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A high luminosity muon collider requires single, intense, muon bunches with small emittances: just one
of each sign. An efficient front end and a cooling channel have been designed and simulated within the
collaboration of the Muon Accelerator Program. The muons are first bunched and phase rotated into
21 bunches, and then cooled in six dimensions. When they are cool enough, they are merged into single
bunches: one of each sign. The bunch merging scheme has been outlined with preliminary simulations
in previous studies. In this paper we present a comprehensive design with its end-to-end simulation.
The 21 bunches are first merged in longitudinal phase space into seven bunches. These are directed into
seven “trombone” paths with different lengths, to bring them to the same time, and then merged
transversely in a collecting “funnel” into the required single larger bunches. Detailed numerical simulations
show that the 6D emittance of the resulting bunch reaches the parameters needed for high acceptance into
the downstream cooling channel.
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I. MUON COLLIDER

The advantages of a muon collider have been reviewed in
many publications [1,2]. Muons, because they are 207 times
heavier than electrons, synchrotron radiate much less,
allowing them, like protons, to be accelerated and collided
multiple times in rings. In contrast, high-energy electrons
can be accelerated only in linear systems and must be
dumped after single collisions. Yet muons, like electrons, are
leptons: they undergo simple, single-particle interactions that
are much cleaner than those in p-p collisions that involve
many partons colliding over a wide range of energies.
However, muons, because they are made with very large

emittances, must be ionization cooled in all dimensions
prior to their acceleration and collision. The required
cooling techniques, of which merging can form a part,
could also have other applications. They could generate
well understood fluxes of both muon and electron neutrinos
resulting from muon decays in storage rings with long
straight sections [3]. They might also allow fundamental
physics studies such as g − 2 [4] and mu2e [5] experiments
with higher statistics.
Figure 1 shows a sketch of a Higgs factory/TeV-scale

muon collider designed by the Muon Accelerator Program

(MAP) collaboration. In this configuration muons are first
produced indirectly through pion decay by the interaction
of a high-power proton beam with a target. Then a set of rf
cavities forms the beam into a string of bunches (21
bunches) and aligns them into nearly equal energies. An
ionization cooling channel, which consists of a set of rf
cavities with absorbers, cools the bunches until they can be
injected into a bunch-merging system. For muon colliders,
because their luminosity is proportional to the square of
the number of muons in a bunch, after sufficient initial
6D cooling, the 21 bunches must be merged into single
bunches, one of each sign. After being merged, the single
bunches are sent through a second cooling channel where
the transverse emittance is reduced as much as possible,
and the longitudinal emittance is cooled to a value below
that needed for the collider. The bunches with different
charges can then be recombined and sent through a final
cooling channel [6] using high-field solenoids that cool the
transverse emittance to the required values for the collider
while allowing the longitudinal emittance to grow. Finally,
a series of acceleration stages takes the muon beams to the
relevant collider energies.
The emittance evolution in the cooling and merging

channels, as required by a muon collider, is shown in Fig. 2.
While well-defined concepts for the phase-rotation [7],
charge separation [8] and cooling channel [9] subsystems
have been previously reported, the conceptual design and
simulation of a bunch-merging scheme suitable for a muon
collider was far from complete. Therefore, the focus of this
paper is to provide a detailed design of the bunch merging
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system. Before the merge, the 21 bunches are cooled to a
transverse emittance (ϵ⊥) of 1.3 mm and a longitudinal
emittance (ϵ∥) of 1.7 mm. After the merge, we require
single bunches with transverse emittance of 7 mm and
longitudinal emittance of 10 mm.
In this paper, we investigate the feasibility of merging

these 21 bunches into one bunch. Detailed simulations
show that the resulting single bunch has a transverse
emittance of 6.5 mm and a longitudinal emittance of
10.3 mm. The total transmission of the scheme is 87%
without decay loss and 78% with decay. In Sec. II we
describe the design and simulation in detail. In Sec. III we
present the total performance of the whole bunch merging
scenario. In the last section we discuss the challenges and
possible improvement of the merging scheme.

II. MERGE SCHEME

Figure 3 shows the bunch merge scheme, which includes
three major sections:
First, 21 bunches are merged longitudinally into seven

bunches, by using radio frequency (rf) cavities with a series
of rf harmonics.
Then the seven bunches are transversely merged into one

bunch. A kicker magnet kicks each of the seven bunches into
seven different “trombones” [10]. (Only two trombones are

shown in Fig. 3.) Each trombone has a different arclength so
that seven bunches arrive at the collecting section at the same
time. A “funnel” is designed with a pair of dipoles for each
bunch to get the seven bunches close to each other to form a
single bunch.
In the end a matching section with three solenoids

matches the bunch into the postmerge cooling channel.
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Such a merge concept was outlined in [11] with prelimi-
nary simulations. In this paper we present for the first time an
end-to-end simulation with optimized design. Compared to
the previous work, a comprehensive study has been done
in this paper. First, the previous work used only a 1D
simulation without considering chromatic effects. In this
paper we present for the first time a 6D simulation. Second,
the previous work used an rf frequency of 201 MHz, which
would not match the requirement of the current baseline
design of a muon collider. In this work we use the rf
frequencies that fit the current design well. Third, no
matching sections were designed in the previous work.
We designed the matching sections and developed a numeri-
cal method to optimize the matching section. Fourth, in the
previous work a linearly increasing kicker field was designed
to kick the seven bunches in a plane. We present in this paper
a rotating kicking field that reduces the required kicking field
and introduces less dispersion from chromatic effects. Fifth,
The original trombones were designed with four pieces of
90 degree bent solenoid plus straight sections. The required
strong bending field introduced a strong chromatic effect,
and the transverse emittance increased quickly in the
trombones. In this work we use a large bend radius without
straight sections, which greatly limits the emittance growth.
We note that all simulations were done with G4BEAMLINE

[12], which tracks all relevant physical processes (e.g.,
energy loss, straggling, multiple scattering) including muon
decay.

A. Longitudinal merge

The longitudinal merge uses a series of rf cavities to
phase rotate the bunches: the earlier bunch is decelerated
and the later bunch is accelerated so that three bunches as a
group form one merged bunch. This is realized with a series
of rf harmonics and drift sections in five stages.
The first stage has ten rf cavities, with five harmonics

from 108.33 to 541.67 MHz. The cavities give an initial
kick to the bunches to rotate them in phase space: the later
bunch is accelerated and the earlier bunch is decelerated.
Figure 4(a) shows the initial muon energies (relative to the
reference muon energy of 130 MeV) versus the time
distributions of six representative bunches that are from
the premerge cooling channel [9]. The rf field in the first
cavity is shown as a blue curve.
Each cavity in the longitudinal merge is 1.15 m long and

the length of the first stage is 11.5 m. For simplicity the rf
field is simulated as the sum of five harmonics in a single
cavity. The longitudinal phase space distributions of the
bunches after the first stage are shown in Fig. 4(b). A tail in
the earlier bunch is developed because of the increase of the
bunch length. It eventually causes about 2% beam loss in
the longitudinal merge.
The second stage is a 14.5-m-long drift section. This drift

section is used to introduce an energy-time correlation for
each bunch. The phase space distributions after the drift are

shown in Fig. 4(c). Each bunch is tilted in phase space and
has higher-energy muons in the front of the bunch and
lower-energy muons at the end.
In order to control the longitudinal phase space of the

bunches after the drift section, the third stage uses four rf
cavities to phase rotate the individual bunches. The rf field
in this stage is shown as the blue curve in Fig. 4(c). The
sawlike field has five harmonics with frequencies from 650
to 1950 MHz. It decelerates the muons in the front of the
bunch and accelerates the muons at the end. After this stage
all the bunches have lower-energy muons in the head and
higher-energy muons in the bunch end [Fig. 4(d)].
The fourth stage is a 22.3-m-long drift section to get the

three bunches closer to the center bunch. During this drift
section the higher-energy bunch will catch up with the
earlier bunch which has lower energy, and eventually the
three bunches will reach the same position/time with
different energies. Because the muons in the heads of
the bunches have lower energies than muons at the end, the
time spread of each bunch is compressed during the drift.
When the three bunches reach the same relative position/

time, as shown in Fig. 4(e), we apply the rf field again to
rotate them in phase space. The fifth stage has 12 rf cavities
with the same frequency of 216.7 MHz [blue curve in
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FIG. 4. Phase space distribution at locations along the longi-
tudinal merge: (a)–(e) are at the beginning of each stage and (f) is
at the end of the longitudinal merge. The rf fields at the
corresponding places are shown by the blue curves. Six repre-
sentative bunches are shown.
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Fig. 4(e)]. The higher-energy bunch is decelerated and the
lower-energy bunch is accelerated until they have approx-
imately the same energy.
At the end of the longitudinal merge, three bunches as a

group are merged into one bunch, as shown in Fig. 4(f).
The parameters of the resulting bunches are given in Table I.
The longitudinal emittance of this bunch is 9.7 mm with the
transverse emittance unchanged. The transmission through
the longitudinal merge without considering beam loss from
muon decay is 98%. The total length for the longitudinal
merge is 66 m and the decay loss is 4%. In the current paper,
the whole longitudinal merge is simulated in a uniform 2 T
solenoidal magnetic field. A more realistic simulation,
possibly with quadrupoles, will be done in the future.

B. Kicker and matching section

After the longitudinal merge, a kicker magnet separates
the seven bunches into seven different paths. The ideal
design of the kicker would be to kick the seven bunches
into seven trombones with different path lengths to bring
them back to the same plane at the same time. In order to
reduce the complexity of building the geometry in the
simulation, in this feasibility study we simplify the scheme
to kick six bunches into six trombones and ideally keep the
last bunch in the center without being affected. The kicker
is a 3-m-long magnet with 1 m diameter. Figure 5 shows the
variation of the magnetic field. The magnet has four poles
providing magnetic field in both the x and y directions. The
transverse field rotates at a frequency of 18 MHz, with a
field of 220 Gauss to kick the first six bunches by 5° to six
different directions.

Figure 6 shows a cross section of the kicker with six
reference particles representing the trajectories of six
bunches. The rotating field kicks the six bunches symmet-
rically in a circle and introduces an angular and a position
offset to the bunches. We rotate the kicker by 1.95° to
compensate for the angular offset, and each bunch is kicked
from the centerline by 28 mm when it reaches the next B3
magnet, and all the following elements in the beam line are
aligned to match this offset.
A matching section is designed using four solenoidal

magnets (B1, B2, B3 and B4 as shown in Fig. 3) and the
kicker is placed between B2 and B3 magnets. The strengths
and positions of the four matching solenoids as well as the
positions of the entrance of the trombones are optimized by
propagating the Courant-Snyder parameters [13]. In a well
matched channel, the Courant-Snyder parameters should be
maintained at αðpÞ ¼ 0 and βðpÞ ¼ 2p

Bc for all momenta p
of the beam, where B is the magnetic field in T and c is the
speed of light in m/ns. To find such a lattice, we define χ2:

TABLE I. Parameters of the bunches after the longitudinal
merge.

σp 8.9 MeV=c σct 134 mm
σx 26 mm σx0 0.03
ϵL 9.7 mm ϵT 1.4 mm

t [ns]
0 10 20 30 40 50 60 70

B
 [G

au
ss

]

-200

-150

-100

-50

0

50

100

150

200

1 2 3 4 5 6 7

Bx

By

FIG. 5. Rotating magnetic field in the kicker. The transverse
magnetic fields Bx and By are shown in red and blue curves
respectively.

FIG. 6. Cross section of the kicker (red square) with trajectories
of the six reference particles of the six bunches (blue lines).
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χ2 ¼
X

pi

�
½αðpiÞ2� þ

�
βðpiÞ − β0ðpiÞ

β0ðpiÞ
�

2
�
; ð1Þ

where β0 is the initial Courant-Snyder β function before the
matching and α and β are after matching. Because the mean
momentum of the muon bunch is 212 MeV=c, and the
standard deviation of the momentum distribution is
12 MeV=c, we chose pi ¼ 12iþ 188 MeV=c where
i ¼ 1, 2, 3, 4, 5, and minimize χ2 by varying the strengths
and positions of the magnets.
Figure 7 shows the optimized effective focusing function

K of the magnets (B1, B2, B3 and B4), where
K ¼ B2c2=4p2

i , and the beta functions in the matching
channel. Table II gives the parameters of the matching
solenoids. The positions are the centers of the magnets
relative to the end of the longitudinal merge. The beam is
well matched to a 2 T uniform field. The beta function
reaches 0.6 m, which is similar to the incoming beam. The
off-momentum muons disperse at the B3 magnet and such
dispersion introduces an extra increase of the beam size by
about 10% at the B3 magnet, and it is compressed to 5%
when the bunches are matched to the trombones. The beta
function increases to the highest value at the B3 magnet, so a
large aperture magnet is needed. The kicker is located at
10 m from the longitudinal merge, which means the gap
between the B2 solenoid and the kicker is 0.8 m. We put the
kicker close to B2 and make the distance between B2 and B3
large so that the bunches can be fanned out by the kicker with
large enough space to allow seven large aperture solenoids
(B3) in parallel. Increasing the beta function at the kicker
reduces the angular dispersions of the bunches after being
kicked, so that they can transport a long distance to the B3
magnets with an acceptable beam size. Bucking coils are
designed for each of these solenoids to avoid the interruption
of the fringe fields. Preliminary simulation shows shielding
with iron can shield the fringe fields even better.

C. Trombones

The seven bunches are separated by 9.23 ns in time,
which means the length difference between the trombones
should be

d ¼ βcΔt ¼ 0.267 ½m=ns� � 9.23 ½ns� ¼ 2.464 ½m�; ð2Þ

where βc is the velocity of the bunch. The longest trombone
which guides the first bunch is designed with four 90° bent
solenoids (the first one is 85° to compensate the kicker
angle). By calculating the length difference of this longest
trombone and the straight channel, we find the bend radius
of this trombone to be 5.559 m to bring the bunch to the end
of the trombone at the same time as the seventh bunch. We
use this radius for all the arcs in all trombones, because
such a large bend radius requires a small bending field and
causes little chromatic effect compared to the small bend
radius. The other trombones are designed to have smaller
bending angles so that the lengths can fit the separation of
the bunches. The Nth trombone, where N is the number of
the bunch, has a bending angle θN (θ1 ¼ π=2) and radius
R ¼ 5.559 m. The length difference of this trombone and
the longest trombone should be ðN − 1Þd:

2πR − 4θNR ¼ ðN − 1Þd; ð3Þ

where the first term on the left is the length of the longest
trombone and the second term is the length of the Nth
trombone. This equation is used to determine the θN for
each trombone. Table III gives the lengths and the bending
angles of the trombones.
The arcs of the trombones consist of bent solenoids

with dipole magnets outside. The bent solenoids have 2 T
field along the centerline, keeping the bunches focused.
According to the magnetic rigidity, the dipole field is
Bd ¼ 3.3356p½GeV=c�=eR½m� ¼ 0.127 T. The distance
from the entrance of the trombone to the B4 magnet is
1.6 m, which is also optimized in the matching.
In the middle of the trombones, there are 3-m-long straight

sections with rf cavities to reduce the growth of the
longitudinal size of the bunches. The cavities have a
frequency of 108 MHz with a gradient of 6 MV=m and
are put inside the 2 T solenoids. Such a low frequency is used
to accept most of the muons longitudinally, and the low
gradient is used to avoid breakdown in the magnetic field.
Figure 8 shows the evolution of ϵT , transmission, and the

rms bunch length from the end of the longitudinal merge to
the end of the trombone. Here only one channel with the
longest trombone is shown, and the others are similar. The
magnetic field along the beam line in the beam direction

TABLE II. Parameters for the matching magnets. Positions are
the centers of the magnets relative to the end of longitudinal
merge.

Magnet Length Aperture Position B

B1 1 m 1.2 m 1.2 m 1.2 T
B2 1 m 1.2 m 7.2 m 0.60 T
B3 1 m 0.8 m 24.6 m 0.56 T
B4 1 m 0.6 m 30.6 m 1.0 T
B5 1 m 1.0 m 67.5 m 1.2 T
B6 1 m 1.2 m 73.5 m 0.6 T
B7 1 m 1.4 m 83.6 m 0.4 T
B8 1 m 1.2 m 89.1 m 0.9 T
B9 3.65 m 1.5 m 92.8 m −2.6 T

TABLE III. Lengths and bending angles of the trombones.

N Length/m θN=rad θN=degree

1 34.928 1.57 90°
2 32.464 1.46 83.7°
3 30 1.35 77.3°
4 27.536 1.24 71.0°
5 25.072 1.13 64.7°
6 22.608 1.02 58.4°
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(Bz) is shown as the red dashed line, and the transverse field
is shown as the dotted blue line. The transmission (purple
dotted line) without loss from decay is 93%, and the major
beam losses are from two places. The first beam loss of
about 3% is caused by the relatively small aperture of
magnet B3. The loss of those largely diverged muons also
reduces the beam transverse emittance. The second beam
loss of 3% is from the rf cavity in the trombone. The rf field
cuts off the muons which have large energy divergence.
The beam energy spread is reduced by the cavity, and the
longitudinal length also decreases after the rf cavity.
The transverse emittance increases at the kicker because
of the chromatic effects. For the same reason it increases in
the first bent solenoid of the trombone and is corrected by
the second inversely bent solenoid. The transverse emit-
tance does not decrease to the same value as before it enters
the trombone because the first bent solenoid is 5° shorter
than the second bent section. The transverse emittance ϵT
also increases and decreases in the third and fourth bend
sections but with lower amplitude because the rf cavity in
the middle of the trombone reduces the beam energy spread
so that the chromatic effects are reduced.

D. Funnel

At the end of the trombones the seven bunches are
separated by 1.8 m transversely. A funnel is designed to
bring the bunches close and combine them into a single
bunch. The bunches first pass through two solenoids
(B5 and B6) with bucking coils to reduce the angular
dispersion. These two matching solenoids are also opti-
mized by propagating Courant-Snyder parameters to have
α ¼ 0 at the end of the funnel. The parameters of these two
solenoid magnets are also included in Table II. The center

bunch still goes straight through the center solenoids. The
other bunches pass through the funnel which brings the
bunches close to the center bunch. The funnel has six
segments. Each segment has a pair of 0.09 T dipole fields
(Fig. 9): the first dipole turns the bunch towards the center
and the second dipole turns the bunch back to be parallel to
the center bunch. The “septa” of the funnel dipoles are
20 mm thick and will contain the conductors that generate
the uniform bending field. In the current simulation the
fringe fields are not included.
In the funnel, we try to get the bunches as close to each

other as possible to reach the lowest emittance for the
combined bunch. How close they can be brought is limited
by beam losses at the septa. The transverse rms radius of
each bunch after the funnel is 100 mm. The center bunch
radius is 80 mm. In order to get the highest transmission
within the acceptable ϵT , we chose the radius of the center
tube to be 200 mm and the off-center bunches are 400 mm
away from the center.
Figure 10 shows the transverse distribution of the

combined bunch after the funnel. The bunch has a large
transverse size with β ¼ 23 m. The funnel has an efficiency
of 94% and most of the losses are due to the septum
magnet. ϵT of the combined bunch is 6.6 mm, which is
within the acceptance of the later cooling section.
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FIG. 9. Left: Schematic of the funnel with three channels
shown in detail. Right: Cross section of the seven-channel funnel
magnet with dipole fields. Red circles represent the bunches.
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E. Matching to postmerge cooling section

After being merged into a single bunch, the bunch has a
large transverse size and has to be matched into the later
cooling section. The postmerge cooling scheme uses rf
cavities with wedge shaped retarding materials in an
alternating magnetic field. A matching section is designed
with two short solenoidal magnets (B7 and B8) to reduce
the transverse size and another 3.65 m long solenoid (B9) to
match the bunch into the alternating field. The strengths
and positions of the B7 and B8 solenoids are optimized to
reach the minimum χ2 in Eq. (1) at the B9 solenoid. The B9
solenoid has a magnetic field of 2.6 T in the −z direction
and the length of 3.65 m is optimized to maintain the ϵT in
the later alternating field.
Figure 11 shows the ϵT and β function propagating along

the matching section. The ϵT converges at around 6.5 mm
and the β function is reduced to 0.6 m, which is preferable
for the cooling channel. In this bunch merging study no
cooling process is considered and only the magnetic field in
the postcooling channel is used in the simulation for the
matching.

III. TOTAL PERFORMANCE

Table IV summarizes the bunch parameters before and
after the bunch merge. Both ϵT and ϵL reach the require-
ments of the later cooling channel. The transmission
without decay is 87% and 78% with decay. The overall
6D emittance dilution is about 7, which can be further
reduced, as will be discussed in the next section.

IV. SUMMARY AND OUTLOOK

Muon beams are commonly produced indirectly
through pion decay by interaction of a proton beam with
a target. Efficient muon capture requires the muons to be
first phase rotated by rf cavities into a train of 21 bunches

with much reduced energy spread. Since luminosity is
proportional to the square of the number of muons per
bunch, it is crucial for a muon collider to use relatively few
bunches with many muons per bunch. In this paper we
have described a bunch merging scheme that could
achieve this goal. According to this scheme, 21 bunches
arising from the phase rotator, after some initial cooling,
are merged in longitudinal phase space into seven
bunches, which then go through seven paths with different
lengths and reach the final collecting funnel at the same
time to be merged transversely. We show that the final
single bunch has a transverse and a longitudinal emittance
that matches well into the subsequent 6D rectilinear
cooling scheme with a relatively high transmission. The
bunch merging technique described in this paper could
have other applications in accelerator physics, such as
merging muon bunches for high flux neutrino beams in
storage rings and combining multiple short proton
bunches on target for pulsed secondary production.
There are several possible improvements that can be done
in the future to reduce the 6D emittance dilution.
The longitudinal merge can be further optimized. The

frequencies and phases of the rf cavities and the length of
the drift sections can be tuned to reach better merge
performance.
The kicker introduces a chromatic effect and causes a

non-negligible increase of ϵT . Sextupole magnets can be
used to correct this error.
Currently all of the focusing solenoids (B1–B9) are

designed with bucking coils to reduce the fringe field
transition length. The diameters of the bucking coils are
1.41 times larger than the inner coil aperture. More detailed
studies can be done by shielding with iron. Preliminary
simulations show that the same thickness of iron shields
better than bucking coils, so that using iron can save more
space at the B3 magnets and the bending angle at the kicker
can be further reduced.
Several technical challenges have to be investigated. The

rf harmonics used in the current longitudinal merge
simulation have to be replaced by rf cavities. The high
frequency kicker field has to be demonstrated. The required
space for cooling and the cryogenic system needs to be
considered in future work.
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TABLE IV. Summary of beam parameters before and after the
bunch merge.

Before After

N bunches 21 1
x=y [mm] 20 49
x0=y0 [rad] 0.03 0.1
σct [mm] 24.7 150
σp [MeV=c] 7.51 6.5
ϵT [mm] 1.3 6.5
ϵL [mm] 1.7 10.3
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