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This paper addresses a detailed experimental study of collective instability bands generated near every
half-integer tune per lattice period by coherent dipole and quadrupole resonances. Both instabilities appear
side by side or overlap each other but are mostly separable because the dipole resonance often creates a
narrower stop band accompanied by more severe particle losses. The separation of these low-order
resonance bands becomes greater as the beam intensity increases. In principle, the double stop-band
structure can be formed even without machine imperfections when the beam’s initial phase-space profile is
deviated from the ideal stationary distribution. The tabletop ion-trap system called “S-POD” is employed
to experimentally demonstrate the parameter dependence of the double stop-band structure. Numerical
simulations are also performed for comparison with experimental observations.
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I. INTRODUCTION

An intense hadron beam exhibits complex collective
behavior due to the strong Coulomb coupling among
individual charged particles. The whole beam acts like a
single organized object rather than a group of many
particles. The collective motion can be decomposed into
an infinite number of modes whose oscillation frequencies
depend on the beam density. A self-consistent analytic
treatment of such coherent modes was first developed by
Sacherer who concluded that the beam becomes unstable
when the tune of a particular mode agrees with that of a
Fourier component in the external periodic driving force
[1]. His betatron resonance condition reads Ωm ¼ n where
Ωm is the tune of the coherent mode of order m, and n is a
positive integer. When the bare tune of a high-intensity ring
is ν0 in either the horizontal or vertical direction, Ωm can
approximately be expressed as [1,2]

Ωm ¼ mðν0 − CmΔνÞ; ð1Þ

where Cm is a positive constant depending on the mode
number m, and Δν stands for the tune shift induced by the
collective Coulomb potential [3]. Sacherer pointed out that
Cm is smaller than unity for all coherent modes. We here
follow the notation adopted in past papers [1,2]. The mode
numberm corresponds to the order of the transverse driving
potential. The m ¼ 2 mode has elliptical symmetry in

phase space and can be driven by the linear potential
proportional to the square of a transverse coordinate. The
third-order driving term can excite the sextupole resonance
of the m ¼ 3 mode, the fourth-order octupole term directly
drives the m ¼ 4 mode, and so on.
For a circular machine consisting of Nsp superperiodic

structures, the Fourier expansion of the external driving
force around the ring has only every Nsp harmonics. The
resonance condition then takes the form

Ωm ¼ Nsp · n; ð2Þ

instead ofΩm ¼ n. Strictly speaking, any machine includes
finite mechanical imperfections that give rise to all Fourier
harmonics (Nsp → 1), but these error-induced harmonics
are generally much weaker than the original structure-
induced harmonics. We, therefore, simply ignore them in
the following study. At low beam intensity where Δν ≈ 0,
Eq. (2) is reduced to the well-known single-particle
resonance condition ν0 ≈ Nsp · n=m. It is now clear that
the instability of the quadrupole mode (m ¼ 2) occurs near
half-integer tunes, as emphasized in standard textbooks.
Equation (2) also says that the dipole mode (m ¼ 1)
becomes unstable at integer tunes.
Most Vlasov theories including Sacherer’s have relied on

the smooth approximation that considerably simplifies the
mathematical procedure to solve the basic equations. The
approximation, however, kills the instability of interest; no
resonance takes place in a uniform focusing channel. A sort
of mathematical trick is thus required to derive the
instability condition like Eq. (2) under the smooth approxi-
mation. Specifically, a periodic perturbing force is intro-
duced later to excite resonance forcibly. Such a trick, of
course, becomes unnecessary if we quit the lattice smooth-
ing and just keep the periodic nature of alternating gradient
(AG) beam transport in the Vlasov analysis. Incorporating
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an AG lattice explicitly into the theory, we find a variety of
coherent resonances to occur under the condition

Ωm ¼ Nsp ·
n
2
; ð3Þ

even if the external driving force is perfectly linear [4]. This
type of resonance instability was first numerically identi-
fied in connection with high-intensity linear transport
channels where Nsp ¼ 1 [5–7].
According to the Vlasov theory in Ref. [4], the growth

rate and stop-band width of self-field-driven resonance
under the condition (3) are proportional to the beam
perveance, which means that this instability becomes less
important as the beam density decreases. At low beam
intensity, we only need to care about external-field-driven
resonance under condition (2) [8,9]. Equation (3) suggests
that, in a high-intensity ring, there are twice as many
resonance stop bands as expected from the popular con-
dition in Eq. (2). We have already shown experimental
evidence that there should be not only the fourth-order
(m ¼ 4) nonlinear resonance but also the self-field-driven
linear (m ¼ 2) resonance overlapping at quarter-integer
tunes or, in other words, at the betatron phase advance of
90 degrees per lattice period [10–14]. Even the existence of
the third-order (m ¼ 3) resonance has been confirmed at
the phase advance of 60 degrees [10–14].
We now focus on the lowest-order resonance, i.e., the

instability of the dipole mode (m ¼ 1). Equation (3) leads
to the dipole resonance condition

ν0 ¼ Nsp ·
n
2
; ð4Þ

because C1 ¼ 0 [15]. This condition can readily be under-
stood if we regard the whole beam as a rigid body. The
coherent dipole instability is closely related to the half-
integer resonance of a single macroparticle exposed to a
periodic linear force. The basic feature can thus be well
explained by Hill’s equation. On the other hand, a similar
condition is derived from Eq. (2) for the quadrupole mode
(m ¼ 2). Substitution of m ¼ 2 into Eq. (2) gives

ν0 − C2Δν ¼ Nsp ·
n
2
; ð5Þ

which approaches Eq. (4) as the tune shift Δν gets smaller.
The same condition is concluded also from Eq. (3) for even
harmonics. Equations (4) and (5) indicate that there could
be two essentially different types of low-order resonances
near half-integer tunes.
In the present paper, we experimentally demonstrate the

existence of these two half-integer instabilities by using a
novel tabletop system “S-POD” (Simulator of Particle Orbit
Dynamics) at Hiroshima University. After a brief descrip-
tion of S-POD in Sec. II, various experimental results
obtained with this unique apparatus are given in Sec. III.
We show that a relatively wide stop band of the quadrupole

resonance is accompanied by a very narrow dipole-
resonance band near every half-integer tune per lattice
superperiod. Experimental observations are then compared
with particle-in-cell (PIC) simulations in Sec. IV.
Concluding remarks are finally made in Sec. V.

II. S-POD

S-POD is a compact plasma-trap facility designed solely
for beam dynamics studies [10,14,16,17]. The idea is based
on the fact that the collective motion of a non-neutral
plasma confined in a linear Paul trap (LPT) can be made
almost equivalent to that of a space-charge-dominated
beam traveling through an AG focusing channel [18].
Detailed information of S-POD has been given in many
previous publications [10–14], so we here only briefly
explain its essence for later convenience.
The equation of the transverse motion of ions in a LPT

can be written as

d2x
dt2

þ KðtÞx ¼ −I
∂ϕsc

∂x ; ð6Þ

where x is the transverse spatial coordinate of a stored ion, I
is a constant depending on ion species, KðtÞ is a periodic
function with respect to the independent variable t (time),
and ϕsc is the collective Coulomb potential satisfying the
Poisson equation. A similar equation holds for the trans-
verse y-direction perpendicular to the x-axis. Equation (6)
is identical to the well-known betatron equation frequently
adopted as a starting point in past theoretical studies of
intense hadron beam dynamics where the self-field poten-
tial ϕsc plays a crucial role [1,2,4–8]. This fact indicates that
we can approximately reproduce the collective motion of a
space-charge-dominated beam in a large-scale machine
within a compact tabletop apparatus [18].
Figure 1 is a picture of the multisectioned LPT used for

the present study. Four electrode rods are symmetrically
placed around the axis to provide a radio-frequency (rf)

FIG. 1. A typical linear Paul trap for S-POD.
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quadrupole potential [19]. In order to confine a large
number of ions within a narrow space surrounded by the
quadrupole rods, we apply time-dependent voltages
�VAGðtÞ as shown in Fig. 2(a). In a regular LPT, the time
variation of VAGðtÞ is mostly sinusoidal. The aperture size is
1 cm in diameter and the overall length of the LPT is roughly
20 cm. We usually trap 40Arþ ions produced from neutral
Ar gas atoms via the electron bombardment process. The
species of stored ions does not matter because it is one of
several scaling parameters to adjust fundamental beam-
dynamics quantities such as the bare tune ν0, the tune shift
Δν, etc. Needless to say, the cost of a LPT is incomparably
lower than any accelerators. We have constructed more
than five LPTs of different designs optimized for different
experimental purposes. Another LPT system, substantially
the same as S-POD, is under construction at Rutherford
Appleton Laboratory [20]. Gilson and his co-workers of
Princeton Plasma Physics Laboratory also developed a
relatively large LPT dedicated to beam physics [21–23].
S-POD clearly has many practical advantages other than

the economical aspect. Most importantly, the focusing
function KðtÞ can very easily be controlled over a wide
range. Since KðtÞ is proportional to the voltages applied to
the quadrupole electrodes, all we need for the study of
lattice-dependent effects is to change the rf waveform from
the power supply. No mechanical modification to the LPT
is necessary. In contrast, any particle accelerator has a
unique uncontrollable KðtÞ, which prevents one from
exploring how beam stability depends on diverse designs
of AG lattices. S-POD provides us with a simple exper-
imental environment free from various unwanted noise
sources inevitable in large-scale machines. It is thus
possible to clarify the physics that obeys the very basic
model in Eq. (6). This also means, however, that some
complex beam dynamic effects are out of the scope of the
present study. For instance, the dispersive effect originating
from bending magnets is missing in our model.
The reproducibility of S-PODdata is very good. It is partly

due to the simpleness and stability of the whole system.

Another important factor is the availability of an ion plasma
well matched to the external rf potential. We usually spend a
second, corresponding to a million AG periods, to accumu-
late ions slowly through the electron bombardment process.
The final number of ions can be controlled by changing the
neutral Ar gas pressure and/or the current of the electron
beam froman e-gun. After an ion bunch is formed at a certain
stable operating point, we shut down the electron beam, wait
typically for 50 ms until the bunch settles into a quasista-
tionary state, and finally move the operating point to a
specific position of interest for stability measurement. This
elaborate procedure enables us to start each measurement
cycle with a well-conditioned equilibrium plasma. See the
experimental results in the next section. For example, each
curve in Figs. 4 and 5 consists of nearly 1,000 independent
data points obtained through 1,000 independent measure-
ments.Nevertheless, it is very smooth over awide tune range.
We can reproduce almost identical stop-band distributions
acquiring essentially the same data at any time [10–14].
Unlike very time-consuming PIC simulations, it takes us just
10 seconds or shorter to complete a singlemeasurement cycle
in S-POD. Furthermore, we do not have to stay beside the
S-POD control system to retune experimental parameters
because everything is completely automated. Only less than
3 hours is enough to store 1,000 measurement data in a
personal computer.

III. EXPERIMENT

An extremely wide range of choices is available for the
waveform of the focusing function KðtÞ. We here separate
KðtÞ into two parts as KðtÞ ¼ KAGðtÞ þ ΔKðtÞ. KAGðtÞ is
the primary AG focusing function proportional to VAGðtÞ in
Fig. 2(a). For the sake of simplicity, we take the sinusoidal
focusing model in which a single FODO waveform is
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VkickVkick

0

0

(a) (b) (c)

FIG. 2. Electrode excitation patterns employed for the present
experiment. The four circles in each picture represent the cross
sections of the quadrupole electrodes aligned along the LPT axis.
(a) Quadrupole excitation for transverse ion confinement. The
periodic voltage VAGðtÞ generates a strong AG focusing force.
(b) Superperiodic pulse excitation. Vsp is superimposed on VAG

in order to introduce a specific superperiodic modulation to the
focusing function KðtÞ. (c) Horizontal dipole excitation. A pulse
voltage Vkick is switched on once at the beginning, if necessary,
to kick an ion bunch horizontally.

KAG(t)

K(t)

t

t

0

0

(a) Primary Focusing Wave

(b) Perturbation Wave (Nsp=3)

Ring Circumference (27 AG periods)

Vsp

Superperiod (Ncell=9)

FIG. 3. Radio-frequency waveforms employed for the present
experiment. We have assumed an AG lattice consisting of three
superperiodic structures (Nsp ¼ 3), each of which includes nine
unit focusing cells (Ncell ¼ 9). The discrete FODO waveform is
approximated by a sine curve for simplicity. The upper panel
(a) thus emulates an AG beam transport channel composed of 27
identical FODO cells. We superimpose the periodic pulses in the
lower panel (b) to generate superperiodic driving harmonics in
the focusing function KðtÞ in Eq. (6). Note that the superperiodic
number Nsp is of no physical importance as long as we disregard
lattice imperfections.
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approximated by a sine curve; namely, KAGðtÞ is a
sinusoidal function with respect to time t as illustrated
in Fig. 3(a). According to past S-POD experiments
[10–14], this simplification does not affect the fundamental
feature of coherent resonance. The second part ΔKðtÞ,
generated by a low stepwise voltage Vsp in Fig. 2(b), is a
linear perturbation that allows us to introduce an arbitrary
superperiodic modulation to the function KðtÞ. We switch
on Vsp every Ncell AG periods defined by the primary
focusing wave of KAGðtÞ. The pattern (b) in Fig. 2 is
nothing but a quadrupole excitation. It is clearly equivalent
to the pattern (a) with VAG replaced by Vsp=2. If Vsp is
positive, this electrode excitation gives horizontal focusing
and vertical defocusing forces to positively charged ions.
In the present experiment, the ratio of the perturbing
quadrupole amplitude Vsp=2 to the sinusoidal focusing
amplitude max(VAG), denoted by α≡ Vsp=2maxðVAGÞ, is
set in a range from zero to a few percent.
Apart from the periodic voltages VAG and Vsp, a single

pulse perturbation in Fig. 2(c) is applied to the plasma only
initially when needed. The voltages �Vkick on the hori-
zontal pair of the electrodes produce a dipole field in the
LPT aperture. This electrode excitation pattern is used later
(see Sec. III C) to activate the coherent dipole motion by
artificially displacing the plasma centroid from the LPT
axis at the beginning.
The sample waveforms for KAGðtÞ and ΔKðtÞ in Fig. 3

emulate a circular machine with Ncell ¼ 9 and Nsp ¼ 3.
This combination of Ncell and Nsp reflects the lattice
condition of the rapid cycling synchrotron (RCS) at the
Japan Proton Accelerator Research Complex (J-PARC)
[24]. The RCS is composed of three lattice superperiods
(Nsp ¼ 3), each of which includes nine AG focusing cells
(Ncell ¼ 9). The superposition of the two periodic waves in
Fig. 3 yields driving Fourier harmonics that are more or less
similar to the RCS situation. We, however, immediately
understand from Fig. 3 that the superperiodic numberNsp is
inessential here. All information necessary for a complete
description of beam resonance is contained in a single
superperiod as long as the machine holds perfect Nsp-fold
symmetry. We are allowed to pay attention only to a lattice
superperiod instead of looking at the whole ring. It is then
convenient to use the bare tune per lattice period, i.e.,
Q0ð≡ν0=NspÞ, rather than the one-turn tune ν0. Δν should
also be replaced by the tune shift per lattice period,
ΔQð≡Δν=NspÞ. The resonance conditions (2) and (3)
are now free from the superperiodicity, resulting in

mðQ0 − CmΔQÞ ¼
�
n ðexternal-field-drivenÞ
n=2 ðself-field-drivenÞ: ð7Þ

If the superperiod has approximate P-fold symmetry, both
resonances will particularly be enhanced with the harmonic
numbers of n ¼ P; 2P; 3P;….

Throughout this paper, we assume Ncell ¼ 9 as sketched
in Fig. 3, but the basic physics never changes for other
choices of Ncell. We have already tried another example
with Ncell ¼ 5 (and Nsp ¼ 10), bearing in mind the Proton
Synchrotron at CERN [25]. The result was essentially the
same as described in the subsections below.
The frequency of the sinusoidal focusing field in

Fig. 3(a) is chosen to be 1 MHz. Then, the maximum
rf voltage required for a full tune-space survey is less
than about 100 V for 40Arþ ions. The full width at half
maximum (FWHM) of each perturbing pulse in Fig. 3(b) is
fixed at 1 μs while the pulse height Vsp is varied as a free
parameter. The rise time and fall time of the pulse are set
at 0.3 μs. Although the horizontal and vertical bare tunes
(Q0x,Q0y) can independently be controlled if necessary, we
set them equal, i.e.,Q0x ¼ Q0yð≡Q0Þ, in the absence of the
perturbing pulses. This setup results in a slight discrepancy
between the horizontal and vertical net focusing forces
whenever the perturbing pulses are excited. The effect of
this tune discrepancy on stop bands has been observed
experimentally and numerically, which shall be discussed
below in detail. We confine a large number of 40Arþ ions in
the LPT typically for 1–10 ms corresponding to 37–370
turns around the model ring with Nsp ¼ 3 and Ncell ¼ 9.
After a specific storage period at a specific working point,
stored ions are extracted from the LPT toward either a
Faraday-cup detector or a microchannel plate (MCP) with a
phosphor screen.

A. Primary stop bands in the absence of the
superperiodic perturbation

Since each superperiod of the model ring in Fig. 3
contains nine AG cells, the bare tune Q0 ranges from 0 to
4.5 (¼ 0.5 × 9). In the absence of the perturbing pulses in
Fig. 3(b), the lattice superperiod possesses perfect ninefold
symmetry (P ¼ 9). Low-order self-field-driven resonances
are then expected to occur under the condition

Q0 ≈
9

2

�
n
m

�
þ CmΔQ: ð8Þ

Equation (8) predicts possible ion losses at Q0 ≈ 2.25
(m ¼ 2: quadrupole), Q0 ≈ 1.5 and 3 (m ¼ 3: sextupole),
Q0 ≈ 1.125, 2.25, and 3.375 (m ¼ 4: octupole), provided
that the second term on the right-hand side is small. The
bare tune Q0 is related to the betatron phase advance σ0 per
single AG cell as σ0 ¼ 360° × ðQ0=PÞ. Q0 of 1.125, 1.5,
2.25, 3, and 3.375 thus correspond, respectively, to σ0 of
45°, 60°, 90°, 120°, and 135°. The coherent dipole stop band
(m ¼ 1) is located at the edge of the stability domain
(Q0 ¼ 4.5) and thus undetectable. The number of 40Arþ
ions surviving after a 10-ms storage in the LPTwithout the
superperiodic perturbation is plotted in Fig. 4 as a function
of Q0. We initially stored around 105, 106, and 107 ions to
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figure out the intensity dependence of stop-band locations.
Three clear instability regions are identified at bare tunes
slightly above 1.5, 2.25, and 3 related, respectively, to the
sextupole, quadrupole (or octupole), and sextupole reso-
nances [10–14]. There is a possibility of higher-order
nonlinear resonances overlapping at these tunes, but the
observed ion losses should be due mainly to a few low-
order resonances. Owing to the space-charge-induced tune
shift ΔQ, all these stop bands move to the higher tune side
as the plasma density is increased. We can make a rough
estimate of the tune depression, i.e., the ratio of the space-
charge-depressed effective tune to the bare tune, by
measuring the shift of a major stop band from its original
position at zero intensity. According to a previous exper-
imental estimate based on a similar LPT, the tune depres-
sion reaches 0.85–0.9 at the stored ion number of 107 [12];
namely, the space-charge-induced tune shift exceeds 10%
of the bare tune, which should be beyond the maximum
tune shift achievable in an ordinary circular machine.
It is evident from Fig. 4 that the instabilities at Q0 ≈ 1.5

and 2.25 become more prominent at higher plasma inten-
sity. This strongly suggests that the self-field potential is
responsible for the excitation of these two resonances. In
particular, ion losses near Q0 ¼ 2.25 have become most
severe at high density, which convinces us that the primary
cause of this instability should be the linear (m ¼ 2)
resonance rather than the octupole (m ¼ 4) resonance.
At low density, these two stop bands almost disappear
while ion losses at Q0 ≈ 3 are still quite serious. The
external-field-driven resonance condition for P ¼ 9,

Q0 ≈ 9

�
n
m

�
þ CmΔQ; ð9Þ

explains this observation. The rf potential of the LPT is
not perfectly linear but contains some nonlinearity arising
from mechanical imperfections such as slight electrode
misalignments. According to Eq. (9), the lowest-order
instability within the possible tune range (0 < Q0 < 4.5)
is the sextupole (m ¼ 3) resonance at Q0 ≈ 3. It is thus
reasonable to conclude that ion losses atQ0 ≈ 3 are induced
largely by the third-order error field.
For completeness, we make some comments on the more

general case where the two betatron tunes Q0x and Q0y are
very different. We have already explored such situations in
some previous works [10,11,13]. When the tune split is
large, the horizontal and vertical instabilities are naturally
separated (except for two-dimensional coupling resonance
[10]). We then simply replace Q0 and ΔQ in Eq. (7) by the
horizontal (vertical) bare tune Q0xð0yÞ and tune shift ΔQxðyÞ
to locate one-dimensional resonance lines on the so-called
tune diagram. This means that each of the three instability
regions in Fig. 4 involves at least two resonances of the
same order excited simultaneously in the horizontal and
vertical directions (cf. Fig. 7 in Sec. III B). If we increase or
decreaseQ0x independently ofQ0y, all three stop bands will
eventually break up into at least two bands. In order to
clarify the global resonance feature graphically, we need
one more dimension; namely, the ion-loss distribution has
to be plotted not as a function ofQ0 but on the tune diagram
[10,11,13]. When the tune split is small, the standard linear
transport theory based on the root-mean-squared (rms)
envelope equations predicts the existence of the in-phase
mode and out-of-phase mode at σ0 ≈ 90° (corresponding to
Q0 ≈ 2.25 in Fig. 4) [6,7]. We have, however, observed no
signature of the splitting of these linear eigenmodes in past
S-POD experiments. An extensive study of the envelope
equations by Lund and Bukh [26] has actually pointed out
that the parameter regions within which the two modes lose
stability largely overlap in a quadrupole doublet channel
unlike in a solenoidal focusing channel. These envelope
instabilities are thus not separable here.

B. Excitation of half-integer stop bands

We now disturb the ninefold symmetry of the lattice
superperiod, switching on the perturbing pulses in Fig. 3(b).
Equation (7) then gives the condition of coherent dipole
resonance,

Q0 ¼
n
2
; ð10Þ

and the condition of lattice-induced quadrupole resonance,

Q0 − C2ΔQ ¼ n
2
: ð11Þ
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FIG. 4. Stop-band distribution in the absence of the super-
periodic perturbation. The number of 40Arþ ions in the LPT is
measured with the MCP after a storage period of 10 ms. The
horizontal and vertical bare tunes have been set equal, i.e.,
Q0x ¼ Q0yð≡Q0Þ, in all measurements carried out over the range
2=3 ≤ Q0 ≤ 4. Three different initial ion numbers, i.e., approx-
imately 105 (blue), 106 (red), and 107 (black), are considered in
this example. Rapid drops in ion number near both ends of the
abscissa are simply because the operating point is too close to the
stability boundary of Hill’s equation. Each curve is composed of
979 discrete data points obtained at 979 different bare tune
values.
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Figure 5(a) shows a typical stop-band distribution after the
excitation of the superperiodic perturbation in Fig. 3(b). In
addition to the low-order stop bands already identified in
Fig. 4, many new stop bands are created near or slightly
above the bare tunes of 1, 1.5, 2, 2.5, 3, and 3.5.We recognize
that someof these new instability regions include two distinct
stop bands. For instance, see the vicinity of Q0 ¼ 2. Very
sharp ion losses have occurred almost exactly at Q0 ¼ 2
while a relatively wide stop band is also generated slightly
above this tune. Similar ion-loss behavior can be seen at
Q0 ¼ 3 and 3.5. The double stop-band structure in the
vicinity of Q0 ¼ n=2 is much clearer in Fig. 5(b) where
the perturbation has been made twice stronger. We can
confirm the existence of sharp stop bands atQ0 ¼ 1, 1.5, and
2.5 aswell. The origin of these narrow stop bandsmust be the
coherent dipole instability expected under the condition in
Eq. (10). The wider stop band located slightly above each
narrow band originates from the quadrupole resonance
predicted by Eq. (11) [27].
The double band structure should not be confused with

the splitting of a particular mode’s stop band under the
condition Q0x ≠ Q0y. It is a result of overlapping of two
essentially different modes near half-integer tunes. The
unique nature of the coherent dipole resonance (m ¼ 1),
i.e., the very narrow band width and independency of
charge density, enables us to distinguish it from the
quadrupole resonance (m ¼ 2) easily despite that both
instabilities are located close to half-integer tunes. Note
also that the periodic perturbation generated by the

electrode excitation pattern in Fig. 2(b) has quadrupolar
symmetry as mentioned above. It cannot directly drive the
breathing-mode oscillation.
Since the quadrupole resonance condition (11) contains

the space-charge-induced tune shift ΔQ, the locations of
the wide stop bands vary depending on the ion density. The
dipole resonance condition (10) is free from ΔQ. The sharp
stop bands are, therefore, supposed to stay at half-integer
tunes regardless of the ion density. We can check this with
the S-POD data in Fig. 6 where the behavior of the double
band structure near Q0 ¼ 1 is depicted as an example.
The wide quadrupole stop band has certainly shifted to the
higher tune side as the initial ion number is raised. On
the other hand, a slight shift was found for the sharp dipole-
induced dip, contrary to the theoretical expectation. The
shift is much smaller than that of the quadrupole band but
looks intensity dependent. According to careful PIC sim-
ulations, image charges on the electrode surfaces can be a
source of this shift. A similar effect is often referred to as
the Laslett tune shift in beam dynamics [28].
The result in Fig. 6 has also revealed the existence of

another narrow dip next to the strong dipole stop band. The
small dip is attributed to the second dipole resonance
excited in the direction perpendicular to the other one.
Such stop-band splitting naturally happens whenQ0x ≠Q0y
[13]. The mechanism is quite simple as schematically
outlined in Fig. 7. The perturbation pulse in Fig. 2(b)
makes the horizontal and vertical tunes slightly different
because it generates a quadrupole field. In the present
experiment, we always applied a positive perturbing
voltage to the horizontal electrodes, which somewhat
enhances the focusing force in that direction. A series of
ion-loss measurements are then performed along the
broken line in Fig. 7. It is slightly shifted from the original
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FIG. 5. Stop-band distributions in the presence of the super-
periodic perturbation. The number of 40Arþ ions surviving after
1 ms is plotted as a function of the bare tune Q0 evaluated in
disregard of the perturbing pulses. The actual horizontal and
vertical tunes (Q0x,Q0y) are slightly different fromQ0. The initial
ion number is set roughly at 107 in all measurements. The
perturbation voltage relative to the sinusoidal focusing amplitude
is chosen to be α ¼ 1% in the upper picture (a) and 2% in the
lower picture (b).
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near Q0 ¼ 1. The perturbation pulse height Vsp is the same as the
case in Fig. 5(a); namely, α ¼ 1%. The ion storage period is fixed
at 1 ms in all experiments performed at different initial plasma
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operating line Q0x −Q0y ¼ 0 on which the horizontal and
vertical resonance bands intersect. As a result, we observe
two sharp ion-loss regions corresponding to the conditions
Q0x ≈ n=2 (horizontal dipole resonance) and Q0y ≈ n=2
(vertical dipole resonance). Similar stop-band splitting is
expected also for the quadrupole resonance but not recog-
nizable in the case of small tune difference because the
quadrupole bands are too wide. In Fig. 6, the perturbation
strength has been fixed at α ¼ 1%. The resultant shifts of
Q0x and Q0y from Q0 are roughly �0.5%.
The coherent dipole resonance observed here has

nothing to do with error fields. Although it is possible
to artificially excite the so-called “integer resonance” by
applying transverse periodic kicks to the plasma [29], no

such driving field was employed in this experiment (nor in
the Vlasov theory [4] concluding the dipole-mode insta-
bility at half integers). A transverse dipole kick in Fig. 2(c)
is used later in the next subsection, but it is just a single kick
to make a small initial displacement of the bunch centroid.
In principle, all kinds of parametric resonances can take
place under the condition (7) if the initial particle distri-
bution is deviated from the perfect stationary state fine-
grainedlymatched to the external focusing potential. While
highly nonlinear resonances are probably Landau damped
or too weak to be visible in practice, some low-order
instabilities can affect the beam quality leading to notice-
able ion losses as demonstrated in Figs. 4 and 5. The seed
of the coherent dipole instability is the initial deviation of
the beam centroid from the ideal closed orbit of the
machine. A finite transverse displacement of the bunch
will constantly grow at half-integer tunes just like the linear
betatron resonance of a single particle. This resonance is
the lowest order and thus so strong that it causes serious ion
losses once excited. Other collective resonances are a sort
of self-restraint because the condition (7) depends on the
tune shift ΔQ; the instability gives rise to a gradual
decrease in particle density or, in other words, a reduction
of ΔQ, which eventually moves the effective operating
point out of the resonance band [30]. The independency of
the dipole instability condition (10) on the space-charge-
induced tune shift implies that this resonance may be pretty
severe at any density, but it also suggests the possibility of
complete suppression of the dipole motion by controlling
the initial beam position. In fact, the sharp stop bands at
Q0 ¼ 1, 1.5, and 2.5 in Fig. 5(a) are almost invisible
somehow. One possible reason for this should be because
the plasma centroid happens to be located very close to
the center of the quadrupole focusing field. In that case,
it takes the dipole mode a very long period to grow and
yield ion losses.

C. Time evolution

Let us examine how the double-band structure evolves in
time. In this subsection, we only pay attention to the region
about Q0 ¼ 2 because other instability regions have an
analogous feature. The typical time evolution of the band
configuration is displayed in Fig. 8. We usually detect the

FIG. 7. Schematic drawing of the tune diagram in the vicinity of
Q0 ¼ 1. The coherent dipole resonance occurs under the con-
ditions Q0xð0yÞ ≈ 1 indicated by the thick horizontal and vertical
lines. The hatched areas represent the stop bands within which
the quadrupole mode becomes resonantly unstable. The ion-loss
measurements in Fig. 6 have been performed along the broken
line slightly shifted downward from Q0x −Q0y ¼ 0 due to the
superperiodic perturbation. If we start the measurements from
the low tune side, the horizontal dipole resonance (Q0x ≈ 1) is
encountered first and then the vertical (Q0y ≈ 1). The horizontal
and vertical stop bands of the quadrupole instability are too wide
and, therefore, not separable in the present case where the
perturbation-induced difference between Q0x and Q0y is small.
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FIG. 8. Time evolution of the dipole and quadrupole instability bands near Q0 ¼ 2. The ordinate represents the number of surviving
ions after a certain storage period, normalized with the initial ion number (≈106 in this measurement). The perturbation strength has
been fixed at α ¼ 1%.
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gradually growing instability of the quadrupole mode first,
followed by the sudden birth of a sharp dipole band.
Similarly to the result in Fig. 6, the second sharp instability
band eventually appears just below Q0 ¼ 2. Considering
the polarity of the quadrupole perturbation pulse, this
second band should come from the horizontal dipole
resonance while the first narrow band slightly aboveQ0¼2
from the vertical (cf. Fig. 7). This expectation has been
verified in Figs. 9 and 10 that show the transverse plasma
profiles on the phosphor screen. At the beginning, the
plasma has roughly a rotationally symmetric profile at
Q0 ¼ 1.99 (Fig. 9). After 2.55 ms, the initial profile is
remarkably changed as depicted in Fig. 10(a) because the
operating point is in the middle of the left narrow instability
band in Fig. 8(e). The transverse ion distribution looks
expanded in the horizontal direction, which indicates that
the bunch is oscillating horizontally. The direction of the
bunch oscillation is vertical at Q0 ¼ 2.02 where the first
narrow band is located. This is strong evidence that the two
sharp ion losses around Q0 ¼ 2 are caused by the blowup

of the coherent dipole oscillations in the horizontal and
vertical directions [31].
Since the MCP is placed 10 mm away from the LPT exit,

the plasma is radially expanded to some degree before
reaching the MCP surface (while the overall profile is not
affected). We did three dimensional simulations with our
original code to evaluate the expansion factor. The esti-
mated expansion rate was 130% under the experimental
condition of Fig. 9. Since the rms extent of the transverse
profile in Fig. 9 is 2.6 mm, the plasma core before
extraction should have the rms diameter of about 2 mm,
which is 20% of the LPT aperture. The core and tail
certainly come closer to the electrode surfaces while
executing the dipole oscillation, so it is not surprising
even if we recognize the effect of image charges at high
density. In a real circular machine, the safety factor is taken
as large as possible to minimize beam losses due to halo
formation and other unwanted effects. The stop-band shift
due to image charges is, therefore, most likely small in
general. For example, the RCS was designed to suppress
the Laslett tune shift below 0.16 around the ring [32]. The
shift per lattice period is below ∼0.05, which looks at most
comparable to what we found in Fig. 6. This suggests that
the coherent dipole bands at RCS, if observable, should be
located very close to half-integer tunes per lattice period
even in the high-power operation.
It is informative to investigate if the coherent dipole

instability is more enhanced by a larger initial displacement
of the bunch centroid. For this purpose, we intentionally
kicked the whole bunch once by applying an electric dipole
field in Fig. 2(c). A pulse voltage of 1 μs in width (FWHM)
was given simultaneously to the horizontal pair of quadru-
pole rods right after a proper number of ions were
accumulated in the LPT. The voltages on the two rods
have an identical absolute height Vkick but opposite signs to
produce a dipole field around the LPT axis. Figure 11
shows the time evolution of ion losses within the three stop
bands observed in Fig. 8. We tried a couple of different
Vkick’s to change the size of the initial bunch displacement.
The operating tunes in the left and middle panels are
adjusted, respectively, to the horizontal and vertical dipole
bands sitting slightly below and above Q0 ¼ 2. As for the
quadrupole instability (right panel), the stop-band location
moves significantly within 4 ms, responding to the plasma
density reduction. It is evident from the left panel (a) that
the dipole instability is activated earlier in the horizontal
direction as we strengthen the initial kick. Since the
intentional kick is applied only horizontally, it has no
effect on the vertical dipole motion as is obvious from the
middle panel (b). The right panel (c) makes it clear that the
quadrupole instability is independent of Vkick.
We also checked the intensity dependence of the dipole

instability. If the resonance condition in Eq. (10) is valid,
the time evolution of ion losses within a sharp stop band
must be insensitive to the number of ions initially stored in
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FIG. 9. Initial transverse profile of an ion bunch at Q0 ¼ 1.99.
The right panel shows the density profile on the horizontal x axis
derived from the phosphor image in the left panel.
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FIG. 10. Transverse profiles of ion bunches projected onto the
phosphor screen. The left panel (a) and right panel (b) are the
phosphor images measured after a 2.55-ms storage of ions at
Q0 ¼ 1.99 and after a 0.7-ms storage of ions at Q0 ¼ 2.02,
respectively. Sharp ion losses occur at these tunes, as indicated in
Fig. 8. Note that individual ions hit the screen at different timings,
depending on their axial positions and velocities when the
potential barrier on the MCP side is removed for plasma
extraction. The phosphor images shown here thus reflect the
axial integrations of transversely oscillating ion distributions over
a certain extraction period.
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the LPT. The fractions of surviving ions measured at
different initial bunch intensities are plotted in Fig. 12.
The operating tune is adjusted to the horizontal dipole band
located slightly below Q0 ¼ 2. No apparent correlation
between ion losses and density is seen as expected.
The seed of the quadrupole and other higher-order

parametric instabilities (m ≥ 2) is a distortion of the initial
plasma profile from the ideal stationary distribution
corresponding to a self-consistent solution to the Vlasov-
Poisson equations. As explained in Sec. II, we can generate
in S-POD a quasistationary plasma well matched to the
external AG potential. The initial distortion is considered to
be quite weak. We can thus reproduce similar ion-loss
behavior whenever the same set of experimental parameters
is chosen. This argument, however, seems inapplicable to

the coherent dipole resonance (m ¼ 1). The dipole mode is
unique compared to the other modes as it has nothing to do
with the ion distribution. The growth rate is even inde-
pendent of ion density. What matters is only the distance
between the plasma centroid and trap axis. As already
demonstrated, this parameter can be controlled by switch-
ing on a pulse dipole voltage Vkick. In case we do not use
this intentional dipole kick, the possible initial displace-
ment of the plasma centroid from the axis is determined by
some vague factors including systematic noises, statistics,
etc., peculiar to the S-POD experiment. See, for instance,
one of the two dipole stop bands in Fig. 6 (the small dip at
Q0 ¼ 1). It shrinks as the number of initially stored ions
becomes larger. We suspect that this is a sort of statistical
effect; namely, the possible initial shift of the centroid is
statistically reduced as we increase the ion number. The
same tendency has been confirmed in another S-POD
experiment assuming the lattice symmetry of the Proton
Synchrotron at CERN. We then wonder why the other
dipole stop band in Fig. 6 (the very sharp ion losses a bit
above Q0 ¼ 1) remains prominent even at high density.
This is mostly due to technical limitations in controlling the
rf waveforms by our power generating device. At present,
even after careful rf phase and amplitude adjustments, we
still have some error that gives rise to a weak vertical dipole
field during the ion accumulation process. As long as the
current setup of the rf system is maintained, the plasma
initially has a constant vertical shift much greater than
the possible statistical displacement. This is why we always
see the vertical dipole oscillation growing more rapidly
than the horizontal one in the absence of the initial kick
(cf. Figs. 8 and 11).

IV. NUMERICAL SIMULATION

We carried out systematic multiparticle simulations to
support our conclusions in Sec. III. The PIC code WARP
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coherent dipole resonance. The time evolution of the fraction
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instability.
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[33] was employed for this purpose. Figure 13 showsWARP

simulation results based on the experimental conditions in
Figs. 4 and 5. Recalling the measured plasma profile
in Fig. 9, we have assumed the Gaussian-type initial
distribution whose tune depression is adjusted to 0.9.
The excellent macroparticle distribution generator of the
WARP code enables us to achieve not the crude rms
matching but a sophisticated self-consistent matching
including the Debye screening effect [34]. In Fig. 13,
the transverse rms emittance after a storage period of
0.5 ms, normalized with its initial value, is drawn in red
as a function of operating tune. In the upper panel (a) where
the superperiodic perturbation is off, we observe a clear
peak rising in the region 2.25 ≤ Q0 ≤ 2.5. This is the
self-field-induced quadrupole (m ¼ 2) stop band shifted
upward from Q0 ¼ 9=4. The existence of this severe stop
band has been confirmed by S-POD experiments in Figs. 4
and 5. Unlike the experimental data in Fig. 4, the third-
order (m ¼ 3) instability at Q0 ≈ 3 is very weak here
because we did not consider nonlinear imperfection
fields in these simulations. The external driving force
assumed in Fig. 13 is perfectly linear. Ion losses at
Q0 ≈ 3 can considerably be enhanced by introducing the
effect of electrode misalignments in WARP simulations
[12]. The middle and lower panels show what happens
when the superperiodic perturbation in Fig. 3(b) is added to
the sinusoidal focusing wave. Many additional instability
bands have appeared near the particular tunes derived from
the quadrupole resonance condition in Eq. (11). The
coherent dipole resonance under the condition (10) gives
rise to no emittance growth because the whole bunch

simply executes a transverse oscillation with no significant
deformation of the ion distribution (cf. Fig. 15). We,
therefore, followed the transverse position of the bunch
centroid to see whether the dipole motion is stable or
growing. The blue solid line in each picture indicates the
maximum amplitude of the centroid oscillation after
0.5 ms. In these simulations, we put the bunch slightly
off axis at the beginning to activate the dipole motion.
Otherwise, no dipole instability is excited within a reason-
able computing time. We confirm the rapid growth of the
transverse oscillation amplitude at Q0 ¼ n=2, which shall
be detected as serious ion losses in S-POD experiments.
Both dipole and quadrupole instabilities have become more
prominent as the superperiodic perturbation is strength-
ened. As expected, two sharp peaks are formed side by side
about Q0 ¼ n=2, one of which is due to the horizontal
dipole motion and the other to the vertical. These numerical
observations are in good agreement with the experimental
data in Fig. 5. We have also done similar simulations with
the superperiodic perturbation of a different pulse width
(FWHM of 0.5 μs instead of 1.0 μs), confirming no
essential change in the stop-band distribution [35].
The coherent dipole oscillations about Q0 ¼ 2 are

plotted in Fig. 14. The oscillation amplitude grows hori-
zontally at Q0 ¼ 1.9962 and vertically at Q0 ¼ 2.0043,

E
m

itt
an

ce
 G

ro
w

th

C
entroid A

m
plitude [m

m
]

(a)   = 0 %

(b)   = 1 %

1

3

5

7

0

2

4

1

3

5

7

0

2

4

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
1

3

5

7

0

2

4(c)   = 2 %

Bare Tune Q0

FIG. 13. WARP simulation results assuming the AG lattice
waveforms in Fig. 3. The rate of rms emittance growth (red
broken line) and the position of the plasma centroid (blue solid
line) after a storage period of 0.5 ms are numerically evaluated at
different operating tunes. The plasma centroid is displaced
initially by 0.1 mm in both transverse directions to activate
the coherent dipole oscillation. The tune depression has been
fixed at 0.9 in all three cases where the perturbation strength
parameter α is chosen to be (a) 0%, (b) 1%, and (c) 2%.

(a) Q0 = 1.9962

(b) Q0 = 2.0043

H
or

iz
on

ta
l C

oo
rd

in
at

e 
x 

[m
m

]

Time [ms]

V
er

tic
al

 C
oo

rd
in

at
e 

y 
[m

m
]

Time [ms]
0.0 0.2 0.4 0.6 0.8 1.0

2

 1

0

1

2

0.0 0.2 0.4 0.6 0.8 1.0

2

 1

0

1

2

H
or

iz
on

ta
l C

oo
rd

in
at

e 
x 

[m
m

]

Time [ms]

V
er

tic
al

 C
oo

rd
in

at
e 

y 
[m

m
]

Time [ms]
0.0 0.2 0.4 0.6 0.8 1.0

4

 2

0

2

4

0.0 0.2 0.4 0.6 0.8 1.0

4

 2

0

2

4

FIG. 14. Transverse oscillations of the bunch centroid at
slightly different operating points aboutQ0 ¼ 2. The perturbation
strength α is 1% in both examples. The tune depression is fixed at
0.9. The effect of the quadrupole rods (perfect conductor) is
included in these simulations. The bunch centroid has been
shifted by 0.1 mm at the beginning to excite the coherent dipole
motion. Without this intentional initial shift, the bunch stays on
axis for a very long period. Macroparticles are removed when
their transverse distances from the axis exceed the LPT aperture
size, i.e., 5 mm in radius. In the upper case (a), all particles
have been lost at t ≈ 0.9 ½ms� due to a large horizontal dipole
oscillation.
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which is consistent with the bunch profile measurements in
Fig. 10. For reference, we show in Fig. 15 the cross-
sectional views of an ion bunch after 0.5 and 0.7 ms when
Q0 ¼ 1.9962. The whole bunch is obviously executing a
rigid dipole oscillation in the horizontal direction. A weak
asymmetric distortion from the circular bunch profile in the
right panel is caused by a quadrupole electrode. Results of
ion-loss simulations with Q0 ¼ 1.9962 are summarized in
Fig. 16. In this figure as well as in Figs. 14 and 15, four
perfectly conducting rods placed 5 mm away from the LPT
axis have been taken into account when we solve the
Poisson equation at every numerical integration step. A
macroparticle is judged lost once its transverse oscillation
amplitude exceeds the aperture size of the LPT. Since the
vertical dipole motion is stable at Q0 ¼ 1.9962, we only
horizontally displaced the bunch by Δx at the start of
each simulation in Fig. 16. (The result is unchanged even
if a slight vertical displacement is given to the bunch
initially.) Naturally, no particle losses take place when
Δx ¼ 0. Stored ions begin to be lost earlier with a larger
initial displacement of the bunch centroid. This
observation qualitatively agrees with the S-POD data in
Fig. 11(a).

V. SUMMARY

The novel experimental system S-POD was employed to
demonstrate that two different types of collective instability
mechanisms can exist near every half-integer tune per
lattice superperiod of a high-intensity ring. We controlled
the waveform of the AG focusing function KðtÞ in Eq. (6)
to emulate the approximate lattice condition of a specific
machine. The present work treated, without loss of general-
ity, the case where each lattice superperiod includes nine
FODO cells (Ncell ¼ 9). We obtained convincing exper-
imental evidence that the coherent instability of the dipole
mode (m ¼ 1) can be excited at half-integer tunes over-
lapping with the well-known quadrupole resonance
(m ¼ 2). It has been confirmed that the coherent dipole
resonance has a very narrow band width and is insensitive
to the bunch density. Aside from a slight shift possibly due
to image charges on the metallic electrodes, each dipole
stop band stays close to a half-integer tune. In contrast, the
quadrupole resonance yields a wider stop band that moves
to the higher tune side as the bunch becomes denser. These
experimental observations with S-POD are consistent not
only with theoretical expectations but also with numerical
simulations by a PIC code.
Needless to say, the dipole instability is excited in either

the horizontal or vertical direction (or both directions
simultaneously) depending on the machine operating point,
so is the quadrupole instability. The present experiment was
performed under the condition where the bare tunes in the
two transverse directions are nearly equal. The horizontal
and vertical instability bands are, therefore, expected to
largely overlap each other as illustrated in Fig. 7.
Nevertheless, the dipole stop bands of the two directions
were separable because of the very narrow band width.
The amplitude growth of the dipole mode occurs in the

same manner as the simple half-integer resonance of a
single particle. The seed of the coherent dipole instability is
a finite deviation of the bunch centroid from the ideal
position. The detail of the charge distribution does not
matter. As experimentally verified with S-POD, this type of
resonance is very severe leading to the loss of a whole
bunch once excited. The dipole resonance can, however, be
suppressed by setting the bunch centroid exactly on the
design closed orbit, unlike the coherent quadrupole reso-
nance seeded by a finite distortion of the charge distribution
from the perfect stationary state. (The precise control of the
particle distribution function in phase space is practically
impossible.) As shown in Sec. III experimentally and in
Sec. IV numerically, the dipole oscillation starts to grow
earlier when the initial deviation of the bunch centroid from
the LPT axis (in other words, from the ideal beam orbit) is
greater. Such an error in bunch positioning more or less
takes place at beam injection into a circular machine. Very
narrow coherent dipole stop bands may thus be observed at
half-integer tunes in practice before careful beam orbit
correction.
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