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Quasilinear theory of terahertz free-electron lasers based on Compton
scattering of incoherent pump wave by intense relativistic electron beam
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The use of incoherent broadband pump radiation for improving the electron efficiency in the free-
electron lasers (FEL) based on stimulated backscattering is considered. On the basis of a quasilinear
approach, it is shown that the efficiency increases in proportion to the width of the pump spectrum. The
effect is owing to a broadening of the spectrum of synchronous combination waves and realization of a
mechanism of stochastic particle deceleration. The injection of a monochromatic seed signal in a single
pass FEL amplifier or the implementation of a selective high-Q resonator in an FEL oscillator makes the
high-frequency scattered radiation be monochromatic in spite of an incoherent pumping. In the regime of
stochastic particle deceleration, the efficiency only slightly depends on the spread of the beam parameters,
which is beneficial for a terahertz FEL powered by intense relativistic electron beams.
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I. INTRODUCTION

Terahertz waves are promising for diagnostics and
spectroscopy of various media, including the development
of high-resolution electron paramagnetic resonance (EPR)
and nuclear magnetic resonance (NMR) spectroscopy.
Powerful terahertz radiation can be used to create a dense
plasma and control its parameters. Recently a lot of
attention has been paid to the development of a different
type of sources operating at terahertz band at a high power
level. Alongside with promotion of some traditional devi-
ces like gyrotons [1,2], Cherenkov devices [3—5] and FELs
based on the stimulated undulator emission [6—8] to this
wave band, some new schemes are examined. Among
such schemes, we mention the generation of THz pulses
during the nonlinear interaction of femtosecond laser pulses
with a different medium including semiconductors and
plasmas [9-14].

In this paper, we consider one more possible scheme of
generation and amplification of powerful THz radiation
based on Compton backscattering of a strong low-
frequency pumping wave on high-current relativistic elec-
tron beams. Formed by explosive emission cathodes, such
beams have considerable powers and current densities, but
at the same time are characterized by a large spread of
parameters, which generally precludes their use for the
efficient generation of short-wavelength radiation. In order
to exploit the potential of intense beams more effectively,
we suggest using incoherent pump radiation [15-18]. The
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advantage of the incoherent pumping compared to the
monochromatic one traditionally considered for such
systems (which are called Compton free-electron lasers
[19-24]) is the expansion of the spectrum of synchronous
combination waves and the realization of a mechanism of
diffusive stochastic deceleration of the electrons. As a
result, the efficiency of conversion of the beam kinetic
energy into the energy of short-wavelength scattered
radiation is proportional to the width of the pump spectrum.
Moreover, this efficiency only slightly depends on the
width of an electron distribution function. It should be
noted that in spite of incoherent pumping, the injection of a
monochromatic seed signal in an amplifier configuration
[Fig. 1(a)] or the implementation of a selective high-Q
resonator in an oscillator [Fig. 1(b)] can guarantee almost
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FIG. 1. Schematic of amplifier (a) and generator (b) with
incoherent pump wave. (1) Electron beam; (2) waveguide;
(3) Bragg reflectors.
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monochromatic spectrum of the high-frequency scattered
radiation. A description of the considered type of Compton
FEL may be based on a quasilinear theory [25-27]
because the electrons interact with a broad spectrum of
the combination waves, which is proportional to the width
of the pump wave spectrum. It should be noted that
previously such a quasilinear approach has been employed
for a theoretical analysis of FEL amplifiers [28-31] and
FEL oscillators [32—-34] with a monochromatic pump wave
or a single periodical undulator field but a multifrequency
signal wave.

In Sec. IT we derive basic quasilinear equations which
describe the Compton FEL with incoherent pump radiation.
In Sec. III this approach is applied to the analysis of a high
gain single-pass amplifier with a seed signal. In Sec. IV we
generalize the model and analyze a Compton FEL oscillator
with a high-Q resonator.

I1. BASIC EQUATIONS

Let us assume that a monochromatic signal wave
propagates together with an electron beam and is described
with a vector potential

A, = Re{ons (z) exp[i(wyt — K'SZ)]}.

In the amplification scheme, the frequency of this wave
is determined by an external source. Let us consider a
polychromatic pump field, so that its spectrum consists of a
set of discrete lines with random phases

A= Re{ionim(Z) expli(w;,t + KimZ)]}-

m=0

We assume that a spectral distance between neighboring
harmonics dk; is much smaller than the total width of the
packet Ak; and the amplitudes A;, are slowly varying
functions with respect to a longitudinal coordinate z.

Under the combination synchronism conditions

ws_stzzwim_‘_Kimvz? (1)

the averaged motion of the relativistic electrons in the
signal and pump fields can be described using the kinetic
equation for a one-dimensional distribution function [19]:
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Here

L= —Re{z iK oA AL (2) exXpli(@ept — Kcmz)]} (3)

is the averaged ponderomotive force, k., = Kk, + k;,, and
Wppy = W5 — @y, are the wave numbers and frequencies of

the ensemble of combination waves, v,, p, = mv,y and
E = mc?y are the longitudinal velocity, momentum, and
energy of the electrons y = (1 — v>/c?)~'/? is the Lorenz
factor.

After traditional for the quasilinear approximation
[25-27] averaging of Eq. (2) over oscillations caused by
the action of separate components from the ensemble of
combination waves, the equation for a slowly varying
distribution function f(z, p) takes the form

0 0 0
v =g (Derd gt ) =P @

Z

with the diffusion coefficient

_ 8met ik (k;)
- @lwt(v, +)E? |

=K (c—v.)/(c+v,)

Here f%(p,) is the initial longitudinal momentum
distribution function of the electrons, I, = |A,|*w?/8xnc
is the intensity of the signal wave. Assuming that the phases
of spectral components in pump radiation are random,
this field can be described by the spectral density

= |A;]*w?/8rcdk. Spatial dependence of intensities of
the signal and pumping waves obeys the equations

T 2,2 2’
d_ e a), / ( ) de,, 1| =1,
dp. V.=V, z=0
(5)
dl. 2020 2 a
—t_ 7[ 5 f 5 Ii = I?’ (6)
dz mc- K CU apz v, =V, z=l

where v, = w_/k, is the phase velocity of the combination
» = (471e’Ny/m)!/? is the electron plasma fre-
quency, N is the electron beam density, and [ is the length
of the scattering region.

The system of equations (4)—(6) has the integrals

waves, @

K—1I,+ /oo I;dx; = const, (7)
0
o Ldk; I
/ LK %5 _ const, (8)
0 K; Ky

which are the conservation laws of the energy and the
number of quanta in the scattering process, respectively.
Here K = N, [§° v.Efdp. is the kinetic energy flux of the
electrons. As follows from Egs. (7) and (8), in the case of
large Doppler frequency up-conversion (Aw, > hw;), the
radiation energy is drawn mainly from the electron beam
(Al = AK), and the depletion of the pump radiation (when
its intensity is sufficiently large) may be neglected.
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IT1. HIGH GAIN SINGLE-PASS AMPLIFIER

Under the assumption of a fixed pump field amplitude
for the ultrarelativistic limit (y > 1, p, = mcy) the system
of Egs. (4)—(6) has the form that describes single-pass
amplification of the signal wave:

OF 0 (~O0F

—=—|D— F =F

82 ay < 8y> 4 =0 O(y)’ (9)
oP, awj, [ - OF

s P D—dy, P =P% (10
az 2(0?[ a}/ y N =0 s ( )

where D =4P,Pik2y*/zn, P,=1J%/P, is the
power of the signal wave in absolute power units
(P, = m*c®/e*> = 8.7 GW) passing through an area equal
to A2, and P; = I;,A2/(P.5x;) is the spectral power of the
pump radiation in the same normalization. F(y, z) = fmc is
the electron energy distribution function. It should be noted
that we replaced the integration over pump wave numbers k;
in Eq. (5) with the integration over y in Eq. (10) using the
relation: x; = k,/4y* that follows from the synchronism
condition (1) for the ultrarelativistic electron beam.

A. Small signal regime

In the linear approximation, we can neglect perturbation
of the energy distribution function and reduce Eq. (10) to
the form

0P,
0Z

where Z = 4rw2y? P );z/w? is the normalized longi-
tudinal coordinate,

_ [ OF(u)
A—A u*g(u) 80u du (12)

is the normalized spatial growth rate, and u = y/7, 7 is the
mean electron energy. In (12) we presented the spectral
distribution of the pump radiation as P;(y) = Pg(y)/k;.
where P is the total dimensionless power, &; is the central
harmonic of the pump wave packet, and ¢(y) is the function
which describes spectral profile. Obviously, the growth rate
is determined by the unperturbed electron distribution

= AP, (11)

function Fy(u) and a pump spectrum profile g(u).

Further, we will describe the unperturbed electron
distribution and the pump spectrum profile by the functions
[see Fig. 2(a)]

Fo(u) = é_ﬂéexp(—“;; )2),

Lol (2]

Here 6 is the electron energy dispersion (relative energy
spread Ay/y =26), o is the half-width of the pump

g(u) =
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\ — g(u) 7
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FIG. 2. Single-pass amplifier. (a) Mutual arrangement of
electron distribution function F(u) with initial energy dispersion
0 = 0.035 and profile of pump spectrum (blue line) with a half-
width ¢ = 0.07 in the energy space. The shift between the center
of the pump spectrum and the center of the electron distribution
function is e = 1 — u; = 0.05. (b) Dependence of spatial growth
rate A on relative shift e for different values of the pump spectrum
half-width ¢ calculated for electron energy dispersion § = 0.035.

spectrum, and the parameter ¢ = 1 — u; characterizes the
relative shift between the centers of the electron distribution

function and the pump wave spectrum where u; =

/K, /47°k; corresponds to the central line k; of this
spectrum. It should be noted that function g¢(u) just
corresponds to the approximation of the pump wave
spectrum P;(k;) by a Gaussian function.

In the case of a coherent monochromatic pump wave:
o — 0, when ¢(u) tends to a delta-function §(u; — u); from
(12) we get a well-known expression for the growth rate
which describes the kinetic stage of the FEL instability

OF e(1—e)? &

2 0

—— =—0 —-—— . 14
o u—, ST P\ 252 (14)

Equation (14) demonstrates the drop of the growth rate
with increasing electron energy dispersion 6.

In the case of the incoherent pump radiation, the
dependence of the growth rate A(e) for different widths
of the pump spectrum is shown in Fig. 2(b). Obviously, the
growth rate decreases with the increase of the spectral
width ¢ and the energy dispersion 6. Nevertheless, for fixed
o and ¢ there is an optimal relative shift e between the pump
spectrum and the electron energy distribution function.

A:
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B. Nonlinear stage

To carry out the numerical simulation of the saturation
process, it is convenient to take into account the energy
conservation law (7) and transform Eqgs. (9) and (10) to a
single diffusion equation containing a minimal number of
independent parameters:

OF 0 (. OF
o= o (Pemae ). as)

Here, P) = 2w;P)/mw}y? is the normalized intensity of
the initial signal, and

n:l—/()muz?du (16)

is the electron efficiency that defines the rate of the energy
conversion from the relativistic electron beam to the
signal wave.

The results of the numerical solution of Eq. (15) pre-
sented in Fig. 3 show that for fixed total power of the pump
the electron efficiency increases with the growth of its
spectrum width. Thus, when the relative half-width of the
pump spectrum is ¢ = 0.07, the maximum -efficiency
reaches 5%. At the same time, an increase in the width
of the pump spectrum leads to a drop in the spatial growth
rate A, and, accordingly, the length of the interaction space,
for which the maximum efficiency is achieved, increases
[Fig. 3(b)]. The results of the numerical simulations
confirm the assumption that the method for efficiency
increasing based on using the incoherent pump is not
critical in regard to the quality of the electron beam. As
seen from Fig. 4 the value of the electron energy dispersion
0 is only slightly affected by the maximum efficiency.
Moreover, in the considered stochastic deceleration regime
the maximal efficiency also very slightly depends on the
integrated intensity of the pump radiation and the electron
beam density. In fact, final gain saturation is caused by the
formation of a plateau on the electron distribution function
[Fig. 3(a)], whose width and, therefore, maximum effi-
ciency are determined basically by the width of the pump
spectrum o as well as by the distance ¢ (in the energy space)
between the center of the pump wave line and the center of
the particle distribution function. The pump intensity and
the electron beam density influence mainly the growth rate
and the length of the scattering region. It is clear that in
order to increase efficiency the pump spectrum should be
shifted [Fig. 2(a)] to the region that corresponds to the
energies of resonance electrons smaller than the energy of
an electron 7 which belongs to the center of the distribution
function F(u).

Let us evaluate (see Table I) the possibilities of using the
considered mechanism for effective amplification of sub-
millimeter radiation by an intense relativistic beam with a
current of J =5 kA, a mean particle energy of 1.5 MeV
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FIG. 3.

function F(u,Z) for the initial electron energy dispersion
6 = 0.02, pump spectrum half-width ¢ = 0.07, and relative shift
& = 0.08, which is optimal for efficiency. Pump spectrum profile
is shown by the black line. (b) Dependences of the electron
efficiency 7 on the amplification length Z for the different pump
spectrum half-width ¢ and the optimal relative shift e.

(a) Spatial evolution of the electron distribution

(y = 4), and an energy spread Ay/y = 4% (6 = 0.02). Let
the mean wavelength of the pump field be 4; = 3 cm, the
half-width of the spectrum be ¢ = 0.07, and the total power
be 1 GW. A vircator [35] or a relativistic backward-wave
oscillator operating in the self-modulation stochastic
regime [36,37] can, in principle, serve as the source of
incoherent pump radiation. Gyrotrons with radiation
power of 10 kW [2] can be used as the source of the
input signal for the scattered radiation with a wavelength
of A, = 0.45 mm.

Under the assumption that the scattering process takes
place in the waveguide with a cross-section of 2.5 cm? the
dependence of the electron efficiency on the longitudinal
coordinate is shown in Fig. 3(b). At the linear stage for
e = 0.08 the growth rate equals to 0.25 cm™'. The maxi-
mum efficiency of ~5% corresponds to the output power of
~375 MW and is achieved at the length of the scattering
region of ~70 cm.
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FIG. 4. Dependence of (a) spatial growth rate A and (b) the
electron efficiency 7 on the shift € between the center of the pump
wave spectrum and the center of the electron distribution function
for a fixed half-width of pump spectrum ¢ = 0.07 but different
values of electron energy dispersion §.

IV. OSCILLATOR WITH HIGH-Q RESONATOR

Let us consider further an oscillator scheme assuming
that the scattered radiation is confined by two mirrors

TABLE 1. Main parameters of the high-gain single-pass
amplifier.

Parameter Value
Beam current [kA] 5
Mean particle energy [MeV] 1.5
Energy spread, % 4
Plasma frequency [c™'] 5.7 x 100
Mean wavelength of pump wave [cm] 3
Width of the spectrum, % 10
Total power of pump [GW] 1
Signal wavelength [mm] 0.45
Power of input signal [kW] 10
Waveguide cross section [cm?] 2.5
Scattering region length [cm] 70
Growth rate [cm™'] 0.25
Output power [MW] 375
Electron efficiency, % 5

forming a high-Q resonator. At the nth run of the signal
wave across the resonator, its amplification is described by
Eq. (10). By integrating this equation over the longitudinal
coordinate z under the assumption that the distance
between the mirrors / coincides with the scattering region,
we get for forward wave propagation

=l

Due to the absence of interaction for backward wave
propagation we have

~8F

Py (1) = Pg (0 —d}/dz

Pi_(1) = P5_(0).

Then, taking into account reflections from the mirrors:

PEE(0) = RiPi_(0).  Pi(1) = RyPY (1),
where R, are the reflection coefficients, we obtain the
equation which defines the wave evolution

P (1) =Py (1) = (1—RRz ()

RRQ// —d}/dz (17)

In the case of the high-quality resonator |1 — R R,| < 1
and relatively low single pass gain, the variation of
the field amplitude during the successive runs is small
|(P' — P,)/P", | < 1. Under such conditions, we can
substitute the finite-difference equation (17) with the

differential equation
zra)p Vgr
—d dz, (18
T 20221 / / vz, (18)
where Q = wyl/v,(1 = R|R,) is the quality factor, and
21

T=n:" is a slow time.
qr

Equation (18) in combination with the diffusion equa-
tion (9) forms a self-consistent system describing FEL
oscillators with the incoherent pump wave

dP 0)0
20 Ps

—~

B L foo . aF(u,Z) o
AAPS(T)g(u)uziau dudz, (19)

o — (Pt gF) (20)

Here we introduce the following normalized variables:

7 =1w0/2Q, Z = Z/(1 — R|R,) is the longitudinal coor-

dinate, L = L/(1 — R|R,) is the distance between the

mirrors in the same normalization, P, =2w?(1 —R,R,) P,/
w3y* is the power of the signal wave.
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For the high-Q resonator the time of the field variation

strongly exceeds the electron transit time:
Te=Ls Ll
2 24

Under such conditions, we can integrate Eq. (20) for the
distribution function over the longitudinal coordinate Z by
neglecting the dependence of the diffusion coefficient on
this coordinate. Then, by integrating the excitation factor
over the coordinate Z, we can find the value of the signal
wave amplitude at the next time step from Eq. (19), and
SO on.

A. Small signal regime

Neglecting perturbation of the electron distribution
function and looking for the solution of Eq. (19) in the
form P, ~exp(I't), we get temporal growth rate in gen-
eration regime:

[=AL—1. (21)
For self-excitation condition from (21) we find

In physical variables a threshold current density is given
by the relation

. JJ(1=RiRy)
Jst :W’ (23)

where J, =mc3/e =17 kA is the Alfven current.
Obviously, the minimal resonator length l~,s, or minimal
starting current (23) corresponds to the maximum of spatial
growth rate.

B. Nonlinear stage

In the generation regime, deformation of the electron
distribution function depends on the injection time and
increases with the growth of the signal wave amplitude
inside the resonator. Figure 5 demonstrates the process of
steady-state oscillations onset at two different values of an
excess of the electron current over the threshold. In the
steady-state regime, the indicated deformation becomes
more significant with the increase of the electron current
[compare Figs. 5(a) and 5(b)]. In the case of a large excess,
the formation of the plateau on the electron distribution
function is evident. It should be noted that, due to the
signal-wave energy accumulation in the resonator,
the interaction length corresponding to a given level of
the efficiency in the oscillator can be significantly shorter
than the interaction length in the single-pass amplifier
considered in Sec. III. Nevertheless, as in the amplifier, the
efficiency can be increased by means of proper optimiza-
tion of relative shift € between the center of the pump wave

L Fu,7)
P

T

3b—— I-05 .
—_— [=0.25
. — [=0.1
X
52 3
Q
&
2
2
Sir
0 | L | L L
0 1 2 3 4 5
normalized time, T
(c)

FIG. 5. Oscillator with the high-Q resonator. Temporal evolu-
tion of the electron distribution function F(u,7) for different
resonator lengths (a) L = 0.25, (b) L = 0.5. Profile of pump
spectrum is shown by the black line. (c¢) Corresponding depend-
ences of electron efficiency on time 7: § = 0.035, ¢ = 0.035,
e =0.05.

spectrum and the center of the electron distribution function
(see Fig. 6).

Let us estimate (see Table II) the possibility of using the
considered mechanism of backscattering for the generation
of terahertz radiation by an intense relativistic beam with a
current J =450A, a mean particle energy 0.75 MeV
(7 = 2.5), and an energy spread Ay/y7 = 7% (6 = 0.035).
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FIG. 6. Oscillator with the high-Q resonator. Temporal depend-
ences of electron efficiency for the given values of the electron
energy dispersion 6 and the pump spectrum half-width ¢ at the
different values of relative shift & L = 0.5. (a) 6 =0.035,
o =0.035; (b) 6 =0.02, 6 = 0.07.

In the considered case we can take a 70 GHz free-electron
maser that is being developed at the accelerator ELMI
(Budker Institute, Novosibirsk) [38,39] as a pump wave
source. We assume that the total power of the pump wave is
100 MW, the spectrum width is 7% and the cross section of
the interaction space is 4 mm?. For the chosen parameters
the scattered radiation has a frequency of about 1.8 THz. As
shown in [40,41] two modified Bragg reflectors based on
the coupling of cutoff and propagating modes can be used
to compile a selective resonator for a signal wave of the

TABLE II. Main parameters of the oscillator.

Parameter Value
Beam current [A] 450
Mean particle energy [MeV] 0.75
Energy spread, % 7
Plasma frequency [c1] 8.1 x 1010
Mean frequency of pump wave [GHz] 70
Total power of pump [GW] 0.1
Waveguide cross section [mm?] 4
Scattering region length [cm] ~30
Mirrors reflection coefficient 0.9
Generation frequency [THz] 1.8
Output power [MW] 10
Electron efficiency, % 2

terahertz frequency range. Obviously, such a Bragg reso-
nator is totally transparent for pump radiation.

For reflection coefficients R = 0.9 according to formula
(22), the normalized starting length is Ly = 0.025 that
corresponds to the physical length of 3 cm. For the length
of the scattering region of 30 cm (L = 0.25), as seen from
Fig. 5(c), the electron efficiency amounts to 2% that
corresponds to the power of terahertz radiation ~10 MW.

V. CONCLUSION

The quasilinear theory of FEL based on Compton
backscattering of incoherent pump radiation by the intense
relativistic electron beam is developed. An injection of a
monochromatic seed signal in a single pass FEL-amplifier
or an implementation of a selective high-Q resonator in an
FEL oscillator makes a high-frequency scattered radiation
be monochromatic. It is demonstrated that the electron
efficiency increases in proportion to the width of the pump
spectrum which defines the spectrum of synchronous
combination waves responsible for the stochastic particle
deceleration. The efficiency in such a regime only slightly
depends on the spread of the beam parameters.

We should note that up to the effects associated with
depletion of the pump radiation, the physical processes in
FELs based on stimulated wave scattering and stimulated
undulator emission are identical since in the comoving
reference frame each electron perceives a periodic undu-
lator magnetic field as an electromagnetic pump wave.
Developing this analogy, we can conclude that a random
quasiperiodic magnetic field can be employed for the
arrangement of stochastic particle deceleration and effi-
ciency enhancement in FEL driven by electron beams with
a large energy spread. It is also interesting to study the
stochastic particle deceleration in application to Xx-ray
Compton FELs with optical pumping [19-21,24]. Here
incoherent pumping can be realized by summation of
radiation from a large number of powerful lasers [42].
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