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The High Luminosity upgrade of the Large Hadron Collider (HL-LHC) aims to achieve an integrated
luminosity of 200–300 fb−1 per year, including the contribution from the upgrade of the injector chain. For
the HL-LHC the larger crossing angle together with a smaller beta function at the collision point would
result in more than 70% luminosity loss due to the incomplete geometric overlap of colliding bunches. To
recover head-on collisions at the high-luminosity particle-physics detectors ATLAS and CMS and benefit
from the very low β� provided by the Achromatic Telescopic Squeezing (ATS) optics, a local crab cavity
scheme provides transverse kicks to the proton bunches. The tight space constraints at the location of these
cavities leads to designs which are axially non-symmetric, giving rise to high order multipoles components
of the main deflecting mode and, since these kicks are harmonic in time, we expand them in a series of
multipoles in a similar fashion as is done for static field magnets. In this work we calculate, for the first
time, the higher order multipoles and their impact on beam dynamics for three different crab cavity
prototypes. Different approaches to calculate the multipoles are presented. Furthermore, we perform the
first calculation of their impact on the long term stability of the machine using the concept of dynamic
aperture.
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I. INTRODUCTION

The Large Hadron Collider (LHC) will undergo a major
upgrade around 2026 to increase its discovery potential.
The goal is to provide the experiments with 3000 fb−1 over
12 years, which implies between 250–300 fb−1 per year.
The target peak luminosity in this new scenario for the two
high-luminosity experiments ATLAS and CMS is 7.4 ×
1034 cm−2 s−1 (leveled during a fill to 5 × 1034 cm−2 s−1)
[1,2]. For this reason this upgraded machine is referred to as
High Luminosity LHC (HL-LHC). The main enhance-
ments foreseen in this scenario include new high-field and
large-aperture inner triplet quadrupoles used to squeeze the
beam and bring it into collision, use of crab cavities to
recover head on collisions at interaction point 1 (IP1) and
IP5 and various improvements in the experiments to sustain
higher luminosity levels. A detailed description of all new
equipments and interventions foreseen for the HL-LHC can

be found in [2]. The HL-LHC is also foreseen to feature
new collision optics, namely achromatic telescopic squeez-
ing (ATS) [3] which will provide very low values of β� (the
betatron function at the IP) and at the same time ensure a
good correction of the chromatic aberrations. In order to
fully benefit from the lower β�, crab cavities are essential to
counteract the geometric luminosity reduction due to a
large crossing angle and to limit the event pile-up density.
The geometric reduction factor (R) depends on the beam
size at the IP and the collision crossing angle as (neglecting
the hour glass effect),

RðθÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð σz

σ�x;y
θ
2
Þ2

q ; ð1Þ

with σ�x;y the traverse beam size at the IP, σz the longitudinal
beam size and θ=2 half of the crossing angle. In essence the
increase in luminosity due to the small σ�x;y is lost given the
large crossing angle needed to overcome long range beam-
beam interaction. Assuming HL-LHC parameters [1], the
expected geometric luminosity reduction is around 70%
(Table I). A crab crossing scheme would recover head on
collisions, overcoming this loss of luminosity to fully
benefit from the new proposed optics.
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The crab cavities (CCs) are rf deflecting cavities oper-
ated with a 90° phase shift, giving a z-dependent transverse
kick to the bunch. The crabbing action is defined so the
center of each bunch remains undeflected, whereas the
head is kicked to one side and the tail to the other. The total
effect is a tilt of half the crossing angle (θ=2) with respect to
the uncrabbed motion at the IP [4,5]. The z-dependence
translates into different closed orbits for different longi-
tudinal positions, which will experience different feed
down errors when passing off-center in the interaction
region (IR) elements. This is the basic principle used
in CLIC to enhance luminosity in a traveling waist
regime [6].
In this paper, the HLLHCV1.1 version [7] of the

HL-LHC optics characterized by a β�x;y ¼ 15 cm (round
optics), quadrupoles in the focusing triplets with 140 T=m
field gradient and half crossing angle θ=2 ¼ 295 μrad at
IP1 and 5 (defined as the half of the angle formed by the
closed orbit of the two counterrotating beams). The bunch
spacing is 25 ns. The crab cavities will be installed in a
location that provides large β functions and a phase
advance to the IP of π=2 in order to minimize the required

voltage in the cavity. Furthermore, in order to close the
crab orbit bump a second set of CCs after the IP at π=2
phase advance is needed. This is referred to as the local
scheme since the orbit bump is closed locally around the IP.
To keep the cavity surface fields below the limits of
60 MV=m and 100 mT [8] and to minimize the impact
of failure scenarios, 3 modules per beam and per IP side are
considered.
Physically, the crab cavities should fit in between the two

beam lines near the separation dipole D2 [9]. This space
constraint, plus the 400 MHz rf frequency requirements,
forces the design to be extremely compact, breaking the
axial symmetry of the cavity, and hence giving rise to time
varying higher order multipoles. These multipoles vary for
the three crab cavities prototypes (ridged waveguide, four
rod resonator, and quarter-wave resonator) as each of them
exploit different compact geometries (Fig. 1) to make a
400 MHz deflecting cavity. All cavities are oriented so the
particles move parallel to the z axis and the dipolar kick is
in the x direction.
The crab cavity beam dynamics have been studied in

[14–16]. In this paper differing methods to compute rf
multipole content of the CCs are presented, characterizing
the dynamics in the cavity using multipoles, analogous to
the standard treatment of magnets. We make the first
complete calculations of the multipole content of all three
crab cavity designs for the LHC and make the first
assessment of the expected effect on the single particle
long term stability in a proton machine. The tolerance of
general crab cavity designs to multipole magnitude is also
discussed and optical aberrations calculated. The result is a
comprehensive understanding of the multipole content
of symmetric and nonsymmetric crab cavities and the
first assessment of the resulting dynamics in a proton
machine.
The layout of this paper is as follows. In Sec. II we

describe the methodology used to calculate the multipolar
coefficients and present the coefficients for the three
designs proposed for the LHC. Here a thin lens model

FIG. 1. Geometry of the four HL-LHC CC prototypes under design: ridged waveguide cavity (RWcav) [10]; four rod resonator cavity
(4Rcav) [11]; quarter-wave resonator cavity 2011 (QWcav 2011) [12] and double quarter-wave resonator (QWcav 2012) [13].

TABLE I. HL-LHC parameters for the two bunch spacing
options 25 and 50 ns in comparison with LHC nominal [1]. The
geometrical reduction factor does not include the hour glass
effect.

LHC HL-LHC
Parameter Nominal 25 ns 50 ns

N½1011 ppb� 1.15 2.2 3.5
nb 2808 2808 1404
Crossing Angle[μrad] 300 590 590
β�[m] 0.55 0.15 0.15
ϵn[μm] 3.75 2.5 3.0
σz[cm] 7.5 7.5 7.5
Geom. Reduction 0.83 0.305 0.331
Peak lumi[1034 cm−2 s−1] 1.0 7.4 8.5
Virtual lumi[1034 cm−2 s−1] 1.2 24 26
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approximation will be used but a more realistic descrip-
tion of the crab cavities using Taylor Maps can be found
in [17]. In Sec. III these multipoles are used to study the
long term beam dynamics of the LHC in the presence of
crab cavities, in order to assess, with a realistic crab
cavity model. the impact on the machine’s dynamic
aperture. The optical aberrations in terms of multipole
strength are computed to assess the strength of the
dependence and allow assessments of aberrations for
cavities with general multipole content. Finally we draw
our conclusions in Sec. IV.

II. THIN LENS RF MULTIPOLE MODEL

The strong nonaxially symmetric shape of the compact
cavities presented in Fig. 1 leads to a transverse depend-
ency of the transverse kicks applied by the operating dipole
mode. This effect can be described in a similar way as is
done in the analysis of static magnetic fields by means of an
expansion of the electromagnetic (EM) fields of the cavities
and associated transverse and longitudinal kicks in terms of
azimuthal multipoles. In order to do so, some approxima-
tions are assumed. First the crab cavities are represented by
thin lens elements, i.e. the 3D field region is replaced by
two drifts around a thin layer with infinite fields. The
particle trajectory is not affected by the field while
traversing the cavity and a kick is only transmitted to it
at the center of the cavity. Furthermore the paraxial
approximation is assumed. Assuming harmonic time
dependence of complex EM fields, the particle velocity
is equal to the speed of light and the fields vanish at the
boundary, the integrated vector potential can be reduced to
the following form,

Z
L

0

Asðρ;ϕ; sÞ exp
�
iωs
c

�
ds

¼
XN
n¼1

1

n
ρn½bn cosðnϕÞ þ an sinðnϕÞ� ð2Þ

where ω is rf frequency, c is the speed of light, and bn and
an are the normal and skew multipolar expansion coef-
ficients of the complex EM fields, analogous to the
description used for magnets but complex instead of
real, and N is the order of truncation of the azimuthal
decomposition [18]. This integrated vector potential is
expressed in a thin-lens form, with no s dependence,
and an and bn are the integrated values over the length
of the cavity. From the vector potential in this form the
momentum change applied to a particle can be calculated
in complex form as

Δp⊥ðρ;ϕÞ ¼ q
Z

L

0

∇⊥As exp

�
iωs
c

�
ds ð3Þ

¼ q
Z

L

0

� ∂As∂ρ ρ̂
1
ρ
∂As∂ϕ ϕ̂

�
exp

�
iωs
c

�
ds

¼ q
XN
n¼1

ρn−1
� ðbn cosðnϕÞ þ an sinðnϕÞÞρ̂
ðan cosðnϕÞ − bn sinðnϕÞÞϕ̂

�
:

ð4Þ

The momentum change experienced by a particle tra-
versing the cavity parallel to its axis can then be
expressed as

ℜ

�
Δp⊥ðρ;ϕÞ exp

�
i

�
ω

c
zþ Φ

���
; ð5Þ

where z is the longitudinal position of a particle in the
bunch and Φ is the rf phase. The rf phase is usually
chosen for convenience to be either a deflecting phase,
in which case the kick Δp⊥ due to the main multipole
n ¼ 1 is purely real and particle at z ¼ 0 experiences
maximum deflection, or a crabbing phase, in which
case the kick due to the main multipole n ¼ 1 is purely
imaginary and the particle at z ¼ 0 sees no kick. In this
section we describe the methods used to calculate the
multipole coefficients of the cavities in section A,
and present the multipole coefficients themselves in
section B.

A. Multipolar decomposition methods

EM field maps have been calculated for the three cavity
geometries presented in Fig. 1 using frequency domain
finite element code HFSS [19]. A precise Fourier decom-
position of the multipole components requires a regular
meshing upon the surface of a cylinder. This avoids the
introduction of non-Maxwellian interpolation which was
found to lead to significant variation in the multipole
results. To enable this, a large amount of computation is
required to determine the field values on this cylindrical
surface. A mesh is produced at 10 mm and 20 mm with 16
uniform azimuthally separated mesh points, at regular
longitudinal positions. The E and B fields are then
extracted and three different decomposition methods
applied in order to calculate the multipolar expansion
coefficients. These three methods are described in the
following sections.

1. Lorentz force

Starting from the general form of the Lorenz force law
(LF) the transverse component of the force experienced by
a particle moving along z-axis is given by,

F⊥ðρ;ϕ; sÞ ¼ q½E⊥ þ ð~v × ~BÞ⊥� exp
�
i
ωs
v

�
; ð6Þ
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where ρ, ϕ and s are cylindrical coordinates, q is the

particle charge and ~E and ~B are the complex electric and
magnetic fields respectively. The momentum kick can be
found from the force by integrating over the length of the
cavity L,

Δp⊥ðρ;ϕÞ ¼
1

c

Z
L

0

F⊥ds; ð7Þ

where v ¼ c is assumed. Combining this kick with Eqs. (3)
we find an expression for the radial kick Δpρ,

1

c

Z
L

0

Fρds ¼ q
XN
n¼1

ρn−1½bn cosðnϕÞ þ an sinðnϕÞ�: ð8Þ

Hence the multipolar expansion coefficients are found by a
Fourier transformation of the radial force Fρ,

an ¼
1

qc
1

π

Z
π

−π

1

ρn−1
sinðnϕÞ

Z
L

0

Fρðρ;ϕ; sÞds dϕ ð9Þ

bn ¼
1

qc
1

π

Z
π

−π

1

ρn−1
cosðnϕÞ

Z
L

0

Fρðρ;ϕ; sÞds dϕ: ð10Þ

If necessary the multipolar expansion coefficients can
be calculated from a Fourier transformation of azimuthal
kick Δpϕ or the transverse kick components in Cartesian
coordinates, Δpx or Δpy, using expressions derived in a
similar way to the above equations.

2. Panofsky-Wenzel

The Panofsky-Wenzel (PW) theorem [20] is a useful
relationship between transverse and longitudinal kicks
allowing the multipolar expansion coefficients to be calcu-
lated from the longitudinal electric field. Assuming the
ultrarelativistic case (v → c) and no fringe fields beyond
the edges of the integrable region ½0; L�, the momentum
change can be expressed in terms of Es only,

Δp⊥ðρ;ϕÞ ¼ q
i
ω

Z
L

0

∇⊥Esðρ;ϕ; sÞ exp
�
i
ωs
c

�
ds: ð11Þ

From this equation, Eq. (2) and Eq. (3), the following
relation can be found.

i
ω

Z
L

0

Esðρ;ϕ; sÞ exp
�
i
ωs
c

�
ds

¼
XN
n¼1

1

n
ρn½bn cosðnϕÞ þ an sinðnϕÞ�: ð12Þ

Hence the multipolar expansion coefficients are found by a
Fourier transformation of the electric field,

an ¼
in
ω

1

π

Z
π

−π

1

ρn
sinðnϕÞ

Z
L

0

ei
ω
csEsðρ;ϕ; sÞds dϕ ð13Þ

bn ¼
in
ω

1

π

Z
π

−π

1

ρn
cosðnϕÞ

Z
L

0

ei
ω
csEsðρ;ϕ; sÞds dϕ; ð14Þ

using only Ez.

3. Helmholtz decomposition

An equivalent approach to computing the multipoles can
be used by noting the fields obey the Helmholtz equation
and exploiting the Fourier decomposition method devel-
oped in [21]. This method was applied to trajectories in the
LHC crab cavities in [22] by integrating through the s-
dependent fields, and in this section we use this formulation
as an alternative way (but entirely equivalent to the PW
method) to compute the multipoles. A complete study of
crab cavity dynamics using the Helmholtz decomposition is
performed in [17].
The Helmholtz method proceeds by taking the solution

for EsðrÞ in the form,

EsðrÞ ¼
Z

∞

−∞

dkffiffiffiffiffiffi
2π

p eiks
�
~e0ðkÞR0ðk; ρÞ

þ
X∞
n¼1

½~enðkÞRnðk; ρÞ cosðnϕÞ

þ ~fnðkÞRnðk; ρÞ sinðnϕÞ�
�

ð15Þ

where Rn is defined,

Rnðk; ρÞ ¼
�
JnðκlðkÞρÞ If sgnðk2 − k2l Þ < 0;

InðκlðkÞρÞ Otherwise:
ð16Þ

In this form kl is the wave vector for the given mode in
the cavity and n is the order of the Bessel function and
multipolar expansion term. The function κl is defined by
the relation of kl to k,

κ2l ðkÞ ¼ jk2 − k2l j: ð17Þ

The functions ~eðkÞ and ~fðkÞ are calculated from the field
data, which are meshed over (ϕ, z) at ρ ¼ R. From this data,
Fourier transforms are carried out to obtain the Fourier
decomposition of the harmonic modes of the fields,
defining ~enðkÞ for n ∈ f0; 1; 2;…g as

~enðkÞ ¼
1

Rnðk; RÞ
Z

∞

−∞

dsffiffiffiffiffiffi
2π

p e−iks

×
Z

∞

−∞

dϕ
π

cosðnϕÞEsðR;ϕ; sÞ: ð18Þ

Similarly ~fnðkÞ is defined for n ∈ f1; 2;…g as
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~fnðkÞ ¼
1

Rnðk; RÞ
Z

∞

−∞

dsffiffiffiffiffiffi
2π

p e−iks

×
Z

∞

−∞

dϕ
π

sinðnϕÞEsðR;ϕ; sÞ: ð19Þ

Given ~e and ~f, the multipolar coefficients an and bn can be
obtained using the expressions

an ¼
in
ω

Z
L

0

dseikls
Z

∞

−∞

dkffiffiffiffiffiffi
2π

p eikz ~fnðkÞ
jk2 − k2l j

n
2

2nn!
ð20Þ

bn ¼
in
ω

Z
L

0

dseikls
Z

∞

−∞

dkffiffiffiffiffiffi
2π

p eikz ~enðkÞ
jk2 − k2l j

n
2

2nn!
: ð21Þ

Note these coefficients obtained are equivalent to those
obtained using the PW method but through the functions
~eðkÞ and ~fðkÞ.

B. Multipolar coefficients of prototypes

The computed multipole coefficients are presented in
Table II using the three methods presented in Sec. II. These
dipolar cavities present the same behavior of the magnets
in terms of allowed multipoles, and so the first allowed
multipole is sextupole for symmetric cavities. The imagi-
nary part, not shown, in all cases is zero within the
numerical accuracy of the calculation. It means that all

higher order multipoles (n > 1) are in phase with the main
dipole component (n ¼ 1) and there is no transverse kick
acting on a particle at the crabbing phase. For upright
cavities as shown in Fig. 1 all skew multipoles are zero and,
in addition, if they present biaxial transverse symmetry,
only odd multipoles coefficients are exhibited. However
due to systematic errors in the calculation of the multipoles
some small even multipoles are predicted. The QWCAV
2011 prototype has only one transverse symmetry and
hence additionally contains even multipoles. Table II also
includes the multipoles for the QWCAV 2012, which was
redesigned to reduce the b2 multipole component. A
comparison of the dynamics of the two designs will be
performed in this paper.
All three methods show very good agreement between

them, with some differences in the prediction for b4. For
example the LF method presents errors introduced by the
numerical methods used to find the magnetic field from
the electric field in the eigenmode solver. On the other hand
the PW and Helmholtz methods only require electric field
data. For the dynamic aperture results in this paper the
Lorentz method at 10 mm is used.
In order to give a scale to the rf multipolar strength for

LHC CC prototypes, they can be compared to the field
quality of the D2 separation dipoles that are currently
installed in the LHC ring in IR1 and IR2 [23]. These
multipoles are shown in Table III. It is interesting to note
that the rf multipoles are lower but of the same order of
magnitude as the magnetic ones. This means that a careful
analysis of the impact of the CC field quality is mandatory
and its impact on the long-term beam dynamics should be
addressed.

III. IMPACT ON THE BEAM DYNAMICS

In this section we evaluate the impact of the multipole
content of the crab cavities, both in general terms by
assessing the impact of generic multipoles on properties

TABLE II. Values of the multipolar rf multipoles for the crab cavity prototypes at nominal deflecting voltage: Vcc ¼ 10 MV in units of
mTm=mn−1.

Lorentz method Panofsky-Wenzel Helmholtz decom-
@10 mm @20 mm @10 mm @20 mm position @20 mm

4RCAV b2 −0.06 −0.05 −0.06 −0.06 −0.10
2012 b3 1159 1159 1161 1161 1156

b4 −4 100 65 27 57
RWCAV b2 0.01 0.00 0.00 0.01 0.02
2012 b3 4511 4511 4495 4495 4518

b4 −4 −7 −21 7 10
QWCAV b2 111.42 111.40 111.43 111.48 113.06
2011 b3 1266 1267 1257 1260 1279

b4 1776 1776 1401 1836 2102
QWCAV b2 0.29 0.29 0.29 0.29 0.24
2012 b3 1074 1073 1078 1078 1073

b4 50 67 6 64 22

TABLE III. Values of the magnetic multipoles in the LHC
superconducting separation dipoles (D2).

D2
[mTm=mn−1]

b2 55
b3 7510
b4 82700
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such as tune and chromaticity of circular machines, by
analytically computing the resulting optics aberrations
expected depending on the order of the multipole, and in
terms of the explicit dynamic aperture impact at the LHC.
These two approaches evaluate the expected effect of theCCs
on the beam dynamics of the HL-LHC, as well as multipole
tolerances. For the assessment of the LHC, a full dynamic
aperture scan is performed to evaluate the impact of the crab
cavity multipoles on the long-term stability of the beam.
The LHC has four interaction points but only two of them

(IP1 and 5) will likely feature a local crab crossing scheme.
The crossing plane for each one is still under discussion; an
alternating crossing scheme (VIP1-HIP5) is themost favorable
from the beam-beam effects point of view [24]. The
HIP1-HIP5 case is included as well for comparison. In this
work the round beam optics (β�x ¼ β�y) is used. Note that
beam-beam effects are not part of the simulations in this
study but some results can be found in [25].
In the case of symmetric upright designs, i.e. horizontal

crossing scheme, all multipolar components are normal
fb2; b3; b4g (Table II). For the case of vertical crossing
angle, the cavity is rotated by 90° so the multipolar
components become f−b2; 0; b4g and skew f0; b3; 0g.
The real cavities, however, will exhibit deviations from
these ideal symmetries so any combinations of multipoles
could arise. In a HIP1-HIP5 scheme all multipolar compo-
nents will add up. In particular the quadrupolar component
b2 will add up producing a non-negligible tune shift, as
seen in the following section.
In the case of VIP1-HIP5 the quadrupolar component

cancels out between the IPs, which mitigates what otherwise
would be a significant concern from a long term stability
point of view. In case of nonsymmetric cavity designs, where
bn ≠ 0 with n even, the noncancellation of b2 produces a
non-negligible tuneshift in a HIP1-HIP5 scenario that might
compromise the long term stability of the machine. This
tuneshift is modulated by the synchrotron period so can only
be corrected with other rf multipoles.
In both simulations and analytical estimations the

HIP1-HIP5 scenario is used since it is the worst case scenario.

A. Analytical estimations

The presence of crab cavity nonlinearities will intro-
duce different type of beam dynamics perturbations into
the lattice’s beam dynamics, and the rf multipoles differ
from the magnetic multipoles by the time dependency.
In this work we evaluate a worst case scenario by taking
the modulus of the rf kick. Analytically the aberrations
for normal and skew multipoles are [26], (i) Linear tune
shift,

ΔQx;y ¼
1

4π
βx;y

b2
Bρ

: ð22Þ

(ii) The minimum tune split from the linear coupling,

ΔQmin ¼
1

4π

ffiffiffiffiffiffiffiffiffi
βxβy

q a2
Bρ

: ð23Þ

(iii) Chromaticity shift,

Δξx;y ¼
�1

4π
Dxβx;y

2b3
Bρ

: ð24Þ

(iv) Chromatic coupling,

∂Qmin

∂δ ¼ 1

2π

ffiffiffiffiffiffiffiffiffi
βxβy

q
Dy;x

2ðb; aÞ3
Bρ

: ð25Þ

(v) Amplitude detuning, generating a tune shift at 3σ (the
coupling term is not considered here)

ΔQx;y ¼
3

8π
β2x;y

b4
Bρ

9Jx;y; ð26Þ

where βx;y and Dx;y are the betatronic and dispersion
function at the location of the multipole and Bρ, δ and Jx;y
the magnetic rigidity of the beam, the relative energy
spread and the action. These options aberrations have
been evaluated for LHC parameters in Fig. 2, which
shows the optics aberration as a function of normal
multipole coefficient bn. The top plot shows the tune-
shift as a function of b2, showing a potentially large tune-
shift for even moderate values of b2, which could cause
beam dynamical issues in the machines containing these
cavities. The figure hence shows the importance of
suppressing b2 from symmetric cavity design. For other
optical aberrations linked to b3 or b4, the dependence
of the aberrations on the coefficient is weak, and the
magnitude is generally small for all aberrations. A further
implication of this study is the alignment of the cavities
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FIG. 2. Optics aberrations for the different multipole orders, as
a function of coefficient magnitude.
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has to be carefully done to avoid a large b2 resulting from
feeddown in a presence of b3.

B. Dynamic aperture of the LHC with
crab cavities

The long term stability of the HL-LHC is evaluated in
this work for the first time in the presence of crab cavities,
modeled with time dependent multipoles. A campaign of
dynamic aperture calculations using the SixTrack SixDesk
Environment [27] has been performed with an updated
version of SixTrack including rf multipoles up to the 4th
order (See Appendix for the explicit form of the kicks in
the cavity up to 4th order). The dynamic aperture (DA)
estimates the transverse chaotic boundary below which the
particles have a stable motion in the long term. The DA
results are expressed in terms of the transverse rms beam
size σ, with ϵnx;y being the HL-LHC normalized emittance
at 1σ in both planes and equal to 2.5 μrad. The calculations
use a sampling steps of 2=30 σ in amplitude and 1.8 degrees
step in angle. The relative momentum deviation is chosen
traditionally δp=p ¼ 0.0027 to maximize the chromatic
perturbations. In addition to the different particles ampli-
tude each particle is initialized with a different phase space
angle defined, defined as,

ϕ ¼ arctan
ffiffiffiffi
ϵy
ϵx

r
: ð27Þ

The particlemotionwill sample different resonances depend-
ing on the ratio between horizontal and vertical oscillation
amplitudes and, for this reason, 59 phase space angles
equally spaced are evaluated per amplitude step. The
particles are tracked for a total of 105 turns and the minimum
DA (DAmin—dashed lines) is used to characterize the
different scenarios. In the results to follow, the mean DA
of all seeds (DAmean—solid lines) is plotted as well for
reference. Magnetic multipole errors in the inner triplet (IT)
are taken into account (version 6.5 [28]), as well as the errors
in the magnets of the arcs. In all cases appropriate beam
corrections are applied. The dynamic aperture of themachine
is defined as theminimumof all dynamic apertures over sixty
statistical realizations of the error model.
In all simulations we considered the worst case scenario

of HIP1-HIP5 where all the multipoles contributions (includ-
ing b2) will add up. To illustrate this, the top plot of Fig. 3
shows the average and minimum DA results for a range of
values of b2 and a2. For a nonsymmetric cavity (the quarter
wave 2011 design) in the YZ plane, the large tuneshift
produced by the b2 together with the fact that this is not
compensated by the other cavity as in a VIP1-HIP5 scenario
led to a minimumDA of about 7σ. The 2012 redesign of the
cavity to a symmetric configuration to suppress the quad-
rupolar multipole removes this damaging beam dynamical
effect. Figures 3 middle and bottom, shows the minimum
and average DA as a function of multipole coefficient
and shows these sextupolar and octupolar multipolar

components have very little effect on the DA. The mini-
mumDA is driven in all cases by the magnets nonlinearities
in the lattice. These results and plots are general and are
presented as a function of multipole coefficient, and the
actual multipole strengths for the CC designs are shown as
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FIG. 3. Average (solid) and minimum (dashed) DA of the 60
realizations of the errors as a function of normal and skew
quadrupolar (top), sextupolar (middle) and octupolar (bottom)
component. In all cases the scenario simulated in HIP1-HIP5 the
multipole value quoted in the x-axis is per side per IP. The
expected minimum DA for each CC prototype is indicated.
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dots on the plots. Therefore the impact of general cavities,
with differing multipole content, can be assessed.

IV. CONCLUSIONS

In this paper we have considered the multipole content of
the CC designs for the luminosity upgrade of the LHC, and
the resulting impact on long term machine dynamics. After
presenting three different approaches for computing the rf
multipoles of a crab cavity, the rf multipoles for the
different CC designs have been calculated. The agreement
between the methods was excellent, and the role of
symmetry in producing a negligible b2 discussed. The
multipoles were used to evaluate the long term stability of
the LHC in the presence of the competing CC designs. This
was done by using a dynamic aperture study in the presence
of machine magnetic errors, and calculation of optical
aberrations. It was shown that a symmetric cavity design is
a very important requirement to suppress b2 and not
produce tuneshifts that largely degrade the dynamic aper-
ture. This was illustrated for the QWCAV 2011 design. The
dynamic aperture as a function of rf multipole coefficient
was computed to illustrate the strength of the dependence
and, for the symmetric cavity designs, the rf multipoles
were shown to have a negligible impact on the DA in both
HIP1-HIP5 and VIP1-HIP5 scenarios. The new calculations
presented here of the rf multipole content and the long term
stability shows the CC designs show no major impact in the
dynamic aperture. At the present time attempts to measure
the multipoles in the actual prototypes are ongoing.
Further studies taking into account higher order multi-

poles above the octupolar component should be carried
out in the future, along with developments of alternative
models of the crab cavity dynamics such as Taylor map
representations [17] and generating functions [29,30].
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APPENDIX: RF MULTIPOLES SIXTRACK
IMPLEMENTATION FORMULAS

Single element time dependent rf multipoles have been
included for the first time in SixTrack. This first stage of the

implementation included only up to octupolar component
in both, normal and skew components. The formulas are as
follows,

Normal quadrupole

Δx0 ¼ −
b2
Bρ

x cos

�
ωz
c

þ ϕs þ ϕRF;quad

�

Δy0 ¼ b2
Bρ

y cos

�
ωz
c

þ ϕs þ ϕRF;quad

�

Δδ ¼ 1

2

b2
Bρ

ðx2 − y2Þ sin
�
ωz
c

þ ϕs þ ϕRF;quad

�
ω

c

Normal sextupole

Δx0 ¼ −
b3
Bρ

ðx2 − y2Þ cos
�
ωz
c

þ ϕs þ ϕRF;sext

�

Δy0 ¼ 2
b3
Bρ

xy cos

�
ωz
c

þ ϕs þ ϕRF;sext

�

Δδ ¼ 1

3

b3
Bρ

ðx3 − 3xy2Þ sin
�
ωz
c

þ ϕs þ ϕRF;sext

�
ω

c

Normal octupole

Δx0 ¼ −
b4
Bρ

ðx3 − 3xy2Þ cos
�
ωz
c

þ ϕs þ ϕRF;oct

�

Δy0 ¼ b4
Bρ

ð3x2y − y3Þ cos
�
ωz
c

þ ϕs þ ϕRF;oct

�

Δδ ¼ 1

4

b4
Bρ

ðx4 − 6x2y2 þ y4Þ sin
�
ωz
c

þ ϕs þ ϕRF;oct

�
ω

c

Skew quadrupole

Δx0 ¼ −
b2
Bρ

y cos

�
ωz
c

þ ϕs þ ϕRF;quad

�

Δy0 ¼ −
b2
Bρ

x cos

�
ωz
c

þ ϕs þ ϕRF;quad

�

Δδ ¼ b2
Bρ

xy sin

�
ωz
c

þ ϕs þ ϕRF;quad

�
ω

c
ðA1Þ

Skew sextupole

Δx0 ¼ −2
b3
Bρ

xy cos

�
ωz
c

þ ϕs þ ϕRF;sext

�

Δy0 ¼ b3
Bρ

ðy2 − x2Þ cos
�
ωz
c

þ ϕs þ ϕRF;sext

�

Δδ ¼ −
1

3

b3
Bρ

ðy3 − 3yx2Þ sin
�
ωz
c

þ ϕs þ ϕRF;sext

�
ω

c

ðA2Þ
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Skew octupole

Δx0 ¼ −
b4
Bρ

ðy3 þ 3x2yÞ cos
�
ωz
c

þ ϕs þ ϕRF;oct

�

Δy0 ¼ −
b4
Bρ

ð3y2x − x3Þ cos
�
ωz
c

þ ϕs þ ϕRF;oct

�

Δδ ¼ b4
Bρ

ðx3y − y3xÞ sin
�
ωz
c

þ ϕs þ ϕRF;oct

�
ω

c
ðA3Þ
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