ðxþ yÞ2
X∞
m¼1

Xm ðA93Þ

in which

s ¼ kT ¼ 2πT
λ

; ðA94Þ

where λ is the wavelength of the radiation. We also have

Xm ¼ gm

m!m
e−

v2t T
2

4m

¼ gm

m!m
e−qs

2=4m ðA95Þ

in which

q ¼ 2 − x2 − y2 − 2hζ: ðA96Þ
So

dP2

dΩ2

				
diff

¼ P0

Rs2

4πy
ð1þ xy − hζÞ2

ðxþ yÞ2 × e−g
X∞
m¼1

gm

m!m
e−qs

2=4m:

ðA97Þ
Generally, the sum may be evaluated numerically to obtain
the differential power distribution.
The parameter s will be large if the correlation length is

much larger than the wavelength of the radiation. Since the
correlation length for a technical surface is typically
T ∼ 5 μm, s ¼ 1 corresponds to a radiation wavelength
of 31 μm (photon energy of about 0.04 eV). The condition
s ≫ 1 for a technical surface with T ∼ 5 μm thus corre-
sponds to photon energies much larger than 0.04 eV.
If qs2 is large, the number of terms in the sum can

become very large before convergence is reached, although
the total power may be very small. This can present a
problem for numerical evaluation. To mitigate this, we
make an estimate of the size of the sum, to decide whether
to evaluate it, or simply set the power to zero, as follows.
The maximum value of the summand Xm occurs when

dXm

dm
¼ 0

which implies

qs2 − 4mmax þ 4m2
maxðln g − ψðmmax þ 1ÞÞ ¼ 0

in which ψ is the digamma function. We can solve this
equation numerically to find mmax. Then we estimate
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X∞
m¼1

Xm ≲mmax
gmmax

mmax!mmax
e−

qs2

4mmax

so

ln
X∞
m¼1

Xm ≲mmax ln g − lnmmax! −
qs2

4mmax
:

If this is less than, for example, −200, we set the power to
zero. Otherwise we evaluate the sum.

1. Large s limit

If s ≫ 1, the argument of the exponential in the sum in
Eq. (A97),

μ ¼ −
qs2

4m

will be large, and the exponential itself will be small, unless
q is small. q vanishes in the specular direction, when x ¼ y
and ζ ¼ 1. For directions close to specular, for which
x ¼ yþ Δx and ϕ2 ¼ Δϕ, whereΔx ≪ 1 andΔϕ ≪ 1, we
can write

μ ¼ −
qs2

4m

¼ −s2
ð2 − x2 − y2 − 2hζÞ

4m

≈ −
s2

4m

�
Δx2

y2

1 − y2
þ Δϕ2ð1 − y2Þ

�
: ðA98Þ

Thus, we can write the exponential in the form

eμ ≈ e−
Δx2
4ϵ1 e−

Δϕ2
4ϵ2 ðA99Þ

in which

ϵ1 ¼
mð1 − y2Þ

s2y2
ðA100Þ

ϵ2 ¼
m

s2ð1 − y2Þ : ðA101Þ

As s → ∞, ϵi → 0. In this limit, we can use

δðxÞ ¼ lim
ϵ→0

1

2
ffiffiffiffiffi
πϵ

p e−x
2=ð4ϵÞ: ðA102Þ

So

δðΔxÞδðΔϕÞ

¼
�
lim
ϵ1→0

1

2
ffiffiffiffiffiffiffi
πϵ1

p e−
Δx2
4ϵ1

��
lim
ϵ2→0

1

2
ffiffiffiffiffiffiffi
πϵ2

p e−
Δϕ2
4ϵ2

�

¼ lim
s→∞

s2y
4πm

eμ: ðA103Þ

Thus, from Eq. (A97),

lim
s→∞

dP2

dΩ2

				
diff

¼ P0

R
y2

ð1þ xy− hζÞ2
ðxþ yÞ2

× e−g
X∞
m¼1

gm

m!
lim
s→∞

s2y
4πm

eμ

¼ P0

R
y2

ð1þ xy− hζÞ2
ðxþ yÞ2 e−gδðΔxÞδðΔϕÞ

X∞
m¼1

gm

m!

¼ P0

R
y2

ð1þ xy− hζÞ2
ðxþ yÞ2 ð1− e−gÞδðΔxÞδðΔϕÞ:

ðA104Þ
Because of the delta functions which restrict the angular
dependence to the specular direction, we can set x ¼ y,
ζ ¼ 1, and h ¼ ð1 − y2Þ to get

lim
s→∞

1

P0

dP2

dΩ2

				
diff

¼ Rð1 − e−gÞδðΔxÞδðΔϕÞ: ðA105Þ

The total diffuse scattering is

lim
s→∞

Pdiff ¼
Z

dΩ2 lim
s→∞

1

P0

dP2

dΩ2

				
diff

¼ ð1 − e−gÞR ðA106Þ

as expected from Eq. (A79).

2. Small g limit

The parameter g is

g ¼ ðσkÞ2ðxþ yÞ2 ¼ 4

�
2πσ

λ

�
2

sin2γ

in which we take the grazing angles of incidence and
reflection to both be γ ¼ π=2 − θ1. For small grazing
angles, g will be small if the rms surface roughness is
much less than the wavelength of the radiation. For a
technical surface, the rms surface roughness is typically
σ ∼ 0.2 μm. For a grazing angle of 30 mrad, g ¼ 1
corresponds to a radiation wavelength of 0.075 microns
(photon energy of 16 eV). Thus, at this grazing angle for a
technical surface, g ≪ 1 corresponds to photon energies
much less than 16 eV.
For g ≪ 1, we keep only the first term in the sum in

Eq. (A97). Then the diffuse power is

dP2

dΩ2

				
diff

≈ P0

Rs2

4πy
ð1þ xy − hζÞ2

ðxþ yÞ2 ge−ðgþqs2=4Þ

≈ P0

RðskσÞ2
4πy

ð1þ xy − hζÞ2

× e−ðkσÞ2ðxþyÞ2e−
ð2−x2−y2−2hζÞs2

4 : ðA107Þ

3. Large g limit

The opposite limit, g ≫ 1 corresponds (for a technical
surface and a 30 mrad grazing angle) to photon energies
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much larger than 16 eV. In this case, the reflection is almost
entirely diffuse. For g ≫ 1, a power series expansion in g is
not useful. We return to Eq. (A56) and Eq. (A64) to obtain

�
dP2

dΩ2

�
¼ P0

R
ð4πÞ2A cos θ1

v4

v2z

×
Z

d~ρ d~ρ0e−gð1−Cðr=TÞÞe−{ ~vt·~r: ðA108Þ

Considered as a function of r, the integrand

e−g½1−Cðr=TÞ� ¼ e−gð1−e
−r2

T2 Þ

falls off extremely rapidly with r=T for g ≫ 1. In this case,
we can make the approximation

1 − e−
r2

T2 ≈
r2

T2
ðA109Þ

as well as extending the range of integration on ~r to infinity,
givingZ

d~ρ d~ρ0e−g½1−Cðr=TÞ�e−{ ~vt·~r

≈
Z

d~ρ
Z

∞

0

r dr e−
gr2

T2

Z
2π

0

dβ e−{vtr cos β

≈ 2πA
Z

∞

0

r dr e−
gr2

T2 J0ðrvtÞ

≈ 2πA
T2

2g
e
−T2v2t

4g ðA110Þ

in which A ¼ πa2 is the area of the scattering region. Thus

�
dP2

dΩ2

�
¼ P0

R
8π cos θ1

v4

v2z

T2

2g
e
−T2v2t

4g

¼ P0

R
2πy

k2ð1þ xy − hζÞ2
ðxþ yÞ2

T2

2g
e
−T2v2t

4g

¼ P0

Rτ2

4πy
ð1þ xy − hζÞ2

ðxþ yÞ4 e
−τ2ð2−x2−y2−2hζÞ

4ðxþyÞ2 ðA111Þ

in which τ ¼ T=σ. Note that this result is independent of
the radiation wavelength λ. Thus, for very large g (high
energy photons, except at very small grazing angles), the
scattering distribution (which is essentially all diffuse)
becomes energy-independent for a Gaussian autocorrela-
tion function.

4. Large g and τ limit

Typically T ≫ σ, so τ ≫ 1. In this case, the differential
power distribution will be close to zero except when
2 − x2 − y2 − 2hζ ∼ 0, which is the specular direction,
when x ¼ y and ζ ¼ 1. For directions close to specular,

for which x ¼ yþ Δx and ϕ2 ¼ Δϕ, where Δx ≪ 1 and
Δϕ ≪ 1, we can write

μ0 ¼ −
τ2ð2 − x2 − y2 − 2hζÞ

4ðxþ yÞ2

≈ −
τ2

16

�
Δx2

1

1 − y2
þ Δϕ2

1 − y2

y2

�
: ðA112Þ

As above, we can write the exponential in the form

eμ
0 ≈ e−

Δx2
4ϵ1 e−

Δϕ2
4ϵ2 ðA113Þ

in which

ϵ1 ¼
4ð1 − y2Þ

τ2
ðA114Þ

ϵ2 ¼
4y2

1 − y2
: ðA115Þ

So

δðΔxÞδðΔϕÞ

¼
�
lim
ϵ1→0

1

2
ffiffiffiffiffiffiffi
πϵ1

p e−
Δx2
4ϵ1

��
lim
ϵ2→0

1

2
ffiffiffiffiffiffiffi
πϵ2

p e−
Δϕ2
4ϵ2

�

¼ lim
τ→∞

τ2

16πy
eμ

0
: ðA116Þ

Thus, from Eq. (A111),

lim
τ→∞

�
dP2

dΩ2

�

¼ P0

4Rð1þ xy − hζÞ2
ðxþ yÞ4

�
lim
s→∞

τ2

16πy
eμ

0
�

¼ P0

4Rð1þ xy − hζÞ2
ðxþ yÞ4 δðΔxÞδðΔϕÞ: ðA117Þ

Because of the delta functions which restrict the angular
dependence to the specular direction, we can set x ¼ y,
ζ ¼ 1, and h ¼ ð1 − y2Þ to get

lim
τ→∞

1

P0

�
dP2

dΩ2

�
¼ RδðΔxÞδðΔϕÞ: ðA118Þ

The total scattering, which is all diffuse but also all in the
specular direction, is

lim
τ→∞

Pscatt ¼
Z

dΩ2 lim
τ→∞

1

P0

�
dP2

dΩ2

�
¼ R ðA119Þ

as expected from Eq. (A79).
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d. Diffuse power evaluation:
Exponential autocorrelation function

For an exponential autocorrelation function, we have

Cðr=TÞ ¼ e−
r
T;

so the diffuse power, expressed in terms of a power series
from Eq. (A76), is

dP2

dΩ2

				
diff

¼ P0

Re−g

8π cos θ1

v4

v2z
×
X∞
m¼1

Z
∞

0

rdr
gme−

mr
T

m!
J0ðrvtÞ:

ðA120Þ

The integral is

Z
∞

0

r dr e−
mr
T J0ðrvtÞ ¼

T2

m2ð1þ T2v2t
m2 Þ3=2

; ðA121Þ

so the power is

dP2

dΩ2

				
diff

¼ P0

R
8π cos θ1

v4T2

v2z

× e−g
X∞
m¼1

gm

m!m2ð1þ T2v2t
m2 Þ3=2

¼ P0

R
2πy

s2ð1þ xy − hζÞ2
ðxþ yÞ2

× e−g
X∞
m¼1

gm

m!m2½1þ s2ð2−x2−y2−2hζÞ
m2 �3=2

: ðA122Þ

1. Large s limit

If s ≫ 1, the summand will be small unless 2 − x2 −
y2 − 2hζ is small. This quantity vanishes in the specular
direction, when x ¼ y and ζ ¼ 1. For directions close to
specular, for which x ¼ yþ Δx and ϕ2 ¼ Δϕ, where
Δx ≪ 1 and Δϕ ≪ 1, we can write

s2ð2 − x2 − y2 − 2hζÞ
m2

≈
s2

m2

�
Δx2

y2

1 − y2
þ Δϕ2ð1 − y2Þ

�
ðA123Þ

so

m2

s2

�
1þ s2ð2 − x2 − y2 − 2hζÞ

m2

�
3=2

≈
s
m

�
m2

s2
þ Δx2

y2

1 − y2
þ Δϕ2ð1 − y2Þ

�
3=2

: ðA124Þ

Thus, we can write

m2

s2

�
1þ s2ð2 − x2 − y2 − 2hζÞ

m2

�
3=2

≈
1

ϵ
ðϵ2 þ κ1Δx2 þ κ2Δϕ2Þ3=2 ðA125Þ

in which

ϵ ¼ m
s

ðA126Þ

κ1 ¼
y2

1 − y2
ðA127Þ

κ2 ¼ 1 − y2: ðA128Þ

As s → ∞, ϵ → 0. In this limit, we can use

δðxÞδðyÞ ¼ lim
ϵ→0

ϵ
ffiffiffiffiffiffiffiffiffi
κ1κ2

p
2πðϵ2 þ κ1x2 þ κ2y2Þ3=2

: ðA129Þ

So

δðΔxÞδðΔϕÞ

¼ lim
ϵ→0

ϵ
ffiffiffiffiffiffiffiffiffi
κ1κ2

p
2πðϵ2 þ κ1Δx2 þ κ2Δϕ2Þ3=2

¼ lim
s→∞

y
2π

s2

m2

�
1þ s2ð2 − x2 − y2 − 2hζÞ

m2

�−3=2
ðA130Þ

Thus, from Eq. (A122),

lim
s→∞

dP2

dΩ2

				
diff

¼ P0

R
y2

ð1þ xy − hζÞ2
ðxþ yÞ2

× e−g
X∞
m¼1

gm

m!
lim
s→∞

ys2

2πm2½1þ s2ð2−x2−y2−2hζÞ
m2 �3=2

¼ P0

R
y2

ð1þ xy − hζÞ2
ðxþ yÞ2 e−gδðΔxÞδðΔϕÞ

X∞
m¼1

gm

m!

¼ P0

R
y2

ð1þ xy − hζÞ2
ðxþ yÞ2 ð1 − e−gÞδðΔxÞδðΔϕÞ ðA131Þ

Because of the delta functions which restrict the angular
dependence to the specular direction, we can set x ¼ y,
ζ ¼ 1, and h ¼ ð1 − y2Þ to get

lim
s→∞

1

P0

dP2

dΩ2

				
diff

¼ Rð1 − e−gðx;yÞÞδðΔxÞδðΔϕÞ: ðA132Þ

The total diffuse scattering is
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lim
s→∞

Pdiff ¼
Z

dΩ2 lim
s→∞

1

P0

dP2

dΩ2

				
diff

¼ ð1 − e−gÞR ðA133Þ

as expected from Eq. (A79).

2. Large g limit

For g ≫ 1, the power series expansion in g is not useful.
Again, we return to Eq. (A56) and Eq. (A64) to obtain

�
dP2

dΩ2

�
¼ P0

R
ð4πÞ2A cos θ1

v4

v2z

Z
d~ρ d~ρ0e−g½1−Cðr=TÞ�e−{ ~vt·~r:

ðA134Þ

Considered as a function of r, the integrand

e−g½1−Cðr=TÞ� ¼ e−gð1−e
−r
T Þ

falls off extremely rapidly with r=T for g ≫ 1. In this case,
we can make the approximation

1 − e−
r
T ≈

r
T

ðA135Þ

as well as extending the range of integration on ~r to infinity,
givingZ

d~ρ d~ρ0e−g½1−Cðr=TÞ�e−{ ~vt·~r

≈
Z

d~ρ
Z

∞

0

r dr e−
gr
T

Z
2π

0

dβ e−{vtr cos β

≈ 2πA
Z

∞

0

r dr e−
gr
T J0ðrvtÞ

≈ 2πA
T2

g2ð1þ T2v2t
g2 Þ

3=2 ðA136Þ

in which A ¼ πa2 is the area of the scattering region. Thus

�
dP2

dΩ2

�
¼ P0

R
8π cos θ1

v4

v2z

T2

g2ð1þ T2v2t
g2 Þ3=2

¼ P0

R
2πy

τ4ð1þ xy − hζÞ2
s2ðxþ yÞ6

1

½1þ τ4ð2−x2−y2−2hζÞ
ðxþyÞ4s2 �3=2

:

ðA137Þ

Unlike the case of a Gaussian autocorrelation, this result is
not independent of the radiation wavelength λ.

4. Probability distributions

a. General definitions

The differential angular power distribution, normalized
to the total power, may be interpreted as the joint

probability distribution of a photon scattering at a
polar angle θ2 and azimuthal angle ϕ2 ¼ ϕ. (In this section,
the azimuthal scattering angle ϕ2 will be designated as
simply ϕ.) Thus, the diffuse scattering joint probability
distribution is

Pðx;ϕÞ ¼ 1

N0

1

P0

dP2

dΩ2

				
diff

: ðA138Þ

The normalization factor N0 is

N−1
0 ¼

Z
2π

0

dϕ
Z

1

−1
dx

1

P0

dP2

dΩ2

				
diff

: ðA139Þ

The marginal probability distribution in x is

PxðxÞ ¼
Z

2π

0

dϕPðx;ϕÞ: ðA140Þ

This is the probability distribution in x, irrespective of ϕ.
The marginal probability distribution in ϕ is

PϕðϕÞ ¼
Z

1

−1
dxPðx;ϕÞ: ðA141Þ

This is the probability distribution in ϕ, irrespective of x.
The conditional probability in x is

PðxjϕÞ ¼ Pðx;ϕÞ
PϕðϕÞ

: ðA142Þ

This is the probability that, given a specific value of ϕ, x
occurs. The conditional probability in ϕ is

PðϕjxÞ ¼ Pðx;ϕÞ
PxðxÞ

: ðA143Þ

This is the probability that, given a specific value of x, ϕ
occurs.

b. Methodology for generating samples for x and ϕ

To generate the scattering parameters x and ϕ, sampled
from the joint probability distribution Pðx;ϕÞ, we first
sample from the marginal probability distribution in x. To
do this efficiently, we form the marginal cumulative
distribution function in x:

CxðxÞ ¼
Z

x

−1
dx0Pxðx0Þ: ðA144Þ

The form of PxðxÞ does not admit to doing the integral
analytically. As an efficient alternative to direct numerical
integration, we first expand the function as a series of N
orthogonal Chebyshev polynomials TnðxÞ:
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PxðxÞ ¼
c0
2
þ
Xn¼N

n¼1

cnTnðxÞ ðA145Þ

in which

TnðxÞ ¼ cos ðn cos−1 xÞ;
and

cn ¼
2

π

Z
1

−1
dx

TnðxÞPxðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p :

Typically, the distributionPxðxÞ is peakednear y ¼ cos θ1
and the expansion requires only amodest numberN of terms
in the series for adequate convergence. The integrals of
Chebyshev polynomials can be done analytically:Z

x

−1
dx0Tnðx0Þ ¼ SnðxÞ; ðA146Þ

in which

ð1 − n2ÞSnðxÞ ¼ cos nπ þ x cosðn cos−1 xÞ
þ n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
sinðn cos−1 xÞ ðA147Þ

so

CxðxÞ ¼
c0S0ðxÞ

2
þ
Xn¼N

n¼1

cnSnðxÞ: ðA148Þ

To find a sample value x, we choose a random number R1

between 0 and 1, set R1 ¼ CxðxÞ, and solve for x. This
may be done numerically, for example using the Newton-
Raphson method. Then, given this value of x, the condi-
tional probability distribution in ϕ is

Cϕðx;ϕÞ ¼
Z

ϕ

0

dϕ0Pðϕ0jxÞ ¼ 1

PxðxÞ
Z

ϕ

0

dϕ0Pðx;ϕ0Þ:

ðA149Þ
As discussed below, this integral may be done analytically.
Then, we choose a second random number R2 between 0
and 1, set R2 ¼ CϕðϕÞ and find ϕ, again using the Newton-
Raphson method.

c. Gaussian autocorrelation: Probability distributions

For a Gaussian autocorrelation function, the diffuse
scattering joint probability distribution is, from Eq. (A97),

Pðx;ϕÞ ¼ Rs2

4N0πy
ð1þ xy − hζÞ2

ðxþ yÞ2

× e−g
X∞
m¼1

gm

m!m
e−qs

2=4m ðA150Þ

in which ζ ¼ cosϕ and q ¼ 2 − x2 − y2 − 2hζ. To separate
out the ϕ dependence, we define

α ¼ h
1þ xy

ðA151Þ

β ¼ hs2

2
: ðA152Þ

Also, if we let ν ¼ kσ, then

g ¼ ν2ðxþ yÞ2

so

Pðx;ϕÞ ¼ Rs2

4N0πy
ð1þ xyÞ2ð1 − α cosϕÞ2

ðxþ yÞ2 e−ν
2ðxþyÞ2

×
X∞
m¼1

ν2mðxþ yÞ2m
m!m

e−
ð2−x2−y2Þs2

4m e
β cosϕ

m : ðA153Þ

1. Marginal probability distribution in x

From Eq. (A141),

PxðxÞ

¼
Z

2π

0

dϕPðx;ϕÞ

¼ Rs2

4N0πy
ð1þ xyÞ2
ðxþ yÞ2 e−ν

2ðxþyÞ2 X∞
m¼1

ν2mðxþ yÞ2m
m!m

× e−
ð2−x2−y2Þs2

4m

Z
2π

0

dϕð1 − α cosϕÞ2eβ cosϕm : ðA154Þ

To do the integral, we use

ez cosϕ ¼ I0ðzÞ þ 2
X∞
k¼1

IkðzÞ cos kϕ: ðA155Þ

Then we haveZ
ϕ

0

dϕ0ð1 − α cosϕ0Þ2eβ cosϕ0 ¼ 2πSIðβ;ϕÞ ðA156Þ

in which

2πSIðβ;ϕÞ ¼ r0ðα;ϕÞI0ðβÞ þ 2r1ðα;ϕÞI1ðβÞ

þ 2r2ðα;ϕÞI2ðβÞ þ 2
X∞
k¼3

rkðα;ϕÞIkðβÞ

ðA157Þ

and

r0ðα;ϕÞ ¼ ð1þ α2=2Þϕ − 2α sinϕþ ðα2=4Þ sin 2ϕ
ðA158Þ
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r1ðα;ϕÞ ¼ −αϕþ ð1þ 3α2=4Þ sinϕ
− α cosϕ sinϕþ ðα2=12Þ sin 3ϕ ðA159Þ

r2ðα;ϕÞ ¼ ðα2=4Þϕ − α sinϕ

þ 12ð2þ α2Þ sin 2ϕ − 16α sin 3ϕþ 3α2 sin 4ϕ
48

ðA160Þ

rkðα;ϕÞ ¼
2α cos kϕ sinϕ

k2 − 1

− 2α cosϕ

�
α cos kϕ sinϕ

k2 − 4
þ k sin kϕ

k2 − 1

�

þ sin kϕ
ð2þ α2Þðk2 − 4Þ þ α2k2 cos 2ϕ

2kðk2 − 4Þ :

ðA161Þ

For ϕ ¼ 2π

r0ðα; 2πÞ ¼ ð1þ α2=2Þ2π
r1ðα; 2πÞ ¼ −2απ

r2ðα; 2πÞ ¼ ðα2=2Þπ
rkðα; 2πÞ ¼ 0

so

2πSIðβ; 2πÞ

¼ 2π

�
ð1þ α2=2ÞI0ðβÞ − 2αI1ðβÞ þ

α2

2
I2ðβÞ

�

¼ 2π

�
ð1þ α2ÞI0ðβÞ −

αðαþ 2βÞI1ðβÞ
β

�
ðA162Þ

and

Z
2π

0

dϕð1 − α cosϕÞ2eβ cosϕm ¼ 2πSI

�
β

m
; 2π

�
: ðA163Þ

Thus

PxðxÞ ¼
Rs2

2N0y
ð1þ xyÞ2
ðxþ yÞ2 e−ν

2ðxþyÞ2 X∞
m¼1

FmðxÞ ðA164Þ

in which

FmðxÞ ¼
ν2mðxþ yÞ2m

m!m
e−

ð2−x2−y2Þs2
4m SI

�
β

m
; 2π

�
: ðA165Þ

For x ¼ 1 or y ¼ 1, h ¼ 0 so α ¼ β ¼ 0, and
SIð0; 2πÞ ¼ 1, so

FmðxÞ ¼
ν2mðxþ yÞ2m

m!m
e−

ð2−x2−y2Þs2
4m : ðA166Þ

If s ≫ 1, then β ≫ 1, except near h ¼ 0. Direct numeri-
cal evaluation of the Bessel function for very large argu-
ments can cause numerical problems. In this case, it is
convenient to introduce the asymptotic form [25] for the
Bessel function, useful for x ≫ 1:

IkðxÞ ≅
exffiffiffiffiffiffiffiffi
2πx

p ZkðxÞ ðA167Þ

in which ZkðxÞ is a polynomial in inverse powers of x:

ZkðxÞ ¼ 1 −
4k2 − 1

8x
þ ð4k2 − 1Þð4k2 − 9Þ

2!ð8xÞ2

−
ð4k2 − 1Þð4k2 − 9Þð4k2 − 25Þ

3!ð8xÞ3 þ � � � ðA168Þ

Then we can introduce SZðβ;ϕÞ:
SZðβ;ϕÞ ¼ r0ðα;ϕÞZ0ðβÞ þ 2r1ðα;ϕÞZ1ðβÞ

þ 2r2ðα;ϕÞZ2ðβÞ þ 2
X∞
k¼3

rkðα;ϕÞZkðβÞ

ðA169Þ
and we have

SIðβ;ϕÞ ≅
eβffiffiffiffiffiffiffiffi
2πβ

p SZðβ;ϕÞ: ðA170Þ

For example, for β ≫ 1, to leading order in 1
β,Z

2π

0

dϕ0ð1 − α cosϕ0Þ2eβ cosϕ0 ¼ 2πSIðβ; 2πÞ

≅ 2π
eβffiffiffiffiffiffiffiffi
2πβ

p SZðβ; 2πÞ ≅ eβð1 − αÞ2
ffiffiffiffiffiffi
2π

β

s
: ðA171Þ

If we return to Eq. (A165) and let

q0 ¼ 2 − x2 − y2 − 2h ðA172Þ

then, for large β=m, we can use

FmðxÞ ≅
ν2mðxþ yÞ2m
m!m

ffiffiffiffiffiffiffiffiffiffiffiffi
2πmβ

p e−
q0s

2

4m SZ

�
β

m
; 2π

�
ðA173Þ

Small g limit.— For g ≪ 1, we keep only the first term in
the power series. Thus

PxðxÞ ≈
Rs2

2N0y
ð1þ xyÞ2
ðxþ yÞ2 e−ν

2ðxþyÞ2F1ðxÞ; ðA174Þ

with
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F1ðxÞ ¼ ν2ðxþ yÞ2e−ð2−x2−y2Þs2
4 SIðβ; 2πÞ: ðA175Þ

Large g limit.— For g ≫ 1, from Eq. (A111)

Pðx;ϕÞ ≈ Rτ2

4N0πy
ð1þ xyÞ2ð1 − α cosϕÞ2

ðxþ yÞ4

× e
−τ2ð2−x2−y2Þ

4ðxþyÞ2 eβ
0 cosϕ ðA176Þ

in which

β0 ¼ hτ2

2ðxþ yÞ2 : ðA177Þ

So

PxðxÞ ¼
Z

2π

0

dϕPðx;ϕÞ

≈
Rτ2

4πN0y
ð1þ xyÞ2
ðxþ yÞ4 e

−ð2−x2−y2Þτ2
4ðxþyÞ2

×
Z

2π

0

dϕð1 − α cosϕÞ2eβ0 cosϕ: ðA178Þ

Then, from Eq. (A156) and Eq. (A170)Z
2π

0

dϕ0ð1 − α cosϕ0Þ2eβ0 cosϕ0 ¼ 2πSIðβ0; 2πÞ

≈
2πeβ

0ffiffiffiffiffiffiffiffiffi
2πβ0

p SZðβ0; 2πÞ:

ðA179Þ
So

PxðxÞ ≈
Rτ2

2N0y
ð1þ xyÞ2
ðxþ yÞ4 F0ðxÞ ðA180Þ

in which

F0ðxÞ ¼ e
−ð2−x2−y2Þτ2

4ðxþyÞ2 SIðβ0; 2πÞ

≅
e
− q0τ

2

4ðxþyÞ2ffiffiffiffiffiffiffiffiffi
2πβ0

p SZðβ0; 2πÞ: ðA181Þ

For x ¼ 1 or y ¼ 1, h ¼ 0 so α ¼ β0 ¼ 0, and
SIð0; 2πÞ ¼ 1, so

F0ðxÞ ¼ e
−ð2−x2−y2Þτ2

4ðxþyÞ2 : ðA182Þ

2. Cumulative probability distribution in ϕ

From Eq. (A149)

Cϕðx;ϕÞ ¼
1

PxðxÞ
Z

ϕ

0

dϕ0Pðx;ϕ0Þ; ðA183Þ

and from Eq. (A153), we have

Pðx;ϕÞ ¼ Rs2

4N0πy
ð1þ xyÞ2ð1 − α cosϕÞ2

ðxþ yÞ2 e−ν
2ðxþyÞ2

×
X∞
m¼1

ν2mðxþ yÞ2m
m!m

e−
ð2−x2−y2Þs2

4m e
β cosϕ

m : ðA184Þ

So

Cϕðx;ϕÞ ¼
Rs2

2N0yPxðxÞ
ð1þ xyÞ2
ðxþ yÞ2 e−ν

2ðxþyÞ2 X∞
m¼1

Gmðx;ϕÞ

ðA185Þ

in which

Gmðx;ϕÞ ¼
ν2mðxþ yÞ2m

2πm!m
e−

ð2−x2−y2Þs2
4m

×
Z

ϕ

0

dϕ0ð1 − α cosϕ0Þ2eβ cosϕ0m : ðA186Þ

Using Eq. (A156) and Eq. (A170) we have

Gmðx;ϕÞ

¼ ν2mðxþ yÞ2m
m!m

e−
ð2−x2−y2Þs2

4m SIðβ=m;ϕÞ

≅
ν2mðxþ yÞ2m
m!m

ffiffiffiffiffiffiffiffiffiffiffiffi
2πmβ

p e−
q0s

2

4m SZðβ=m;ϕÞ: ðA187Þ

For x ¼ 1 or y ¼ 1, h ¼ 0 so α ¼ β ¼ 0, and SIð0;ϕÞ ¼ ϕ
2π,

so

Gmðx;ϕÞ ¼
ν2mðxþ yÞ2m

2πm!m
e−

ð2−x2−y2Þs2
4m ϕ: ðA188Þ

Small g limit.— For g ≪ 1, we keep only the first term in
the power series in m. So

Cϕðx;ϕÞ ≈
Rs2

4N0πyPxðxÞ
ð1þ xyÞ2
ðxþ yÞ2 e−ν

2ðxþyÞ2G1ðx;ϕÞ

ðA189Þ

in which

G1ðx;ϕÞ ¼ ν2ðxþ yÞ2e−ð2−x2−y2Þs2
4 SIðβ;ϕÞ: ðA190Þ

Large g limit.— For g ≫ 1, from Eq. (A111), we have

Pðx;ϕÞ ≈ Rτ2

4N0πy
ð1þ xyÞ2ð1 − α cosϕÞ2

ðxþ yÞ4

× e
−τ2ð2−x2−y2Þ

4ðxþyÞ2 eβ
0 cosϕ ðA191Þ

so
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Cϕðx;ϕÞ ¼
Rτ2

2N0yPxðxÞ
ð1þ xyÞ2
ðxþ yÞ4 G0ðx;ϕÞ ðA192Þ

with

G0ðx;ϕÞ ¼
e
−τ2ð2−x2−y2Þ

4ðxþyÞ2

2π

Z
ϕ

0

dϕ0ð1 − α cosϕ0Þ2eβ0 cosϕ0

¼ e
−τ2ð2−x2−y2Þ

4ðxþyÞ2 SIðβ0;ϕÞ

≅
1ffiffiffiffiffiffiffiffiffi
2πβ0

p e
− τ2q0
4ðxþyÞ2SZðβ0;ϕÞ ðA193Þ

in which the last line is useful for large β0. For x ¼ 1 or
y ¼ 1, h ¼ 0 so α ¼ β0 ¼ 0, and SIð0;ϕÞ ¼ ϕ

2π, so

G0ðx;ϕÞ ¼ e
−τ2ð2−x

2−y2Þ
4ðxþyÞ2

ϕ

2π
: ðA194Þ

Alternate evaluation of the integral over ϕ, for very large
β.— The expression presented in Eq. (A156) for the
integral over ϕ as an infinite series does not work very
well for large values of β: the series does not converge very
fast. For large β, however, the integrand is sharply peaked
near ϕ ¼ 0, so a small angle approximation can be used:Z

ϕ

0

dϕ0ð1 − α cosϕ0Þ2eβ cosϕ0

¼ eβ
Z

ϕ

0

dϕ0ð1 − α cosϕ0Þ2e−βð1−cosϕ0Þ

≈ eβ
Z

ϕ

0

dϕ0ð1 − αþ αϕ02=2Þ2e−βϕ02=2: ðA195Þ

Define

Hðβ;ϕÞ ¼ 1

2π

Z
ϕ

0

dϕ0ð1 − αþ αϕ02=2Þ2e−βϕ02=2

¼ −
αϕe−βϕ

2=2½4bþ αð3þ βðϕ2 − 4Þ�
8πβ2

þ
ffiffiffi
π

2

r
erf

�
ϕ

ffiffiffi
β

2

r �

×
4αð1 − 2βÞβ þ 4β2 þ α2ð3 − 4β þ 4β2Þ

8πβ5=2

ðA196Þ

so Z
ϕ

0

dϕ0ð1 − α cosϕ0Þ2eβ cosϕ0 ≈ 2πeβHðβ;ϕÞ: ðA197Þ

Comparing Eq. (A156) with Eq. (A197) we have, for
β ≫ 1,

SIðβ;ϕÞ → Hðβ;ϕÞeβ: ðA198Þ

The total integral, for β ≫ 1, is, from Eq. (A196)

2πeβ
�
lim
ϕ→∞

Hðα; β;ϕÞ þ lim
ϕ→−∞

Hðα; β;ϕÞ


≈ eβ
ffiffiffi
π

2

r
4β2ð1 − αÞ2

β5=2

¼ eβ

ffiffiffiffiffiffi
2π

β

s
ð1 − αÞ2

in agreement with Eq. (A171). Then, using Eq. (A198),
Eq. (A187) becomes

Gmðx;ϕÞ ≅
ν2mðxþ yÞ2m

m!m
e−

q0s
2

4m Hðβ=m;ϕÞ ðA199Þ

and Eq. (A193) becomes

G0ðx;ϕÞ ≅ e
− q0τ

2

4ðxþyÞ2Hðβ0;ϕÞ: ðA200Þ

d. Exponential autocorrelation: Probability
distributions

For an exponential autocorrelation function, the
diffuse scattering joint probability distribution is, from
Eq. (A122),

Pðx;ϕÞ¼ R
2N0πy

s2ð1þxy−hζÞ2
ðxþyÞ2

×e−g
X∞
m¼1

gm

m!m2½1þ s2ð2−x2−y2−2hζÞ
m2 �3=2

¼ R
2N0πy

s2ð1þxyÞ2ð1−αcosϕÞ2
ðxþyÞ2 e−ν

2ðxþyÞ2

×
X∞
m¼1

ν2mðxþyÞ2m
m!m2½1þ s2ð2−x2−y2Þ

m2 − 4βcosϕ
m2 �3=2

: ðA201Þ

1. Marginal probability distribution in x

From Eq. (A141),

PxðxÞ ¼
Z

2π

0

dϕPðx;ϕÞ ¼ R
2N0πy

e−ν
2ðxþyÞ2

ðxþ yÞ2
X∞
m¼1

FmðxÞ

ðA202Þ

in which
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FmðxÞ ¼ s2ð1þ xyÞ2 ν
2mðxþ yÞ2m

m!m2

×
Z

2π

0

dϕ
ð1 − α cosϕÞ2

½1þ s2ð2−x2−y2Þ
m2 − 4β cosϕ

m2 �3=2

¼ s2ð1þ xyÞ2mν2mðxþ yÞ2m
m!½m2 þ s2ð2 − x2 − y2Þ�3=2

×
Z

2π

0

dϕ
ð1 − α cosϕÞ2

ð1 − δm cosϕÞ3=2

¼ mν2mðxþ yÞ2m ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xy

p

2
ffiffiffi
2

p
m!s

×

�
δm
α

�
3=2

Z
2π

0

dϕ
ð1 − α cosϕÞ2

ð1 − δm cosϕÞ3=2 ðA203Þ

with

δm ¼ 4β

m2 þ s2ð2 − x2 − y2Þ
¼ 2h

m2

s2 þ 2 − x2 − y2
: ðA204Þ

Then we use

Z
2π

0

dϕ
ð1−αcosϕÞ2

ð1−δmcosϕÞ3=2

¼4

�
g1ðδmÞE

�
2δm
δm−1

�
þg2ðδmÞK

�
2δm
δm−1

��
ðA205Þ

in which

g1ðδÞ ¼
δ2 − 2αδ − α2ðδ2 − 2Þ

δ2ð1þ δÞ ffiffiffiffiffiffiffiffiffiffi
1 − δ

p ðA206Þ

g2ðδÞ ¼
2αðδ − αÞ
δ2

ffiffiffiffiffiffiffiffiffiffi
1 − δ

p ðA207Þ

and the elliptic integrals are

EðϕjκÞ ¼
Z

ϕ

0

dθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κsin2θ

p
ðA208Þ

EðκÞ ¼ E

�
π

2

				κ
�

ðA209Þ

FðϕjκÞ ¼
Z

ϕ

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κsin2θ

p ðA210Þ

KðκÞ ¼ F

�
π

2

				κ
�
: ðA211Þ

Thus,

FmðxÞ ¼
ffiffiffi
2

p
mν2mðxþ yÞ2m ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ xy
p

m!s

�
δm
α

�
3=2

×

�
g1ðδmÞE

�
2δm

δm − 1

�
þ g2ðδmÞK

�
2δm

δm − 1

��
:

ðA212Þ

Large g limit For g ≫ 1, from Eq. (A137), we have

Pðx;ϕÞ ¼ R
2N0πy

τ4ð1þ xy − hζÞ2
s2ðxþ yÞ6

×
1

½1þ τ4ð2−x2−y2−2hζÞ
ðxþyÞ4s2 �3=2

¼ R
2N0πy

τ4ð1þ xyÞ2ð1 − α cosϕÞ2
s2ðxþ yÞ6

×
1

½1þ τ4ð2−x2−y2Þ
ðxþyÞ4s2 − 2hτ4 cosϕ

ðxþyÞ4s2 �
3=2 ðA213Þ

so

PxðxÞ ¼
Z

2π

0

dϕPðx;ϕÞ ¼ Rsτ4ð1þ xyÞ2
2N0πy

Z
2π

0

dϕ

×
ð1 − α cosϕÞ2

½ðxþ yÞ4s2 þ τ4ð2 − x2 − y2Þ − 2hτ4 cosϕ�3=2

¼ Rs
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xy

p

4N0πy
ffiffiffi
2

p
τ2

�
δ0
α

�
3=2

Z
2π

0

dϕ
ð1 − α cosϕÞ2

ð1 − δ0 cosϕÞ3=2
ðA214Þ

with

δ0 ¼
2hτ4

ðxþ yÞ4s2 þ τ4ð2 − x2 − y2Þ : ðA215Þ

Using

Z
2π

0

dϕ
ð1 − α cosϕÞ2

ð1 − δ0 cosϕÞ3=2

¼ 4

�
g1ðδ0ÞE

�
2δ0

δ0 − 1

�
þ g2ðδ0ÞK

�
2δ0

δ0 − 1

��
ðA216Þ

we have

PxðxÞ ¼
Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xy

p

N0πy
ffiffiffi
2

p
τ2

�
δ0
α

�
3=2

×

�
g1ðδ0ÞE

�
2δ0

δ0 − 1

�
þ g2ðδ0ÞK

�
2δ0

δ0 − 1

��
:

ðA217Þ
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2. Cumulative probability distribution in ϕ

From Eq. (A149)

Cϕðx;ϕÞ ¼
1

PxðxÞ
Z

ϕ

0

dϕ0Pðx;ϕ0Þ; ðA218Þ

and from Eq. (A202) and Eq. (A203), we have

Z
ϕ

0

dϕ0Pðx;ϕ0Þ ¼ R
2N0πy

e−ν
2ðxþyÞ2

ðxþ yÞ2
X∞
m¼1

~Fmðx;ϕÞ ðA219Þ

in which

~Fmðx;ϕÞ ¼
mν2mðxþ yÞ2m ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ xy
p

2
ffiffiffi
2

p
m!s

×

�
δm
α

�
3=2

Z
ϕ

0

dϕ
ð1 − α cosϕ0Þ2

ð1 − δm cosϕ0Þ3=2 : ðA220Þ

We use

Z
ϕ

0

dϕ0 ð1 − α cosϕ0Þ2
ð1 − δm cosϕ0Þ3=2

¼ 2g0ðδm;ϕÞ þ 2g1ðδmÞE
�
ϕ

2

				 2δm
δm − 1

�

þ 2g2ðδmÞF
�
ϕ

2

				 2δm
δm − 1

�
ðA221Þ

in which

g0ðδ;ϕÞ ¼
ðα − δÞ2 sinϕ

δð1 − δ2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − δ cosϕ

p : ðA222Þ

So

~Fmðx;ϕÞ ¼
mν2mðxþ yÞ2m ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ xy
pffiffiffi

2
p

m!s

�
δm
α

�
3=2

×

�
g0ðδm;ϕÞ þ g1ðδmÞE

�
ϕ

2

				 2δm
δm − 1

�

þ g2ðδmÞF
�
ϕ

2

				 2δm
δm − 1

��
ðA223Þ

and

Cϕðx;ϕÞ ¼
R

2PxðxÞN0πy
e−ν

2ðxþyÞ2

ðxþ yÞ2
X∞
m¼1

~Fmðx;ϕÞ: ðA224Þ

Large g limit From Eq. (A214), we have

Cϕðx;ϕÞ ¼
1

PxðxÞ
Z

ϕ

0

dϕ0Pðx;ϕ0Þ

¼ Rs
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xy

p

4PxðxÞN0πy
ffiffiffi
2

p
τ2

�
δ0
α

�
3=2

×
Z

ϕ

0

dϕ0 ð1 − α cosϕ0Þ2
ð1 − δ0 cosϕ0Þ3=2

¼ Rs
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xy

p

2PxðxÞN0πy
ffiffiffi
2

p
τ2

�
δ0
α

�
3=2

×
�
g0ðδ0;ϕÞ þ g1ðδ0ÞE

�
ϕ

2

				 2δ0
δ0 − 1

�

þ g2ðδ0ÞF
�
ϕ

2

				 2δ0
δ0 − 1

��
: ðA225Þ
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