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The undulator system in the European X-ray Free Electron Laser is mainly comprised of 5-m long
undulator segments and 1.1 m long intersections in between. The longitudinal component of the electrons’
velocity is reduced when traveling inside an undulator due to the wiggle motion. Therefore the optical
phase is detuned. The detune effect is also from the undulator fringe field where electron longitudinal speed
also deviates from the oscillation condition. The total detune effect is compensated by a magnetic device
called phase shifter, which is correspondingly set for a specific undulator gap. In this paper we investigate
the homogeneity of the fringe field from different undulators. Different phase matching criteria are studied.
The field fitting technique for the phase matching in high accuracy is demonstrated in detail. The impact
by air coil is also studied. Eventually the matching test by spontaneous radiation simulation is made. A test
method for high sensitivity to matching error is proposed.
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I. INTRODUCTION

High gain free electron lasers (FELs) using the principle
of self-amplified spontaneous emission (SASE) are so far
the only way to generate FEL radiation in the hard x-ray
range [1–5]. For vacuum ultraviolet radiation, alternatives,
such as harmonic generation, exist that generate more
stable radiation [6]. However, aside from such differences
both require long undulator systems with lengths from
tens of meters up to about 200 meters depending on the
radiation wavelength and electron beam parameters. Such a
long undulator system cannot be built as a continuous
device. For practical reasons of manufacturing it must be
segmented into lengths around typically 5 m maximum.
In the intersection between two undulator segments

auxiliary equipment such as quadrupoles, beam position
monitors, vacuum pumps, correctors, etc. can be installed.
For the FEL process the interruption of the undulator
implies a problem: The longitudinal speed of the electrons
in the intersection is different from that inside the undulator
and therefore the optical phase matching between laser
field and electron motion is perturbed.
In a fixed gap undulator system such as FLASH [1,2] or

LCLS I [3] phase matching can be obtained by choosing
the intersection length and tuning the end fields of the
undulator segments properly. The phase matching in a
gap tunable system is more complicated since the phase
mismatch in the intersection changes with undulator
gap. With a phase shifter, a small magnetic chicane, an

additional delay is induced in the electron orbit. By
properly selecting the phase shifter strength and hence
the delay the optical phase can be matched at any gap [7].
The EuropeanX-ray Free Electron Laser (EXFEL) facility

is currently under construction [5]. It is a large project driven
by a 1.8 kilometer long superconducting linac. The SASE
FEL is used throughout the European XFEL. An electron
beam is accelerated up to a maximum of 17.5 GeV. Then it is
guided through the undulator system to generate high quality
soft and hard x rays. The radiation wavelength can be
changed by variation of the undulator gap and in addition
the beam energy: The hard x-ray range from 0.1 to 0.4 nm is
covered by two undulator lines called SASE1 and SASE2.
The soft x-ray wavelength range from 0.4 to 1.6 nm is
covered by one undulator line called SASE3.
For the hard x-ray FELs SASE1 and SASE2 two

undulator systems with a total length of about 210 m each
comprising 35 U40 type undulator segments are needed
to reach saturation. For the soft x-ray FEL SASE3 the
undulator system is comprised of 21 U68 type undulator
segments with a total length of about 112 m.
Both U40 and U68 use the same standard 5 m long

mechanical support structure. The intersections for all SASE
beam lines are standardized as well. They are 1.1m long. All
use the same type of permanent phase shifter. In total 91
undulator segments are built and therefore 88 phase shifters
are needed.
Undulators and phase shifters are well characterized

before installation: Undulators were accurately tuned for
small trajectory and phase errors in the operational gap
range [8,9]. After tuning the characterization for each
segment includes high resolution field maps as a function
of gap in 0.5 mm steps. They are the basis for the
calculation of device properties such as K-parameter,
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optical phase errors, trajectory wander, etc. All phase
shifters were well tuned and characterized as well
[10–13]. Field integral errors were corrected below
XFEL tolerance levels for all gaps [12]. The phase integral
characterizing the strength of a phase shifter was system-
atically recorded for all phase shifter gaps. All data are
stored in the undulator system database (USDB).
An undulator system comprised of many segments is

best controlled by the K-parameter, which directly relates
to the radiation wavelength, and not by the individual gaps,
which differ slightly from segment to segment due to
manufacturing and material tolerances. The K-parameter
plays a key role and needs to be provided with an accuracy
of ΔK=K ≤ 2 × 10−4. The K(gap) or the inverted the Gap
(K) relation is available for each undulator segment and
stored on the USDB with high precision.
This paper concentrates on the phase matching of

undulator segments and the generation of the lookup tables
for the phase shifters using the data stored in the USDB.
The relevant theory is derived. These lookup tables are
needed for the commissioning of the undulator system. For
commissioning the K-parameter needs to be provided with
the accuracy given above. It has been demonstrated that the
magnetic data are accurate enough [14].

II. PHASE MATCHING STRATEGY

A. Practical situation

In order not to deteriorate the FEL process the
K-parameters of the individual undulator segments need
to be provided with an accuracy ΔK=K ≤ ρ, where ρ is the
Pierce parameter, which for EXFEL is about 2 × 10−4.
Therefore, in an undulator system the gaps of individual
undulator segments need to be adjusted to match very
specific K values that are required to make all undulator
segments resonant to the same x-ray wavelength in the
presence of energy losses.
On the other hand, undulator field measurements are

made by controlling the gap mechanically with micrometer
precision. Therefore, the K-parameters for each segment
need to be evaluated by interpolation from measurements
made at different gaps.

B. Phase matching criteria

Figure 1 illustrates two undulator cells. Each cell is
subdivided into four regions: Going from left to right the

beginning of a cell is chosen in the field-free region in front
of the undulator, right after the end of the upstream phase
shifter. The region from the beginning of the cell to the
beginning of undulator bulk poles, including the drift space
and the undulator fringe field, is called entrance fringe. The
phase advance in this part is φEntr. The periodic field region
inside the undulator is called bulk field. The phase advance
over this region is φBulk. Ideally at the first harmonic the
phase advance in this region is 2π per period. Similar to the
entrance fringe the region from the end of the bulk field to
the beginning of the phase shifter is called exit fringe with
the phase advance φExit. In the field free region after the exit
fringe the phase shifter is placed. The phase advance over
the phase shifter is φPS. Since the phase shifter has very low
fringe fields [7], it does not interfere with the undulator
and the spatial extension of its fringe field is very close
to its short physical length of only 230 mm. The region
after the phase shifter is again field free. Accordingly the
phase advance over the first undulator cell can be written
as φUnd;1 ¼ φEntr;1 þ φBulk;1 þ φExit;1 þ φPS;1.
Only planar undulators are used at the European XFEL,

so only the vertical field By plays a role. The horizontal
field component Bx resulting from field errors is less than
≈10−3 times smaller than the main field component and
can be neglected. The spontaneous energy radiated per
unit solid angle per unit frequency interval dIðωÞ=dΩ is
dIðωÞ=dΩ ¼ 2jAðωÞj2 [15,16]. The on-axis radiation of a
planar undulator AðωÞ is written as

AðωÞ ¼ i

�
e2

8π2c

�
1=2 k
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z

0

I1yðz1Þeik½
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0
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ð1Þ
where k ¼ 2π

λRad
is the wave number, λRad the radiation

wavelength, c is the speed of light, e the electron
charge and γ the kinetic energy in units of the electron
rest mass. I1y is proportional to the first field integral:
I1y ¼ e

mc

R
z
0 Byðz0Þdz0. The argument of the exponential

function in Eq. (1) is the optical phase function [16]:

φðz1Þ ¼
Z

z1

0

k
2γ2

½1þ I21yðz2Þdz2�: ð2Þ

For convenience a normalized form of A, An, is used. In
terms of the optical phase φðz1Þ and the first field integral
Eq. (1) is rewritten

FIG. 1. Definition of the different field regions in two sample undulator cells.
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An ¼
Z

z

0

I1yðz1Þeiφðz1Þdz1: ð3Þ

An is complex. An for two undulator segments is the
vector sum of two complex numbers. Using the normalized
form is written as

An;sum ¼ An;1 þ eiðφUnd;1þφPSÞAn;2; ð4Þ

where An;1 and An;2 denote An of the first and the second
undulator, respectively. Both undulators and the corre-
sponding radiation are similar but not identical. Each
can be expressed in complex polar coordinates as

An ¼ jAnjeiψ : ð5Þ
ψ is the phase of the radiation complex amplitude An and

must not be confused with the optical phase φ.
The total An of two undulators is the complex sum of

two. Equation (4) is then rewritten as

An;sum ¼ jAn;1jeiψ1 þ jAn;2jeiψ2 · eiðφUnd;1þφPSÞ: ð6Þ

The maximum for jAn;sumj is obtained if the condition

ψ1 ¼ φund;1 þ φPS þ ψ2 þ 2nπ ð7Þ

is fulfilled where n is an integer. Equation (7) is the
criterion for calculating the phase matching. Figure 2 gives
an illustrative description. An of the two undulators are
plotted in the complex plane. If Eq. (7) is fulfilled the
resulting An is longest if An;1 and An;2 are collinear.
In order to explain the relation between the phase of the

complex An, ψ , and the optical phase φ, we analyze an
undulator field comprised by an ideal bulk field and two
ending fields. Equation (3) is expressed by the integral over
different parts of an undulator as sketched in Fig. 1:

An ¼ δentrþeiφEntr

Z
LentrþLbulk

Lentr

I1yðz1Þeiφðz1Þdz1þδexit; ð8Þ

where δentr ¼
R Lentr
0 I1yðz1Þeiφðz1Þdz1, δexit ¼ eiðφEntrþφbulkÞ ×R LentrþLbulkþLexit

LentrþLbulk
I1yðz1Þeiφðz1Þdz1 are the contributions to An

from the undulator end fields at the entrance and exit. In the
end field sections the poles have different strength from the
bulk and the optical field is out of resonance. δentr and δexit
only contribute to the optical phase advance φEntr and φExit
but at resonance their contributions to the modulus of An
are negligibly small. Therefore Eq. (8) is simplified:

An ≈ eiφEntr

Z
LentrþLbulk

Lentr

I1yðz1Þeiφðz1Þdz1: ð9Þ

The bulk field is expressed by sinus function and
expressed in terms of Bessel functions [17]:

An ≈−eiφEntrK •N
λu
2

�
J0

�
K2

1þ 0.5K2

�
− J1

�
K2

1þ 0.5K2

��
;

ð10Þ

where N is the number of periods. J0 and J1 are the Bessel
functions of integer order 0 and 1.
Equation (10) shows that the contribution from the bulk

field to the vector potential is real, since the phase advance
per period is 2π. Therefore φbulk ¼ 0 and has no effect on
the phase of As. So ψ is determined by the entrance field of
an undulator:

ψ ¼ φentr: ð11Þ
Because in an ideal undulator φbulk ¼ 0 and φund ¼

φentr þ φbulk þ φexit, the criteria of Eq. (7) for phase
matching can be written in the format of optical phase:

φexit;1 þ φPS þ φentr;2 ¼ 2nπ: ð12Þ

Equation (12) gives a criterion for the phase matching
of two undulators: The optical phase from the last bulk
pole of the upstream undulator should change integral
times of 2π to the first bulk pole of the next undulator.
However, Eq. (12) assumes an ideal bulk field of the
undulator with results in a phase advance of 2π per period
over the whole undulator. In practice phase errors are
unavoidable and the accuracy of Eq. (12) is affected by
field errors.

III. MATCHING OF UNDULATORS

A. Investigation of simple matching techniques

The method described in the previous section needs field
maps at a specific K-parameter. This requires an appro-
priate interpolation scheme to deduce these data from
adjacent gaps.

FIG. 2. Sum of the An of two undulators. The length of An is
maximum if the condition ψ1 ¼ φund;1 þ φPS þ ψ2 þ 2nπ is
satisfied.
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However at first two attempts were made, which
made assumptions on magnetic field properties and could
simplify phase matching by avoiding the interpolation of
the field maps.
1. Cell matching.—The assumption is that the

phase advance over an undulator cell is given by
φUnd þ φPS ¼ 2nπ. It does not make the distinctions
described in the previous section. This method only
considers a single isolated undulator cell and does not
consider its neighbors. It also does not distinguish phase
advance in the regions of fringe field and the bulk field.
Comparing these simplified criteria with Eq. (12), the
condition φentr;1 ¼ φentr;2 results. It means this simplifi-
cation works only when the phase advance in the
entrance fringe field has, within some tolerance limits,
the same value for all undulators. This assumption was
assessed.
2. Two cell averaging.—The criteria is ðφUnd;1þφUnd;2Þ=

2þφPS¼2nπ. It takes into account the contribution from
both undulators upstream and downstream a phase shifter
but omits the distinction between the fringe and bulk fields.
In comparison with Eq. (12) the condition for this method
to work isv φentr;1 þ φexit;2 ¼ φexit;1 þ φentr;2. It means the
sum of the phase advance in the entrance region of the
upstream undulator and in the exit region of the down-
stream undulator equals the sum of phase advance in the
exit region and the entrance region from the upstream and
downstream undulators respectively.
For both methods only the total phase advance over the

whole undulator is required. For each undulator segment it
meticulously recorded as a function of the gap. Phase
matching is greatly simplified if these data can be used and
the detailed calculation as described in the previous section
could be avoided.
In order to test these two assumptions data from 15

representative undulator segments were selected. One, the
undulator U40-X002 is used as the reference and the other

14 are compared to it. Interpolation of the K vs gap and
phase vs gap curves was used to obtain consistent data
for K ¼ 3.9.
The calculation results are shown in Fig. 3. Figure 3(a)

illustrates the difference of the optical phase between
the selected 14 undulators with respect to the reference
undulator X002. The origin of the phase is set in
the undulator centers. Differences extend up to �40°.
The constant regions before and after the undulator
correspond to the field free regions where the phase
difference stays constant. The different values reflect
the differences. The phase advance in the entrance and
exit region differs significantly segment to segment.
Figure 3(b) visualizes the differences for the cell match-
ing and two cell averaging. It is evident that the ending
sections are quite different and differences extend up to
�40° and cannot be accepted. Interpolation for the fields
map is unavoidable.

B. Accurate matching techniques

1. Field fitting

In order to obtain the field for a specific K the
interpolation of field maps measured at discrete gaps in
the immediate vicinity is needed. This includes five steps.
1. Using the measured field maps as a function of gap

the undulator K-parameters are calculated and a discrete
function KmðgmÞ is established. The suffix m denotes
discrete measured values. The standard measurement data
include field maps made with gap steps of 0.5 mm steps
from 10 to 22 mm and 10 more point up to 100 mm. The
operational gap range from 10 to 20 mm is thus well
covered.
2. The coefficients ai of a polynomial KðgÞ ¼ P

n
i¼0 aig

i

are fitted to the discrete set of KmðgmÞ. The maximum
order, n, is typically 6. KðgÞ is a smooth continuous
function.

FIG. 3. The phase difference between the 14 undulators to a reference undulator. (a) The phase difference over the full length of the
undulator. (b) Test of the valid conditions for the simplified matching methods.
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3. The polynomial fitting is inverted so that a smooth
continuous interpolation function gðKÞ is obtained, which
is used to determine the exact gap for a specific K. The
inversion is done by a numerical point by point inversion
at each sampling point performed on the polynomial
coefficient ai.
4. Field fitting: For a specific K the undulator gap, g0, is

evaluated as shown in step 3. Field maps at eight gaps, four
smaller and four larger than g0, are used for interpolation.
At each point of the field map polynomial coefficients bi
are fitted through the eight data points. At small and
large gaps the number of data points needs to be adjusted
accordingly.
5. Based on the coefficient bi the interpolated undulator

field at g0 is calculated using fðg0Þ ¼
P

n
i¼0 big

i
0. In our

case we use the sixth order polynomial fitting n ¼ 6.
In order to test the accuracy of the field fitting the

undulator segment U40-X005 was selected. Field maps are
measured over �3050 mm with a 0.5 mm step size and
extend over the full length of a cell. Such a map consists of
12201 data points. The coordinate origin is in the geometric
center of the undulator as was already seen in Fig. 3(a). For
testing the accuracy of the interpolation a step size test was
made: The gap interpolation using gaps with 1 mm step size
was compared with results using 0.5 mm. The difference is
used to estimate the accuracy of this method.
Figure 4(a) shows the difference of the interpolated gaps

for K-parameters ranging from 1.7 to 3.9 using 1 and
0.5 mm interpolation. The maximum difference is less than
0.4 μm, which is less than half the resolution of gap control
and considered sufficiently accurate.
The dependence of the K-parameter on step size is

shown in Fig. 4(b). Compared are two data sets each
containing field measurements at 10 gap settings. One is the
field based on the field fitting according to the five steps
above. The original field is the scan at gaps from 10.0 mm
up to 20 mm. The other data set is the real measurement at

gaps from 10.5 to 19.5 mm. It is seen that the K difference
is smaller than 2 × 10−5. This is more than 1 order of
magnitude smaller than the Pierce parameter ρ and again
considered accurate enough.
The difference between field interpolation and measure-

ments already shows sufficient accuracy. In practice only
0.5 mm interpolation will be used, so the accuracy should
be further increased. As a result interpolation using the
0.5 mm data provides sufficient accuracy to obtain field
data for any arbitrary K-parameter.

2. Effect on phase by compensation of ending kick

The specifications of the European XFEL allow for
residual end kicks of �0.15 Tmm or less, which in general
change with gap. Air coils, which are installed on both
undulator ends, are used to compensate the residual kicks.
Using Eq. (2) the change of the optical phase Δφ caused by
a kick δk at position z0 is given by

ΔφðzÞ ¼ k
2γ2

�
2δk

Z
z

z0

I1yðz0Þdz0 þ ðz − z0Þδk2
�

≈
k
γ2

δk

Z
z

z0

I1yðz0Þdz0: ð13Þ

If the location of the air coil correctors is inside of the
undulator streak fields the term

R
z
z0
I1yðz0Þdz0 is much

larger than δk and it results in the approximation in
Eq. (13). Therefore in Eq. (13) the main contribution to
Δφ is proportional to the product of the second field
integral and the kick at the position z0. Outside the
undulator field only a small contribution remains. If the
kick is inside the undulator field it can result in consid-
erable phase errors. This analysis shows that the air coils
need to be carefully placed in order to minimize the
impact on phase matching.

FIG. 4. Test of the interpolation using gap steps of 0.5 and 1.0 mm. (a) Differences of the gap are well within 0.4 μm; (b) Differences
of the K-parameter are within �2 × 10−5.
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Figure 5(a) illustrates the first field integral near the exit
end of a representative undulator segment, the U40-X006.
The gap is 16.5 mm and K value is 2.2284. The mechanical
end of the undulator at 2488 mm is shown. The contribu-
tion of fringe field extends to about 2570 mm. The 80 mm
long air coil starts at 2516 mm where there is some small
residual nonzero contribution of the undulator field. For
demonstration the blue dashed line in Fig. 5(a) represents
the first field integral measured on a representative air coil
located at this position with full excitation of 0.45 Tmm,
which is much stronger than required. It is seen, however,
that the field overlap of undulator and air coil field is
very small.
Figure 5(b) illustrates quantitatively the impact on Δφ,

which would result if the position of the air coils is
changed. In order to obtain a flat trajectory throughout
the undulator an entrance kick of þ0.0765 Tmm at
−2590 mm and an exit kick of −0.0854 Tmm at
þ2590 mm need to be applied. The reference phase is
calculated with the air coils at these positions. In Fig. 5(b)
the phase difference is shown, if the air coils are
shifted but with unchanged strengths. The black squares
show the results if the entrance coil is shifted but the
exit coil is kept fixed. The red circles show the analog
situation for the exit coil. Note, in order to show both ends
in one plot the abscissa represents the distance to the center
not the X-position since the undulator field is symmetric
and extends from −3050 to þ3050 mm. It is seen that as
long as the distance of the air coils to the center is larger
than 2510 mm the phase difference is smaller than 1 degree.
With decreasing distance the phase error can increase
significantly to more than 10 degrees, see also Eq. (13).
Since the air coil starts at 2516 mm it is concluded that

the impact of the position of end kicking is <1° and
therefore negligible.

IV. MATCHING RESULTS

A. General

For demonstration of the method two undulator seg-
ments, the U40-X005 and the U40-X006 and one phase
shifter, the PS073, are used. The K-parameter of the two
undulators is set from 1.5 up to 3.9 with a step size of 0.2.
It corresponds to the operational range. The gap for each
segment was fitted to match the desired K-parameter.
Figure 6 illustrates the required gap of the two segments
as a function of K. The blue curve shows the difference.
It is seen that there is an almost constant difference of
about 0.15 mm with a very slight variation with gap. It is
due to differences in the mechanics, encoder initialization
and magnet structure and shows the need of individual gap

FIG. 5. Effect of the position of the air coil on optical phase. (a) First field integral of the U40-X006 undulator. The hardware border
for both undulator and air coil positions are indicated. For demonstration the dashed line indicates the contribution of the air coil with
full excitation of 0.45 Tmm (b) Dependence of the phase difference on the position of the air coils at the entrance (black squares) and exit
(red circles). Note the abscissa represents the distance to the center not the X-position.

FIG. 6. Gap vs K-parameter for the U40-X005 (black squares)
and U40-X006 (red circles). The difference is shown by the blue
triangles.
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adjustment. This is quite representative for other undulator
segments as well.

B. Phase matching using the An

The condition for proper phase matching is defined by
Eq. (7). The real and imaginary part of the normalized An
using Eq. (3) and the phase ψ can be calculated. Figure 7
demonstrates the phase matching using the hodograph
representation.
The abscissa represents the real and the y-axis the

imaginary part in arbitrary units. Two cases representing
the maximum and minimum K values, 3.9 and 1.7, are
chosen for demonstration. Going along a perfect undulator
the complex amplitude evolves along a straight line starting
at 0. For each K value, two conditions called “matched”
and “antimatched” are shown. Matched fulfills the phase
matching condition, Eq. (7) i.e. 2nπ. For the antimatched
condition the phase delay between the undulators is
(2nþ 1)π. Results are shown by the left and right plots,
respectively. The start angle is different to various K value
and it depends on the entrance ending field. It is seen that in
the matched condition the An of two of the undulators,
U40-X005 and U40-X006, have the same length and point
in exactly the same direction and the total amplitude of the
radiation from two undulators is twice the amplitude of a
single one and reaches the maximum intensity as illustrated
in Fig. 2. In contrast as seen by the right plot in the
antimatched condition An of the two undulators have again
the same length but reverse direction. Therefore the total
length is zero. It should be emphasized that this applies
to the forward direction only. The effect of residual field
errors is seen by some small wiggles on the lines and
resulting small deviations from perfect straightness.
Small differences in the ending fields as well as small

individual differences in the phase shifter require strict

matching of undulators and phase shifters. Figure 8 shows
the required phase shifter gap as a function of the undulator
K-parameter. The phase shifter can be operated on different
harmonic numbers, ν [7]. Here the harmonic number means
the integral times of 2π of the phase advance in the
intersection between two undulators. The harmonic number
ν needs to be adjusted to the K range. For example if for an
experiment K needs to be scanned from 1.5 to 3.9 harmonic
ν ≥ 14 must be selected. At a lower ν the range cannot
be covered. Figure 8 shows the results. Each curve
corresponds to a specific harmonic number. It is seen that
the larger the harmonic number the larger the K range.
However at large K the space between the curves gets
smaller and the phase gets more sensitive to the phase
shifter gap.

FIG. 7. Hodograph of the real and imaginary part of the radiation An for two K values. The left plot corresponds matched phasing
with 2nπ phase difference. The right plot corresponds antimatched phasing with ð2nþ 1Þπ phase difference leading to zero amplitude
in the forward direction.

FIG. 8. The required gap of phase shifter PS073 placed between
U40-X005 and U40-X006 as a function of the K-parameter. The
individual curves correspond to different phase numbers.
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C. Phase matching using the optical phase

Phase matching described so far is the most general
treatment which is based on the complex An of the two
undulators calculated from their measured fields. Under the
assumption that the bulk structure has zero phase error there
is a simple alternative using Eq. (12). Only the end field
contributes. In reality the problem arises of how to select
the boundary between bulk and end fields. The applicabil-
ity of this simplification was again tested using the
undulators U40-X005 and U40-X006 and the phase shifter
PS073.
Figure 9 shows the required phase compensation of the

phase shifter as a function of the pole number where the
bulk structure starts. It is seen that depending on the start
the phase varies significantly from about 50 to 120 degrees
with an rms value of 12.9 degrees. There is no hard
criterion to select a specific pole as the start pole for the
bulk field. In the bulk structure there is a systematic
deviation from a 2π phase advance per period. The
explanation is that on all European XFEL undulators small
parabolic girder deformations have been observed, which
result from changing magnetic forces, which are well
within the specifications. Therefore different extensions
of the bulk field lead to different phase matching require-
ments [10]. Since the curve in Fig. 9 has some symmetry
averaging can be used. The average of the requested phase
in Fig. 9 is 90° and is used to calculate the phase shifter gap.
Now, using Eq. (12) phase shifter gap settings in full
analogy to Fig. 8 can be calculated.
Both methods provide comparable results. Instead of

reproducing curves such as in Fig. 8 a quantitative analysis
is given in Fig. 10. The black curve shows the difference of
the phase shifter gap setting a function of the undulator
K-parameter. It does not exceed −7 μm. As shown by the
blue curve the difference of the phase shifter correction
is less than one degree. These differences are negligible

and both methods give the same phase matching and can be
used for the work.

V. EMISSION SPECTRA

In order to further validate the phase matching method
the spontaneous radiation (SR) of the two undulators
and phase shifter were investigated. SR spectra are another
quantitative tool to evaluate the phase matching and the
overall field quality.
To start with the effect of the combination of two

ideal undulators plus the phase shifter is studied analyti-
cally. The on-axis radiation of a single ideal undulator as a
function of wavelength near the fundamental harmonic can
be expressed by the detuning factor δ ¼ Δλr=λr, where λr
is the radiation wavelength and Δλr is the shift of the
wavelength:

AðδÞ ≈
�

e2

8π2c

�1
2 k
γ

�
J0

�
K2

1þ 0.5K2

�
− J1

�
K2

1þ 0.5K2

��

×
e−i2Nπðδ−δ2Þ − 1

δ
: ð14Þ

N is the undulator period number. The intensity is
proportional to the square of A. The radiation intensity
from a single undulator, ISingle, as a function of δ is
proportional to

ISingleðδÞ ∝
4sin2ðNπδÞ

δ2
: ð15Þ

Without loss of generality we consider a special con-
dition in Eq. (12): φexit;1 þ φentr;2 ¼ 0. The intensity of two
undulators with phase delay φPS in between as the function
of δ is given by

FIG. 9. Phase compensation as a function of the pole number
where the bulk field starts.

FIG. 10. Comparison between the results of two matching
criteria. The black curve shows the difference of the required
phase shifter gap, the blue curve the phase difference of phase
shifter.
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ITwoUndðδÞ ∝ jei½ð1−δÞφPSþ2Nπδ� þ 1j2ISingle
¼ 2f1þ cos½ð1 − δÞφPS þ 2Nπδ�gISingle: ð16Þ

If there is an error Δ, in the phase delay φPS in the phase
matched condition φPS ¼ 2nπ, the total intensity is propor-
tional to

ItotalðδÞ∝ 2f1þ cos½2πðN−nÞδ�−Δsin½2πðN−nÞδ�gIund:
ð17Þ

For the antimatched condition with φPS ¼ ð2nþ 1Þπ,
the total intensity is proportional to

ItotalðδÞ ∝ 2(1 − cosf½2ðN − nÞ − 1�πδg

þ Δ sinf½2ðN − nÞ − 1�πδg)Iund: ð18Þ

where n is phase number andN is undulator period number.
Using Eqs. (16)–(18) the spectrum of two undulators with
phase shifter can be calculated from the spectrum of a
single one, which is expressed by Eq. (15).
Figure 11 shows spectra which were calculated using

Eqs. (15)–(18). U40 undulator parameters are used with
N ¼ 125. Figure 11(a) shows the normalized spectrum of a
single undulator using Eq. (15). Figures 11(b) and 11(d)

show the coefficients given by Eqs. (17) and (18) which
convert the single undulator spectra to those of two
undulators. Figure 11(b) represents the matched condition
φPS ¼ 2nπ and Fig. 11(d) corresponds to the antimatched
condition φPS ¼ ð2nþ 1Þπ. In each plot two curves
are shown. The black curves correspond to zero phase
shifter error, Δ ¼ 0, the red dashed curves to the phase
shifter detuned by 20 degrees, Δ ¼ 20°. It is seen that
both conversion coefficients in Figs. 11(b) and 11(d) are
sinusoidal functions of δ. In the phase matched condition
the coefficient reaches maximum of 4 at δ ¼ 0. Therefore
the on-axis intensity of two undulators is 4 times that of the
single undulator, as seen in Fig. 11(c). In the antimatched
condition the conversion coefficient is zero at δ ¼ 0 and
there is no on-axis radiation at the radiation wavelength.
However, according to Eq. (18) the antimatched conversion
coefficient has a maximum on axis at δ ≈�1=2N.
Therefore there are two peaks in the spectrum, as shown
in Fig. 11(e).
From Eq. (15) it is seen that the single undulator intensity

at δ ¼ 0 is given by ISingleð0Þ ¼ limδ→0
4sin2ðNπδÞ

δ2
¼ 4N2π2

and at δ ¼ �1=2N by ISingleð1=2NÞ ¼ 16N2. The ratio is
Iundð 1

2NÞ
Iundð0Þ ¼ 4

π2
¼ 0.405. By comparing Figs. 11(c) and 11(e)

the peak intensity of the antimatched condition is about
half the intensity of the matched case.

FIG. 11. The on-axis radiation spectrum from two undulators. (a) Single undulator spectrum. (b) Conversion coefficient, Eq. (17).
Black curve: Phase shifter set to φPS ¼ 2π. Red curve: Δ ¼ 20 degrees. (c) Two undulator spectrum, product of (a) and (b). There is
marginal difference for Δ ¼ 20 degree. (d) Conversion coefficient, Eq. (18). Black curve: Phase shifter is set to φPS ¼ π. (e) Two
undulator spectrum, product of (a) and (d). Now there is a clear difference for Δ ¼ 20 degree.
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By comparison of the red and black curves in Figs. 11(b)
and 11(d) it is seen that a small phase shifter error Δ shifts
the conversion coefficient by dδ ≈ Δ=2Nπ. Since the
spectrum of two undulators is the product of the conversion

coefficient and the spectrum of a single undulator, the
shift of the conversion coefficient has an impact on total
intensity. Using Eq. (14) the change of intensity of a single
undulator intensity against δ is

dIund
dδ

¼ 4f−1þ cos½2Nπδð1 − δÞ� − Nπδð2δ − 1Þsin½2Nπδð1 − δÞ�g
δ3

: ð19Þ

Accordingly limδ→0
dIund
dδ ¼ 8N2π2 and limδ→1=2N

dIund
dδ ≈

64N3cos2ðπ=4NÞ with the ratio 8N=π2. For an U40 with
N ¼ 125 it results in about 100. The intensity changes
much faster at δ ¼ 1=2N than at δ ¼ 0. It is seen explicitly
in Fig. 11(a): When δ ¼ 0, the radiation intensity is in the
peak region and therefore the slope is zero. In contrast at

δ ¼ 1
2N ¼ 0.004, the intensity changes with a steep slope.

The difference is important to check the tuning. For the
matched condition shown in Fig. 11(c) by the black and red
curves the peak intensities change only about 0.7%, which
is a small change. However, as mentioned above, the red
curve presents a phase shifter error by 20 degrees. So the
spectrum for the matched condition is not sensitive to detect
a phase shifter phase error of this magnitude or less. On the
contrary Fig. 11(d) shows the intensity change with the
same error of 20 degrees in the antimatched condition,
φPS ¼ ðnþ 1Þπ. It is seen that the double peaks in the
antimatched spectrum are much more sensitive to phase
errors. The difference is about 30%.
For a full simulationof high accuracy fieldmapsmeasured

on the U40-X005, the U40-X006 and the phase shifter
PS073 were taken to calculate the radiation spectra with the
SR simulation code B2E [18]. Two different K-parameters,
1.7 and 3.9, were selected and field maps were obtained by
the interpolation method described in Sec. III B 1.
To begin with Fig. 12 shows the second field integrals for

both undulators and the phase shifter in between. The black
curve shows the K ¼ 3.9 and the red curve the K ¼ 1.7
results. It is seen that the two undulators and phase shifter
are properly tuned with zero entrance and exit kicks. The
data shown in Fig. 12 are quite representative for the XFEL
undulators.

FIG. 12. Second field integrals of the two undulators U40-
X005 and U40-X006 in combination with the phase shifter
PS073. Black K ¼ 3.9; red K ¼ 1.7.

FIG. 13. On-axis spectrum calculated with B2E frommeasured magnet data of the undulators U40-X005 and U40-X006 and the phase
shifter PS073. (a) K ¼ 3.9; (b) K ¼ 1.7; black curves correspond matched phase φPS ¼ 2π and red curves to the antimatched phase,
φPS ¼ π. The same relative scale applies to all curves. Single undulator spectra coincide within linewidths. Only the spectrum of the
U40-X006 is shown, that of the U40-X005 is obscured.
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The SR spectrum of this configuration calculated with
B2E is shown in Fig. 13. The first harmonic for K ¼ 3.9
and K ¼ 1.7 is shown in Figs. 13(a) and 13(b), respectively.
Spectra for the matched and antimatched condition
are shown by the black and red curves, respectively. The
single undulator spectra for U40-X005 and U40-X006
coincide within linewidth. Therefore only the last one
can be displayed.
For K ¼ 3.9 in Fig. 13(a) the single undulator spectra

of X005 and X006 agree each other very well. This
indicates that in both undulators the determination of the
K-parameter and that the interpolation scheme works well
within an estimated accuracy better than 1 × 10−5. There is
a lot of similarity with the analytic treatment shown in
Fig. 11. The intensity of the phase matched double
undulator spectra is 4 times that of the single.
For K ¼ 1.7 shown in Fig. 13(b) the double peak for the

antimatched phase shows a slight asymmetry, while the
others are quite similar. One explanation could be a slight
phase detuning by an estimated 2.6° as seen in Fig. 11(e).
Such a detuning could be neglected. However, another
reason was found by analyzing the symmetry of the
line shape of the single undulator spectra for K ¼ 1.7.
Figure 14(a) shows the negative side of the single
undulator line transformed to the positive side. It is seen
that there is an asymmetry: For positive δ data are slightly
lower than for negative values. From Eq. (18) it is
seen that for the antimatched phase this asymmetry would
lead to an according asymmetry of the double undulator
spectrum. Figure 14(b) shows this comparison: Single
undulator spectrum combined with Eq. (16), black line
and full B2E calculation, red. In general there is very good
agreement within linewidth. An according analysis of the
line shape for K ¼ 3.9 did not show an asymmetric line
shape as seen in Fig. 14(a). So the dominant contribution

to the asymmetry seen in Fig. 13(b) comes from the
line shape.

VI. SUMMARY AND CONCLUSIONS

In this paper the theoretical basis for the proper matching
the optical phase of different tunable undulator segments
with the help of phase shifters as found in large distributed
undulator systems for SASE FELs are worked out.
The following aspects were treated and investigated.
1. It was found that due to unavoidable manufacturing

tolerances there are always slight differences in the
K-parameters for different undulators at the same gap,
which exceed the limits given by the Pierce parameter,
ΔK
K < ρ. The gap of each undulator needs to be adjusted
individually to match the required K-parameter.
2. Each undulator needs to be characterized by extensive

magnetic measurements made at different gaps. These
measurements are the basis for proper phase matching.
For EXFEL field maps are measured at various gaps in
0.5 mm steps.
3. In order to obtain field maps for a specific

K-parameter these field maps need to be interpolated. The
applied interpolation scheme was demonstrated to achieve
an accuracy of ΔK

K better than 2 × 10−5 using these data.
4. Using these interpolated field maps the radiation

complex An is used to determine the proper phase shifter
settings between two undulators for any K-parameter in the
operational range.
5. Air coil correctors need to be placed outside the

undulator fringe field so that they do not deteriorate the
phase matching.
6. Two representative U40 undulators of the European

XFEL were chosen. The following observations are made:
(a) Although the fields of two undulators look quite similar

FIG. 14. (a) Symmetry test of single undulator spectra. Black curves δ < 0; red curves δ > 0. There is again very good agreement
between the two undulators. The asymmetry in the spectrum is clearly seen on both. (b) Double undulator spectra for the antimatched
phase, φPS ¼ π. Black curve: Combination of single undulator spectrum and Eq. (16). Red curve: Full B2E simulation.
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the phase advance in the end field sections between the two
ends of the same undulator as well as between different
undulators are quite different and cannot be neglected. The
phase advance per period in the bulk field differs from the
ideal 2π due to slight gap dependent girder deformation.
Consequently individual treatment of each undulator seg-
ment is needed to achieve sufficient accuracy for overall
phase matching. (b) Therefore the fields of both undulators
need to be taken into account for the phase matching.
(c) As demonstrated for a representative phase shifter the
exact settings of the phase shifter gap as a function of the
undulator K-parameter can be calculated for different phase
numbers. Contiguous tuning over the whole operational
gap range of a XFEL U40 from K ¼ 1.7 to 3.9 requires a
minimum phase number of 14.
7. The phase matching was cross-checked with SR

calculations using B2E and measured field data from
two undulators and one phase shifter. The results showed:
(a) The intensity in the forward direction is not sensitive to
phase matching errors if the phase matching is 2nπ. This
will be the usual operation mode. An error of 20° only
results in a reduction of intensity of less than 1%. (b) The
forward intensity of the two undulators is 4 times that of
the individual undulators. This is a good indication for
the field quality. (c) The antimatched phase condition with
ð2nþ 1Þπ is much more sensitive to phase matching errors.
Although this mode cannot be used for lasing it provides a
tool for precise phasing. It was observed that the single
undulator line shapes are slightly asymmetric, which leads
to the same effect as a small phase mismatch. However, this
effect was found quite small.
In summary the analysis of the data showed that their

quality is sufficient and proper phase matching of the XFEL
undulators requires to apply the methods described in this
paper.
The methods described in this paper are exclusively

based on magnetic data, which cannot be applied in situ.
A similar study has been made in Refs. [19,20]. For later
refinement and cross-checking of K-parameter and
phase shifter settings optical diagnostic tools as already
discussed in [21] are under development for the European
XFEL [22,23].
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