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The transverse gradient undulator (TGU) has important application in the short-wavelength high-gain
free electron lasers (FELs) driven by laser-plasma accelerators. However, the usual transversely tapered
TGUs need special design and manufacture, and the transverse gradient cannot be tuned arbitrarily. In this
paper we explore a new and simple method of using the natural transverse gradient of a normal planar
undulator to compensate the beam energy spread effect. In this method, a vertical dispersion on the electron
beam is introduced, then the dispersed beam passes through a normal undulator with a vertical off-axis orbit
where the vertical field gradient is selected properly related to the dispersion strength and the beam energy
spread. Theoretical analysis and numerical simulations for self-amplified spontaneous emission FELs
based on laser plasma accelerators are presented, and indicate that this method can greatly reduce the effect
of the beam energy spread, leading to a similar enhancement on FEL performance as the usual transversely
tapered TGU, but with the advantages of economy, tunable transverse gradient and no demand of extra field
for correcting the orbit deflection induced by the field gradient.
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I. INTRODUCTION

In recent years, laser plasma accelerators (LPAs) have
made dramatic progress in producing high-energy and
high-brightness electron beams, and have been pursued
to drive compact x-ray free electron lasers (FELs) [1–4].
However, currently the electron beam from LPA has large
energy spread, typically on a few percent level. Such
energy spread degrades the FEL gain and hinders the
applications of LPAs in the short-wavelength FELs.
To understand the effect of the energy spread on FELs,

we write the well-known resonant condition,

λs ¼
λu
2γ2

�
1þ K2

2

�
; ð1Þ

where γ is the Lorentz factor of electron, and λu, K are the
period and the deflection parameter of the undulator,
respectively. Obviously the energy spread will lead to a
spread of the resonant wavelength and degrade the FEL
gain. It is generally required that the FEL bandwidth
broadening due to the energy spread should be smaller
than the intrinsic bandwidth, which is proportional to the
FEL parameter ρ for high gain case and to the reciprocal of
undulator period number for low gain case.

Therefore, the concept of using a “transverse gradient
wiggler (undulator)”, which was initially proposed to
reduce the effects of large beam energy spread in low gain
FELs [5,6], has been reconsidered to improve the perfor-
mance of short-wavelength FELs driven by LPAs [3,7].
Meanwhile, it is also proposed using transverse gradient
undulators (TGUs) to enhance the harmonic bunching in
the seeded FEL regime [8], to suppress the microbunching
instability [9], to improve the performance of ultimate
storage rings based FEL [10], and to generate large-
bandwidth x-ray FEL [11,12].
The transverse gradient undulator has a field strength

that varies with transverse position, by properly correlating
the energy with transverse position of the electrons, such
that those with higher energy see a stronger field than those
with lower energy, then the resonance condition [Eq. (1)]
can be satisfied for all electrons. The transverse gradient of
a TGU is defined as

α ¼ ΔK=K0

Δx
; ð2Þ

where K0 is the strength parameter at the position of the
electrons with the central energy. To make the resonant
condition invariant for the electron beam with an energy
spread Δγ=γ, from Eq. (1), the magnetic field should
vary as

ΔK
K0

¼
�
1þ 2

K2
0

�
Δγ
γ
: ð3Þ

Then the transverse dispersion strength should satisfy

D ¼ Δx
Δγ=γ

¼
�
1þ 2

K2
0

�
1

α
: ð4Þ
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The expansion of transverse beam size after dispersion
should be moderate. It cannot be too large, otherwise the
optical field gain will be depressed and multiple transverse
modes will be developed [13]. On the other hand it must be
sufficiently larger than the original size to generate linear
dependence of electron energy on the transverse position.
Usually the transverse gradient of undulator field is

technically realized by canting the magnetic poles, namely
varying the undulator gap transversely, which results in an
approximately linear horizontal dependence of the undu-
lator field [13]. Such TGUs are the transversely tapered
undulators. Other possible TGU geometries also have been
discussed in Refs. [14,15] particularly for superconducting
TGUs. Since the canting angle of a transversely tapered
TGU is fixed, for a given resonant wavelength, the trans-
verse field gradient is also fixed, and so is the dispersion
strength from Eq. (4).
In this paper, we explore a new and simple method that a

normal undulator doubles as a TGU for compensating the
beam energy spread effect by using the natural transverse
field gradient. For a planar undulator, as illustrated in Fig. 1,
when a vertically dispersed electron beam passes through the
undulator at an off-axis orbit, it will see a magnetic field with
the natural vertical gradient. If Eq. (4) is satisfied in the
vertical direction, the beam energy spread effect can be
reduced and the FEL performance can be greatly improved.
Theoretical analysis of this method is described in Sec. II.
Then, simulation results for self-amplified spontaneous
emission (SASE) FELs based on typical LPA beam are
presented in Sec. III. Finally, we summarize in Sec. IV.

II. METHODS

A normal undulator usually has a vertical magnetic field.
In the vertical direction the peak field By varies as [16]

By ¼ Bm coshðkuyÞ; ð5Þ

where Bm is the peak field on the z axis and ku is the wave
number of the undulator. The variation of the undulator

field with vertical coordinate can be seen in Fig. 2. With the
relation of K ¼ 93.4Byλu, the variation of K parameter
along the vertical coordinate is

KðyÞ ¼ Km coshðkuyÞ: ð6Þ
Here, Km means the deflection strength on the z axis.
For the off-axis orbit of y ¼ y0 (see Fig. 1), the natural

vertical gradient αy can be deduced as

αy ¼
ΔK=K0

Δy
¼ ku tanhðkuy0Þ ≈ k2uy0: ð7Þ

The approximation of the last step in the above equation
is due to kuy0 < 1. From Eq. (7) we can see that, for a
normal undulator, the natural transverse gradient is
dependent on the vertical position of the electron beam
center, but independent of the magnetic pole gap.
Therefore by adjusting the injection position of the
electron beam the natural vertical gradient can be
adjusted. This is a distinct feature comparing with a
usual transversely tapered TGU.
Another advantage of a normal undulator doubling as

a TGU is that it does not need an extra correcting field.
For a usual transversely tapered TGU, the electrons’
wiggling and the magnetic field gradient are in the
same plane, so that the electrons will see the field
gradient when they oscillate in the undulator, hence the
electrons will have a net deflection and an additional
correcting field is required to correct the deflection [9].
However, for using the natural gradient, due to that
the two directions are perpendicular to each other, the
electrons will not see the field gradient. Therefore, the
natural gradient induces no deflection of the elec-
tron beam.
While in the vertical plane the longitudinal field (Bz) of

the undulator focuses the off-axis electrons and makes them
experience a betatron oscillation. Such effect is the so-
called natural focusing, which may have an impact on the
matching of the electron energy with the magnetic field and

FIG. 1. Illustration for using the natural transverse gradient of a
normal undulator to overcoming the effect of large energy spread
by deviating the electron beam orbit of y0. The electron beam is
previously dispersed in the vertical direction.

FIG. 2. The variation of the undulator peak field in vertical
direction (solid red) and an example of linearly differential
approximation (dashed blue).

QIKA JIA and HETING LI PHYS. REV. ACCEL. BEAMS 20, 020707 (2017)

020707-2



the gradient. If the vertical betatron wavelength is much
longer than the undulator length Lu,

λβy ¼
ffiffiffi
2

p
λuγ=K ≫ Lu; ð8Þ

then the natural focusing effect can be neglected.
Otherwise, the betatron oscillation will gradually destroy
the linear vertical energy chirp of the electron beam and
degrade the final FEL performance. For this case, one
should consider to add external focusing to counteract the
natural focusing.
Note that the linear approximation of the field varia-

tion is available only for a small range of Δy around y0
(see Fig. 2). If Δy is too large, the contribution of the
nonlinear term to the field variation cannot be neglected.
From the second differential term of the Taylor’s
expansion, it is

δB
B

¼ 1

2
k2uΔy2 ¼ 2π2

�
Δy
λu

�
2

: ð9Þ

One can see that it is independent of the vertical
position. For compensating the energy spread effect,
we require that the bandwidth due to the field error
should be smaller than the intrinsic bandwidth ðΔλ=λÞ0,
namely,

Δλ
λ

¼ K2
0

2þ K2
0

δB
B

<

�
Δλ
λ

�
0

: ð10Þ

For a high gain FEL, the intrinsic bandwidth scales to the
pierce parameter ρ [17]. Therefore combining Eq. (9) and
Eq. (10), we give the applicable range of the linear
approximation of the field gradient

jΔyj < 1

ku

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρ

�
1þ 2

K2
0

�s
: ð11Þ

This gives the upper limit of the vertical beam size after
dispersion.
Typically the pierce parameter ρ ∼ 10−3 for soft X-ray

FEL, K ¼ 1–2, and λu∼ a few centimeters, thus for an
offset beam orbit of a few millimeters, the vertical
gradient can reach several hundreds per meter. And from
Eq. (11) the applicable range of the linear approximation
of the vertical gradient is jΔyj ∼ 10−2λu, corresponding to
about several hundred microns. Comparing with the
transversely tapered TGUs, whose field is very close
to linearity though not strictly linear along the transverse
position [18], the applicable range of linear approxima-
tion of the natural gradient is not so wide, but is
sufficiently large for LPA beam due to its small trans-
verse beam size. The situation will be better for an
undulator with a long period.

III. SIMULATION

To validate our analysis above, we simulated a soft x-
ray SASE FEL based on typical LPA electron beam by
using natural transverse gradient of a normal undulator as
a TGU. In the simulation, the electron beam and
undulator parameters considered in Ref. [3] are utilized
as a representative example. They are as follows: a flattop
electron beam with beam energy of 1 GeV, peak current
of 10 kA, full width of 5 fs, relative energy spread of 1%
and transverse emittance of 0.1 μm, and an undulator
with period of 10 mm and total length of 5 m.
The same as Ref. [3], we consider to generate 3.9 nm

soft x-ray radiation. The undulator strength for the center
beam energy is K0 ¼ 2 and the vertical orbit offset is
selected to be y0 ¼ 0.5 mm. According to the Eq. (7) and
Eq. (4), the vertical field gradient and the dispersion
strength are αy ¼ 197.4 m−1 and D ¼ 7.6 mm, respec-
tively. And from Eq. (11), the vertical beam size after
dispersion should be smaller than 210 μm. Reasonably
assuming the beta-function of β ¼ Lu=2 ¼ 2.5 m, we get
the initial transverse beam size of σx ¼ σy ¼ 11.3 μm.
After vertical dispersion, the vertical beam size grows to
σy ¼ 76 μm. Such vertical size satisfies the requirement
described in Eq. (11).
With the three-dimension code GENESIS [19], which

already includes the vertical field gradient as well as the
diffraction and transverse modes effects, we simulated the
FEL process based on above parameters. Figure 3 shows
the FEL power around 3.9 nm for using natural trans-
verse gradient (NTG) with and without external focusing.
The power of normal SASE is also given for comparison.
One can find that, by using the natural gradient without
any external focusing, the SASE power is enhanced by
more than one order of magnitude and saturates within
5-m undulator. Such enhancement is a little lower than
that of using TGU as presented in Ref. [3], owing to the

FIG. 3. FEL power around 3.9 nm for using natural transverse
gradient (NTG, y0 ¼ 0.5 mm) with (solid blue) and without
(dashed dotted red) external focusing, comparing with normal
SASE (dashed black). The external focusing is realized by adding
two quadrupoles focusing in x plane ahead each of two 2.5-m
undulator sections.
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vertical natural focusing of the undulator field. As shown
in Fig. 4, the vertical beam size oscillates with a period
of about 7 m and a peak-to-peak amplitude of about
70 μm. This oscillation will lead to a large variation of
the energy chirp rate in vertical direction, namely the
initial vertical energy dependence Δγ=Δy ¼ γ0=D gradu-
ally changes along the longitudinal coordinate, which
makes Eq. (4) not satisfied in the latter half of the 5-m
undulator. Therefore, the power growth rate tends to
gradually decrease resulting in the earlier saturation at a
relatively lower level.
To overcome the effect of the natural focusing, we added

two quadrupoles ahead each of two 2.5-m undulator
sections, which focused in the x plane with focusing
gradients of about 4 T=m and 8 T=m, respectively, and
an equal length of 20 cm. For this case, the curves of the
power and the vertical beam size are shown in Fig. 3 and
Fig. 4, respectively. Note that, for more direct comparison,
the evolutions of power and vertical beam size in the
quadrupoles were omitted in these two figures. We can find
that the external focusing makes the vertical oscillation

amplitude of the beam size smaller. The FEL power grows
continuously within the full length of the 5-m undulator
and is enhanced by about two orders of magnitude.
Figure 5 shows the typical single-shot spectra of the

three cases. One can see that the longitudinal coherence of
the normal SASE is very poor with a rms bandwidth of
about 2% while a single coherent spike is generated by
using natural transverse gradient. The transverse mode
pattern for the three cases are also given in Fig. 6. The
transverse coherence also can be greatly improved by using
natural transverse gradient. These simulation results are
almost the same as those of using usual transversely tapered
TGUs presented in Ref. [3].
The most different point of using natural gradient

comparing with usual TGUs is that we should accurately
control the beam orbit offset. Tolerance of the FEL power
on the beam orbit offset for the example above has been
studied and given in Fig. 7. The result shows that, for using
natural transverse gradient with external focusing, if
requiring 80% of the power for the case of y0 ¼ 0.5 mm
remains, the accuracy of the orbit should be better than
30 μm, which can be easily satisfied by modern technology
of beam measurement and control.

FIG. 4. The evolution of vertical beam size along the 5-m
undulator for using natural transverse gradient with (solid blue)
and without (dashed dotted red) external focusing.

FIG. 5. Typical single-shot spectra around 3.9 nm of normal
SASE FELs (dashed black), for using natural transverse gradient
with (solid blue) and without (dashed dotted red) external
focusing.

FIG. 7. The variation of the FEL power with the offset of the
vertical beam orbit for using natural transverse gradient with
external focusing.

FIG. 6. Transverse mode pattern around 3.9 nm of normal
SASE FELs (left), for using natural transverse gradient without
external focusing (middle), and for NTG with external focusing
(right).
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IV. SUMMARY

In summary, we proposed a new and simple method of
using the natural transverse gradient of a normal planar
undulator to reduce the effect of the large beam energy
spread. The significant enhancement has been demonstrated
with theoretical analysis and 3D simulations. In general,
with this method one can achieve the similar results as using
a usual transversely tapered TGU. Furthermore, a normal
planar undulator doubling as a TGU has several distinct
advantages. The main advantage first is very economical and
convenient since the existing undulators can be directly used
as TGUs. Second, the natural transverse gradient can be
adjusted conveniently in a quite large range by changing the
beam orbit offset or controlling the top and bottom magnetic
poles moving independently, while the usual transversely
tapered TGU is used for special parameters sets, and there
may be some problem when it is used as a normal undulator.
Because when the beam energy spread is small, the trans-
verse gradient may lead to bad performance, such as gain
degradation, large bandwidth, and so on. Lastly, using the
natural transverse gradient does not need an extra correcting
magnetic field because the natural gradient induces no
deflection of the electron beam.
However, using the natural gradient also has disadvan-

tages, for instance, the linear range of the natural gradient
field is rather small so that a smaller beam size and a larger
undulator period are preferred. In addition, since the natural
gradient and the natural focusing are in the same direction,
external focusing is required to counteract the effects of the
natural focusing. when the undulator length is close to or
longer than the betatron wavelength of the natural focusing.
Though in this paper, we just took LPA based FEL as an

example of the application of using the natural transverse
gradient, we think that this concept may also be used for
other purposes of TGUs, such as ultimate storage ring
based FEL, phase-merging harmonic generation (PEHG)
FEL, and so on. And we expect the study presented here
will promote the application of using the natural transverse
gradient in experiments.
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