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A procedure to obtain a ratio of beam radii at final and initial states in arbitrary particle distributions is
proposed, and is applied to the estimation of possible emittance growth for Gaussian and thermal
equilibrium distributions. The ratios are estimated for Gaussian and thermal equilibrium distributions as a
function of tune depression. The possible emittance growth as a function of tune depression and nonlinear
field energy factor is also estimated with and without a constant radius ratio approximation. It is confirmed
that the possible emittance growths are almost the same in comparison to the cases with and without the
constant radius ratio approximation at each distribution.
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I. INTRODUCTION

Transport of intense charged particle beams with lower
temperature is a key issue in applications for high-current
beam such as inertial confinement fusion, high energy
density science, and warm dense matter research, driven by
heavy ion beams [1–5]. The emittance, which is a useful
index to express a beam quality, is defined as a statistical
value in phase space [6–8]. The charged particle beams
should be transported with as little emittance growth as
possible, because a large emittance beam is focused into a
large spot size on a target.
In an azimuthally symmetric beam, the nonlinear evo-

lution of the unnormalized emittance ε along transport
distance s is written by [6]

dε2

ds
¼ r2b

�
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K
2rb
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−
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�
; ð1Þ

where rb is the beam radius, Esf is the self-field energy, and
K is the self-field perveance

K ¼ 2

β3bγ
3
b

Ib
I0
; ð2Þ

respectively. Here γb is the relativistic factor, βb is the beam
velocity divided by the light speed c, Ib is the beam current,
and I0 is the characteristic current

I0 ¼
4πϵ0mc3

q
; ð3Þ

where q is the charge of beam particle,m is the rest mass of
beam particle, and ϵ0 is the permittivity of free space,
respectively. Equation (1) indicates that the emittance
change is driven by the beam radius and/or the self-field
energy changes, when the particle energy and current are
being held constant, i.e., the perveance K is held constant.
Reiser developed the expressions for the possible emit-

tance growth due to the nonuniform charge distribution,
mismatched beam, and off-centered beam, to introduce the
free-energy parameter [9]. Recently, in the case of initially
mismatched beam, Osaki and Okamoto generalized the
theory to treat an intense bunched beam focused by linear
external forces in three dimensions [10]. Struckmeier et al.
treated the possible emittance growth between the nonuni-
form and the uniform (stationary) initial beams [11]. Some
beam conditions, such as the Kapchinskij-Vladimirskij
(KV), waterbag, parabolic, conical, Gaussian, semi-
Gaussian, and thermal equilibrium distributions, were
considered and proposed to analyze the behavior including
instability of the beam [7,8,11]. The minimum field energy
of a charge distribution applies to the uniform charge
density in real space associated with the KV distribution in
phase space. For this reason, beams with a nonuniform
charge distribution (like as a non-KV distribution) are not
stationary, and will change toward a more homogeneous
charge distribution in real space.
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Beams with a nonuniform charge distribution have an
additional field energy in comparison to the beam with the
uniform charge density in real space. The additional field
energy will be converted into particle kinetic and potential
energies. The rms emittance εrms of a general particle
distribution fðx; x0Þ in x-direction is defined by [8]

ε2rms ¼ hx2ihx02i − hxx0i2 ¼ hx2i hv
2
xi

v20
−
hxvxi2
v20

; ð4Þ

where x is the each particle position in real space, the prime
( 0) means the derivative d=ds, vx ¼ dx=dt is the each
particle velocity, v0 ¼ βbc is the beam velocity, respec-
tively. The value hXi indicated by brackets means the
average of X. When the additional field energy is converted
into a particle kinetic energy, hence the beam emittance as
indicated as Eq. (4) will be increased as the distribution
tends to become more homogeneous. The “possible”
emittance growth induced due to the space charge potential
via free-energy was introduced [9,11,12]. However, the
theoretical analysis has been treated with an assumption
that the beam radius remains constant for the case of
nonuniform charge distribution. While, it is expected that
the beam radius increases actively in the case of longi-
tudinal bunch compression, due to the space charge effect
[13–16].
In this paper, we develop the calculation procedure for a

changing ratio of the beam radii at the final and initial states
in arbitrary particle distributions, and hence possible
emittance growth is estimated for Gaussian and thermal
equilibrium distributions.

II. POSSIBLE EMITTANCEGROWTHDESCRIBED
BY FREE-ENERGY PARAMETER WITHOUT

APPROXIMATION OF CONSTANT
RADIUS RATIO

Possible emittance growth εf=εi is written by [7,8]

εf
εi
¼ af

ai

�
1þ 1
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��
af
ai

�
2

− 1

��
1=2

; ð5Þ

where af=ai is the final and initial beam radii ratio (af and
ai are the final and initial beam radii) and σ=σ0 is the tune
depression for a periodic focusing channel. The tune
depression, which is an index of space charge strength,
is given by the depressed and undepressed phase advances
(σ and σ0) per lattice period. The undepressed phase
advance per lattice period is σ0 ¼ kβ0Lp, where kβ0 is
the wave number of betatron oscillation without the space
charge effect and Lp is the length per lattice period,
respectively. The depressed phase advance (phase advance
with space charge) per lattice period is expressed as

σ ¼ kβLp ¼
Z

sþLp

s

ε

r2b
ds; ð6Þ

where kβ is the wave number of betatron oscillation with
the space charge effect. The parameters of the periodic
focusing channel (strength and lattice period) are being
held constant, i.e., the tune depression σ=σ0 is being held
constant. Since the beam is assumed to have a final specific
value for the radius, we assume that they are implicitly
considering a uniform continuous focusing channel. Since
the initial beam also has a well-defined radius, we assume
that the initial beam is not mismatched (drb=ds ¼ 0), and
the beam is initially in an equilibrium.
From Eq. (7) in Ref. [9], the following relation is

described

�
af
ai

�
2

− 1 − χ ln
af
ai

¼ h; ð7Þ

where

χ ¼ 1 −
σ2

σ20
: ð8Þ

Here, the free-energy parameter h (and hs is the free-energy
parameter due to space charge) is written as (see Eq. (13) in
Ref. [9]), for a nonuniform charge distribution,

h ¼ hs ¼
1

4

�
1 −

σ2

σ20

�
U
w0

; ð9Þ

where U=w0 is the nonlinear field energy factor. Here
U ¼ w − w0, and

w ¼ πϵ0

Z
rp

0

EðrÞ2rdr ð10Þ

is the field energy per unit length, where rp is the pipe
(vacuum chamber) inner radius, and EðrÞ is the self-field in
the radial direction r. The field energy per unit length
within the actual beam volume is w0 ¼ λ2=16πϵ0, where λ
is the line charge density. The nonlinear field energy factor
depends on the particle distribution, e.g.,U=w0 ¼ 0 for KV
distribution, U=w0 ¼ 0.154 for Gaussian distribution, and
U=w0 ¼ 0–0.154 depends on the tune depression for
thermal equilibrium distribution.
For this reason, the beam radius ratio af=ai is given by

the above Eq. (7) with a tune depression σ=σ0 and with a
specified particle distribution. In the general case, Eq. (7)
can be numerically solved by a root finding calculation,
such as bisection method [17].
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A. Calculation procedure for arbitrary particle
distribution (in general case)

In an arbitrary particle distribution, the calculation pro-
cedure is as follows: 1. σ=σ0 and particle distribution are
given. 2. U=w0 is obtained at each particle distribution.
3. Using Eq. (9), h is given with σ=σ0 and U=w0. 4. From
Eqs. (7) and (8), af=ai is calculated with h by using the
bisection method. 5. By using Eq. (5), εf=εi is evaluated for
σ=σ0 and af=ai.
On the other hand, in the case with the constant radius

ratio approximation (af − ai ≪ ai), to replace Eq. (5), the
possible emittance growth εf=εi is written as [9]

εf
εi
¼

�
1þ 1

2

�
1

σ2=σ20
− 1

�
U
w0

�
1=2

; ð11Þ

instead of the above calculation procedure.

B. Example of calculation procedure
for initial Gaussian distribution

For the initial Gaussian distribution, the calculation
procedure is as follows: 1. σ=σ0 is given. 2. U=w0 is
0.154 for Gaussian distribution [8,9]. 3. Using Eq. (9), h is
given with σ=σ0 and U=w0. 4. From Eqs. (7) and (8), af=ai
is calculated with h by using the bisection method. 5. By
using Eq. (5), εf=εi is evaluated for σ=σ0 and af=ai.
On the other hand, according to Eq. (11) (Eq. (14) in

Ref. [9]), the possible emittance growth εf=εi is immediately
calculated by ½1þ ðσ20=σ2 − 1Þ0.1544=2�1=2 in the casewith
the constant radius ratio approximation of af − ai ≪ ai [9].

C. Example of calculation procedure
for thermal equilibrium distribution

For the thermal equilibrium distribution [8], the calcu-
lation procedure is as follows: 1. σ=σ0 is given. 2. U=w0 is
obtained from σ=σ0 [12,18]. 3. Using Eq. (9), h is given
with σ=σ0 and U=w0. 4. From Eqs. (7) and (8), af=ai is
calculated with h by using the bisection method. 5. By
using Eq. (5), εf=εi is evaluated for σ=σ0 and af=ai. The
number density nðrÞ of the beam particle in radial direction
r with the thermal equilibrium distribution, which is
regarded as a preferred equilibrium state of the system,
is defined by [8]

nðrÞ ¼ n̂ exp

�
−
γbmβ2bc

2k2β0
2kBT

r2 −
1

γ2b

qϕsðrÞ
kBT

�

¼ n̂ exp

�
−
qϕtotðrÞ
kBT

�
; ð12Þ

where n̂ is the number density on the axis, kBT is the beam
temperature (kB is theBoltzmann constant),ϕsðrÞ is the space
charge potential, and ϕtotðrÞ is the total potential (the sum of
the space charge and focusing potentials), respectively.
As implied in Eq. (12), the particle distribution corre-

sponds to the balance between the thermal forces and the

total potential (a sum of the external potential and space
charge potential) in a thermal equilibrium condition. The
tune depression σ=σ0 is related with the profile of the
particle distribution as described in Ref. [19]. The profile of
the particle distribution gives the nonlinear field energy
factor U=w0.
The nonlinear field energy factor U=w0 in the thermal

equilibrium distribution was given as a function of tune
depression σ=σ0 [12]. The relation between the nonlinear
field energy factor U=w0 and the tune depression σ=σ0 was
simplified by the fitting formula as U=w0 ¼ aðσ=σ0Þb for
a ¼ 0.158205 and b ¼ 2.04566 [18].
On the other hand, in the case with the constant radius

ratio approximation (af − ai ≪ ai), the possible emittance
growth εf=εi is simply calculated by using Eq. (11) with the
nonlinear field energy factor U=w0 as the fitting formula
and the tune depression σ=σ0 given. As a result, Eq. (11) is
replaced by

εf
εi
¼

�
1þ a

2

�
1

σ2=σ20
− 1

��
σ

σ0

�
b
�
1=2

; ð13Þ

for the thermal equilibrium distribution with the constant
radius ratio approximation.

III. CALCULATION RESULT OF POSSIBLE
EMITTANCE GROWTH DESCRIBED BY
FREE-ENERGY PARAMETER WITH AND

WITHOUT APPROXIMATION OF
CONSTANT RADIUS RATIO

According to the procedures indicated in the previous
section, we calculate the final and initial beam radii ratio,
and the possible emittance growth.

FIG. 1. Final and initial beam radii ratio as a function of tune
depression for Gaussian (dashed line) and thermal equilibrium
(solid curve) distributions. GA and TE imply Gaussian and
thermal equilibrium distributions, respectively.
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Figure 1 shows the final and initial beam radii ratio af=ai
as a function of the tune depression σ=σ0 for Gaussian and
thermal equilibrium distributions. As shown in Fig. 1, the
final and initial beam radii ratio is not exactly constant
(af=ai ≠ 1), however it is predicted to be a few percent
higher than unity at most. The ratio is expected to be under
1.007 in the whole range of the tune depression for the
thermal equilibrium distribution.
Figure 2 shows the possible emittance growth εf=εi as a

function of tune depression σ=σ0 and nonlinear field energy
factor U=w0 with and without the constant radius ratio
approximation. An emittance growth of more than a factor
of 2 is found at low values of σ=σ0 for the Gaussian
distribution, which we attribute to the large nonlinear
space-charge forces occurring for this type of distribution.
As shown in Fig. 2, the discrepancies are small at each
distribution, and it is confirmed that the emittance growths
are almost same at each distribution.

IV. CONCLUSION

In this paper, we developed a procedure to obtain the
ratio of the beam radii at the final state and an initial state
with arbitrary distribution, and applied it to the estimation
of possible emittance growth for Gaussian and thermal
equilibrium distributions.
The final and initial beam radii ratio was not exactly

constant (af=ai ≠ 1), however the discrepancy was pre-
dicted to be a few percent at highest. The ratio was expected
to be under 1.007 in the whole range of the tune depression
for the thermal equilibrium distribution.
The possible emittance growth as a function of tune

depression and nonlinear field energy factor with and

without the constant radius ratio approximation was also
estimated for both Gaussian and thermal equilibrium dis-
tributions. The discrepancies with and without the approx-
imations were small, and it was confirmed that the emittance
growths are almost the same at each distribution.
Consequently, to obtain the possible emittance growth,

the procedure developed in this paper is more accurate and
useful formula in the whole range of the tune depression of
beam propagation with arbitrary particle distribution.
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