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A new two-dimensional beam-tracking simulation code for electron injectors using a bulk-to-point
calculation technique for space charge fields was developed. The calculated space charge fields are
produced not by a point charge but by a hollow cylinder that has a volume. Each tracked electron is a point
charge. This bulk-to-point calculation technique for space charge fields is based on that used in the multiple
beam envelope equations, which were developed by the author. The multiple beam envelope equations are a
set of differential equations for investigating the beam dynamics of electron injectors and can be used to
calculate bunched beam dynamics with high accuracy. However, there is one limitation. The bunched beam
is assumed to be an ensemble of several segmentation pieces in both the transverse and longitudinal
directions. In this bunch model, each longitudinal segmentation slice in a bunch must not warp;
consequently, the accuracy of the calculated emittance is reduced in the case of a highly charged beam
for calculations of a typical rf gun injector system. This limitation is related to the calculation model of
longitudinal space charge fields. In the newly developed beam-tracking simulation code, the space charge
field calculation scheme is upgraded and the limitation has been overcome. Therefore, the applicable range
is extended while maintaining the high accuracy of emittance calculations. Simultaneously, the calculation
time is markedly shortened because the emittance dependence on the segmentation number is extremely
weak. In this paper, several examples of beam dynamics that cannot be calculated accurately using the
multiple beam envelope equations are demonstrated using the new beam-tracking simulation code. The
accuracy of the calculated emittance is also discussed.
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I. INTRODUCTION

The emittance calculation technique is important in the
design of electron injectors, particularly very low emittance
electron sources such as X-ray free-electron lasers. There
have been many analytical solutions [1–4] for beam
dynamics, although it is difficult to accurately calculate
practical bunch shapes and detailed emittance behavior. On
the other hand, particle-tracking simulation codes [5–9] are
useful for calculating the dynamics of complex bunch
shapes of practical beams. However, the calculated emit-
tances often depend on the number of particles.
These dependences are often caused by the calculation

scheme of the space charge field which is produced by a
point charge. This scheme makes calculation noise larger.
Calculation techniques for space charge fields produced not
by a point charge but by a bulk charge have been
investigated [10–12]. In Ref. [10], the semianalytical
calculation for short bunched electron beam dynamics is
accomplished. The bunched beam is divided longitudinally

into several slices. Traces of each slice are solved by beam
envelope equations with calculating space charge fields
produced by each slice. In this code, however, transverse
nonlinearity of the space charge fields cannot be calculated.
For accurate emittance calculations of short bunched

electron beam dynamics, the author also developed a
semianalytical solution [13,14], which was proposed in
2012, by combining an analytical method and a simulation
method using a set of beam envelope equations with the
calculation technique for the space charge field produced
by a bulk charge. This method is referred to as “the multiple
beam envelope equations” in this article.
In this method, a short bunched electron beam is

assumed to be an ensemble of several segmentation pieces
in both the transverse and longitudinal directions. The
trajectory of each electron, which is a point charge and
located at each segmentation corner, is solved using a beam
envelope equation. The shape of the entire bunch is
consequently calculated; thus, the emittances are success-
fully calculated from weighted mean values of the solutions
for each obtained electron trajectory. When calculating
space charge fields, they are assumed not to be produced by
a point charge but by a longitudinal slice that has a volume,
which means that the envelope equations include analytical
expressions of space charge fields produced by the
slice. These calculation techniques, that is, the code is

*mizuno@spring8.or.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 19, 024201 (2016)

2469-9888=16=19(2)=024201(9) 024201-1 Published by the American Physical Society

http://dx.doi.org/10.1103/PhysRevAccelBeams.19.024201
http://dx.doi.org/10.1103/PhysRevAccelBeams.19.024201
http://dx.doi.org/10.1103/PhysRevAccelBeams.19.024201
http://dx.doi.org/10.1103/PhysRevAccelBeams.19.024201
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/


semianalytical and the bunch is divided into several slices,
are similar to those used in Ref. [10]. The different points
are that the bunch is also divided into transversely and
nonlinearity of transverse fields can be calculated in this
method. Therefore, highly accurate emittance calculations
can be performed.
In this method, however, there is one limitation with

regard to an assumption on the segmentation pieces. Each
longitudinal slice, which is perpendicular to the beam axis,
is rigid and must not warp [13]. This assumption is caused
by the model used to calculate space charge fields. That is,
the longitudinal space charge fields at off-axis positions are
assumed to be equal to the on-axis fields in the multiple
beam envelope equations in order to avoid complicated
forms of differential equations. However, the fields at off-
axis positions are usually weaker than those at on-axis
positions. Therefore, the shape of the bunch cannot be
calculated accurately in the cases of highly charged beams.
To remove this limitation, the author has developed a

new two-dimensional beam-tracking simulation code. The
longitudinal space charge fields at off-axis positions are
numerically calculated in advance and prepared as a data
file. In the beam-tracking calculations, the longitudinal
fields are referred to the data file by loading the file into the
calculation process. Therefore, accurate and rapid calcu-
lations can be realized using the new code.
In Sec. II, the calculation scheme of the multiple beam

envelope equations is summarized. In Sec. III, new features
of the new beam-tracking simulation code are described. In
Sec. IV, examples that cannot be accurately calculated
using the multiple beam envelope equations are calculated
using the new beam-tracking simulation code. They are the
beam dynamics in the BNL-type rf gun cavity with high
charge and those in the SPring-8 rf gun injector system with
beam focusing. The accuracy of the calculated emittance in
the new beam-tracking simulation code is also discussed.

II. CALCULATION SCHEME FOR MULTIPLE
BEAM ENVELOPE EQUATIONS

The calculation scheme for the multiple beam envelope
equations is summarized here. Figure 1 shows the bunch
segmentation model used for the multiple beam envelope
equations. The bunch is divided into m slices in the
longitudinal direction and n parts in the transverse direc-
tion. Each electron is located at each segmentation corner
and traced using the beam envelope equations. The
trajectory of each electron at zjðj ¼ 1;…; mþ 1Þ on the
z-axis is calculated using the longitudinal envelope equa-
tion. The transverse trajectories of the electron located
on the circumference of each segmentation boundary,
Rjðj ¼ 1;…; mþ 1Þ and the electron located at
rijði ¼ 1;…; n and j ¼ 1;…; mþ 1Þ, which is inside
the bunch, are calculated using the transverse envelope
equations. The longitudinal trajectories of the electrons at
Rj and rij are assumed to be equal to the trajectory of the

electron at zj in order to avoid calculations of longitudinal
space charge fields at the off-axis positions since these
calculations are too complicated to form the differential
equations. Therefore, each longitudinal slice is rigid and
must not warp. βj is also defined as the normalized
longitudinal velocity of each electron having suffix j for
differential equations with respect to electron energy.
As a result, the trajectories are calculated by a set of
simultaneous differential equations, which contain the
ðnþ 3Þðmþ 1Þ independent variables Rj, rij, zj and βj
(i ¼ 1;…; n and j ¼ 1;…; mþ 1). In the rest of the paper,
m and n are referred to as “segmentation numbers.”
The longitudinal space charge field applied to each

electron located at zj is the sum of the fields produced
from each slice, which is enclosed by two disks with radii
Rj and Rjþ1, ðj ¼ 1;…; mÞ. The longitudinal field from
each slice can be calculated analytically by integrating
space charge fields produced by charges in a small volume
over θ, r and z: [13]
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Q
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where Ez·slice is the longitudinal space charge field, Q is
the charge of the slice, Rs ¼ ðRj þ Rjþ1Þ=2 is the radius of
the slice, L is the longitudinal width of the slice, z is the
distance from the center of the slice to the electron and γ is
the Lorentz factor of the slice. Note that the charge density
in each slice is assumed to be uniform.
For the calculation of the transverse space charge field,

each segmentation slice is first assumed to be a small piece
of a pencil beam on the z-axis, for example, from zj to zjþ1

FIG. 1. Bunch segmentation model used for multiple
beam envelope equations. This figure shows an initial bunch
configuration.
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in Fig. 1. The transverse field can be calculated as the sum
of the fields from each piece of pencil beam and these fields
can be calculated analytically by integrating space charge
fields over z: [13]

Er·pencilðr; zÞ ¼
Q

4πϵ0Lr
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where Q is the charge of the piece of the pencil beam, L
is the length of the piece of the pencil beam and r and z are
the position of the field’s calculation point, where the center
of the piece of the pencil beam is located at z ¼ 0. The
forms of Eqs. (1) and (2) are also the same as those used
in Ref. [10].
In practice, however, each segmentation piece is not a

pencil beam but a cylindrical slice. Here, the transverse
field correction function Fc is defined to simplify the field
calculation. The field from each cylindrical slice can be
derived by multiplying the field from the pencil beam by Fc
as follows: [13]

Er·cylinderðr; zÞ ¼ Fc

�
r
Rs

;
2r
γL

;
z
L

�
· Er·pencilðr; zÞ; ð3Þ

where Er·cylinder and Er·pencil are transverse space charge
fields and Fc is the transverse correction function.
Fc is a function of three variables, as shown in Eq. (3).

Among these variables, the variation of Fc with z=L can be
calculated simply by linear interpolation. By preparing
two-dimensional mapping data as data files and loading the
data files, the transverse space charge fields Er·cylinder can be
calculated numerically.
Note that the radius of the slice defined here is not

ðrij þ ri·jþ1Þ=2 but ðRj þ Rjþ1Þ=2 even for field calcula-
tions for electrons located inside the beam. The correction
function is also valid for the electrons inside the beam.

III. NEW BEAM-TRACKING SIMULATION CODE

The space charge field calculation scheme for the new
beam-tracking code is the same as that for the multiple
beam envelope equations. To remove the assumption that
each slice is rigid, several improvements have been added
to the new code. The new features of the new code are as
follows: (i) A hollow cylinder is considered instead of
segmentation slices in order to model a warped slice. Space
charge fields are calculated from each hollow cylinder.
(ii) Longitudinal space charge fields at off-axis positions
are newly calculated to accurately calculate the trajectory of
electrons at off-axis positions. (iii) Motion equations of
electrons are solved by the fourth-order Runge-Kutta

method instead of solving the envelope equations to avoid
complicated forms of the envelope equations.

A. Modeling bunched beam using hollow cylinders

A schematic profile of a hollow cylinder is shown in
Fig. 2. The rectangle illustrated at the center of Fig. 2 is a
longitudinal section of one of a hollow cylinder and the red
circles are tracked electrons. The quadrilateral, that is
formed by electrons a, b, c and d is not a rectangle in
the usual case, although the section of the hollow cylinder
is assumed to be a rectangle by the following process:

8>>>><
>>>>:

rtop ¼ ðriþ1·j þ riþ1·jþ1Þ=2
rbottom ¼ ðri·j þ ri·jþ1Þ=2
zleft ¼ ðziþ1·j þ zi·jÞ=2
zright ¼ ðziþ1·jþ1 þ zi·jþ1Þ=2;

ð4Þ

where rtop, rbottom, zleft and zright are the boundary positions
of the hollow cylinder. Note that zi·j is different from ziþ1·j

in the new code since the slice can warp.
Figure 3 shows a schematic image of modeling a warped

slice using hollow cylinders in the new code. The dark
colored parts are longitudinal sections of real hollow
cylinders and the light colored parts are virtual slices used
for the space charge field calculations mentioned below.

FIG. 2. Longitudinal section of a hollow cylinder used in the
new code.

FIG. 3. Modeling a warped slice in a bunched beam using
hollow cylinders. The dashed line indicates the entire bunched
beam.

NEW BEAM-TRACKING SIMULATION CODE … PHYS. REV. ACCEL. BEAMS 19, 024201 (2016)

024201-3



The warped slice is composed of several hollow cylinders
that are shifted longitudinally.
The space charge field produced by each hollow cylinder

must be calculated in the new code. Here, the space charge
field produced by the dark red hollow cylinder in Fig. 3 is
considered. The field produced by the hollow cylinder can
be calculated by subtracting the field produced by the light
red virtual slice from the field produced by the virtual slice
composed of the dark and light red parts. For the other
hollow cylinders such as the blue parts, the same process
can be applied. Note that the charge in a hollow cylinder is
constant throughout a beam-tracking calculation and the
charge density in a hollow cylinder is assumed to be
uniform. The charge density in the light colored virtual
slice is also uniform and the same as that in the corre-
sponding hollow cylinder.

B. Calculation of longitudinal space charge fields
at off-axis position

The calculation scheme of transverse space charge fields
produced by a slice in the new code is the same as that in
the multiple beam envelope equations. Here, the calculation
of longitudinal space charge fields produced by a slice at an
off-axis position is described.
For the longitudinal space charge field at the off-axis

position r0, the field Ez·pencilðr; z0Þ produced by a small
piece of a pencil beam, which is illustrated as a red line in
the left figure of Fig. 4, is first calculated. The off-axis field
produced by a slice, Ez·sliceðr0; z0Þ, at position z0 apart from
the slice center can be derived numerically by integrating
the field produced by a pencil beam, Ez·pencilðr; z0Þ. In the
subsequent discussion, the width of a slice is defined as L,
the radius as Rs and the charge as Q.
Ez·pencilðr; z0Þ can be derived as follows. An electric field

in a laboratory frame, which is produced by an electron with
linear uniform motion and velocity v, is generally given as

EðRÞ ¼ 1

4πϵ0γ
2

−eR

½jRj2 − jv×Rj2
c2 �3=2

; ð5Þ

where R is the vector from the present position of the
electron. For a uniformly charged pulsed pencil beam with
length L, line charge ρ ¼ Q=πR2

s and energy γm0c2, as
shown in Fig. 5, dEz at point Oðz0; rÞ produced by the

charges located within width dz is calculated from Eq. (5) as
follows:

dEz ¼ −
1

4πϵ0γ
2
·
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L
dz ·

z0 − z
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γ2
�3=2 : ð6Þ

Ez·pencilðr; z0Þ is derived by integrating Eq. (6) over z:
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Ez·sliceðr0; z0Þ can be calculated by numerically integrat-
ing Eq. (7) over θ and r as shown in Fig. 4.

Ez·sliceðr0; z0Þ ¼
Z

Rs−r0

−r0

Z
2π

0

Ez·pencilðr; z0Þ · ðrþ r0Þdθdr:

ð8Þ

From Eqs. (7) and (8), Ez·sliceðr0; z0Þ is a function of
2r0=γL and z0=L. On the other hand, Ez·sliceðr0; z0Þ is
clearly a function of r0=Rs from the geometric layout.
Therefore, Ez·sliceðr0; z0Þ is a function of three independent
variables, r0=Rs, 2r0=γL and z0=L. By preparing three-
dimensional mapping data, we can correctly calculate the
longitudinal space charge fields at off-axis positions by
loading the mapping data into the calculation process. Note
that the description 2r0 is meaningful for comparison with
γL [13].

IV. CALCULATIONSOF BEAMDYNAMICS USING
NEW BEAM-TRACKING SIMULATION CODE

Here, examples of beam dynamics calculations using the
new code are shown, which could not be accuratelyFIG. 4. Calculation model of longitudinal space charge field.

FIG. 5. Calculation model of longitudinal space charge field
produced by a pencil beam.
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calculated using the multiple beam envelope equations in
previous studies [13,14].

A. Calculations of beam dynamics in
BNL-type rf gun cavity

The beam dynamics in the 1.6 cell BNL-type rf gun
cavity is calculated using the multiple beam envelope
equations. The calculation domain includes only an rf
gun cavity with image charge effects at a cathode and the
subsequent free space. Initial calculation parameters are
shown in Table I. The initial thermal emittance is not taken
into account; therefore, it is assumed to be 0 mrad. The
cathode of the cavity is located at z ¼ 0.
Figure 6 shows the calculation results at z ¼ 0.15 m

after the rf gun cavity with a charge of 1.0 nC=bunch
calculated using the multiple beam envelope equations,
along with those calculated by the existing three-
dimensional particle-tracking simulation code [9], which
was developed by the author. These results are also shown
in Ref. [13]. In the existing code, the point-to-point
calculation technique is used for the space charge field
calculation. That is, actions between every pair of particles
are calculated. For the tracking of particles, the equations of
motion of the particles are solved by the fourth-order
Runge-Kutta method. The number of particles used in the
existing three-dimensional code is 1 × 105. Initial particles
are aligned using Hammersley’s sequence [15] to reduce
the random noise caused by the distribution of particle
positions. In the multiple beam envelope equations, the
segmentation numbers m and n are both 10.
Figure 6(a) shows the bunch shapes at z ¼ 0.15 m. Each

dot on the solid lines is an electron traced using the multiple
beam envelope equations. The clouds of small dots are the
particles calculated using the existing code. The particles
are color-coded according to the initial segmentation slices
used in the multiple beam envelope equations.
Figure 6(b) shows the energy distributions in the bunch

at z ¼ 0.15 m. The black dots on the line are obtained

using the multiple beam envelope equations, and the clouds
of small red dots are the results of the existing code.
In Fig. 6(a), each slice calculated by the existing code is

warped because the charge density is high. Therefore, the
multiple beam envelope equations cannot be used to
calculate the bunch shape correctly in this case.
Figure 7 shows the calculation results obtained using the

new code and the existing code under the same conditions
as those shown in Fig. 6. m and n are both 20 in the new
code. The calculation scheme of the image charge effects
for the new code is the same as that for the multiple beam
envelope equations [13]. In Fig. 7(a), each slice calculated
by the new code becomes warped, and the shape of the
bunch is calculated correctly. In Fig. 7(b), the clouds of
small black dots indicate the results calculated by the new
code. Because space charge fields at off-axis positions are
correctly calculated in the new code, the energy distribu-
tions are not plotted as a single line but as a shape having
an area.
Time evolutions of the normalized emittance are shown

in Fig. 8, where the emittance is defined as

ϵr ≡ hγihβi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2ihr02i − hr · r0i2

q
: ð9Þ

The emittance calculated by the multiple beam envelope
equations is slightly different from that calculated using the
existing code because the segmentation slices are rigid. The

TABLE I. Parameters for calculations of beam dynamics in the
BNL-type rf gun cavity.

Laser length 10 ps uniform
Laser spot size ϕ1.3 mm

uniform
Charge per bunch for Figs. 6–8 1.0 nC
Maximum electric field on the cathode 120.8 MV=m
Energy at the exit of the cavity 5.75 MeV
Initial rf phase (when the head of the bunch is
emitted)

sin 25 deg.

Initial emittance 0 mrad
Segmentation numbers for the new code m ¼ n ¼ 20
Segmentation numbers for the multiple beam
envelope equations

m ¼ n ¼ 10

Number of particles for the existing code 1 × 105

FIG. 6. Beam dynamics calculated using the multiple beam
envelope equations for a charge of 1.0 nC per bunch in the
BNL-type rf gun cavity.
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emittance obtained by the new code is almost the same as
that obtained by the existing code.
Figure 9 shows the calculated emittance at z ¼ 0.15 m as

a function of the charge per bunch. The author mentioned in
Ref. [13] that the applicable range of the multiple beam
envelope equations is under 0.5 nC=bunch for this case
because the calculated emittance becomes different from
that calculated by the existing code. Because the slice can
warp and the bunch shape is calculated correctly using the
new code, the emittances calculated by the new code are
almost the same as those calculated by the existing code
even when the charge is greater than 0.5 nC=bunch.

B. Calculations of beam dynamics involving focusing
by solenoidal coils

The calculation for the SPring-8 rf gun injector system is
performed using the multiple beam envelope equations [14]
and the new code. This system consists of a single-cell
S-band rf gun cavity with a copper cathode [16], two
solenoidal coils after the rf gun cavity and a 3-m long
traveling wave accelerator structure whose entrance is
located 1.4 m from the cathode surface. The beam energy
is 3.7 MeVat the exit of the rf gun cavity and 30.0 MeVat
the exit of the accelerator structure. The calculation
parameters are summarized in Table II.
Figure 10 shows the calculated transverse rms beam size

from the cathode (z ¼ 0) to the exit of the accelerator
structure. The beams are defocused at exit of the rf gun
cavity and focused by the solenoidal coils. The waists of the
beams appear in the accelerator structure at about
z ¼ 2.5 m. The time evolutions of the beam sizes are
almost the same among the three methods.
Figure 11 shows the results calculated by the multiple

beam envelope equations, along with those calculated by
the existing code. The bunch shapes and energy distribu-
tions at z ¼ 4.5 m, which is after the waist, do not agree
with each other. In Fig. 11(a), the solid lines in the

FIG. 7. Beam dynamics calculated using the new code for a
charge of 1.0 nC per bunch in the BNL-type rf gun cavity.

FIG. 8. Emittance evolutions for a charge of 1.0 nC per bunch
in the BNL-type rf cavity. The rf gun cavity structure is located
from z ¼ 0 to 77.67 mm.

FIG. 9. Dependence of emittance on charge per bunch.

TABLE II. Parameters for calculations of beam dynamics in the
SPring-8 rf gun injector system with focusing fields.

Laser length 20 ps uniform
Laser spot size ϕ1.2 mm

uniform
Charge per bunch 50 pC
Maximum electric field on the cathode 157.0 MV=m
Initial rf phase (when the head of the bunch is
emitted)

sin 5 deg.

Initial emittance 0 mrad
Entrance of an accelerator structure z ¼ 1.4 m
Energy at the exit of a cavity 3.7 MeV
Energy at the exit of an acc. structure 30.0 MeV
Segmentation numbers for the new code m ¼ n ¼ 20
Segmentation numbers for the multiple beam
envelope equations

m ¼ n ¼ 10

Number of particles for the existing code 4 × 104

A. MIZUNO PHYS. REV. ACCEL. BEAMS 19, 024201 (2016)

024201-6



calculated bunch shape, which represents the particle
positions and are initially in order similarly to those in
Fig. 1, intersect when they pass the waist.
The charge density of the segmentation slices used to

calculate space charge fields is assumed to be uniform in
the multiple beam envelope equations, as mentioned in
Sec. II. In practice, however, transverse variation of the
charge density occurs when electrons intersect. Therefore,
the intersections cannot be modeled by these uniform

slices. Consequently, the bunch shape and energy distri-
bution cannot be calculated correctly.
Figure 12 shows results calculated by the new code. The

solid lines in the bunch shown in Fig. 12(a) also intersect
after the waist. A schematic profile of the hollow cylinder in
the new code when the solid lines ad and bc intersect is
shown in Fig. 13. The hollow cylinder is formed by the
quadrilateral abcd when there are no intersections, as
shown in Fig. 2. On the other hand, when the intersection
occurs in Fig. 13, the hollow cylinder is formed by
the quadrilateral abdc while maintaining the charge in
the quadrilateral abcd in Fig. 2. A hollow cylinder has the
possibility of overlapping with another hollow cylinder

Solenoidal coils
Accelerator Structure

FIG. 10. Time evolutions of transverse rms beam size for the
SPring-8 rf gun injector system with focusing fields.

FIG. 11. Beam dynamics for the SPring-8 rf gun injector
system with focusing fields calculated by the multiple beam
envelope equations.

FIG. 12. Beam dynamics for the SPring-8 rf gun injector
system with focusing fields calculated by the new code.
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when intersections occur; however, these overlaps are
useful for modeling the transverse variation of the charge
density. Therefore, the fields produced by each hollow
cylinder and also the bunch shape can be calculated
correctly. Consequently, the energy distribution shown in
Fig. 12(b) and the emittance shown in Fig. 12(c) agree with
those calculated by the existing code.

C. Accuracy of emittance

Other examples of calculation for the SPring-8 rf gun
injector system by the new code and the existing code are
shown here. The calculation parameters are slightly differ-
ent from those used in Sec. IV B and are shown in Table III.
The strength of the focusing field is the same as that for

the case described in Sec. IV B and the waist of the beam is
formed at the exit of the accelerator structure, as shown in
Fig. 14. In these examples, the calculation parameters are
optimized to realize ultralow emittance at the exit of the
accelerator structure, as shown in Fig. 15. Therefore, the
emittance dependence on the number of particles, which is
caused by the random noise of space charge fields formed by
the particle position in the existing code, becomes strong.
The black dots in Fig. 16(a) show the emittance dependence
on the segmentation number in the new code and those in
Fig. 16(b) show the emittance dependence on the number of
particles in the existing code. In the new code, space charge
fields are produced not by a point charge but by a hollow

cylinder that has a volume. Therefore, there is no random
noise caused by the particle positions, and the emittance
dependence in the new code is markedly weaker than that in
the existing code. In Fig. 16(b), the result calculated by the
new code is plotted at a point where n is infinity. The
emittance calculated by the new code is expected to coincide
with that calculated by the existing code when the number of
particles becomes infinity.
The calculation time of the new code is much shorter

than that of the existing code because the segmentation
number in the new code is small. Although depending on
the type of CPU, the calculation takes 3 weeks for the
existing code when the number of particles is 2 × 105 using
an 8-core Xeon W5590 3.33 GHz processor. In contrast,
the calculation takes 24 h for the new code when
m ¼ n ¼ 100. In addition, it takes only 3 min when
m ¼ n ¼ 20, and the calculated emittance is not signifi-
cantly different from the emittance when m ¼ n ¼ 100.

FIG. 13. Longitudinal section of a hollow cylinder used in the
new code when intersection occurs.

TABLE III. Parameters for low-emittance beam dynamics
calculations in the SPring-8 rf gun injector system.

Laser length 9 ps uniform
Laser spot size ϕ1.4 mm

uniform
Charge per bunch 50 pC
Maximum electric field on the cathode 157.0 MV=m
Initial rf phase (when the head of the bunch is
emitted)

sin 5 deg.

Initial emittance 0 mrad
Entrance of the accelerator structure z ¼ 1.525 m
Energy at the exit of the cavity 3.7 MeV
Energy at the exit of the acc. structure 30.0 MeV

FIG. 14. Time evolutions of transverse rms beam size for low-
emittance beam dynamics calculations for the SPring-8 rf gun
injector system. The results for the new and existing codes are
shown together.

FIG. 15. Time evolutions of emittance for low-emittance beam
dynamics calculations for the SPring-8 rf gun injector system.
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Note that the emittance dependence on the segmentation
number is particularly strong in this example. The depend-
ence in the case described in Sec. IV B is almost flat, as
shown by the color points in Fig. 16(a).

V. CONCLUSION

A novel beam-tracking simulation code using the bulk-
to-point calculation technique for space charge fields,
whose calculation scheme is based on that of the multiple
beam envelope equations, was developed.
One limitation of the multiple beam envelope equations,

that is, the rigid longitudinal slice, is removed in the new
code for the accurate calculation of emittance.
Two examples that cannot be accurately calculated by

the multiple envelope equations are calculated by the new
code. One is the beam dynamics in the BNL-type rf gun
cavity with high charge and the other is that in the SPring-8
rf gun injector system, which has solenoidal coils for beam
focusing. The two examples are accurately calculated by
the new code.
An example of the SPring-8 rf gun injector system with

optimum parameters for ultralow emittance is calculated by
the new and existing codes to confirm the accuracy of the
calculated emittance. Because the calculated space charge

fields are not produced by a point charge but by a hollow
cylinder having a volume, the emittance dependence on the
segmentation number calculated using the new code is much
weaker than that on the number of particles calculated using
the existing code. Therefore, the calculation time is much
shorter, and the emittance calculated by the new code is
expected to coincide with that calculated by the existing code
when the number of particles becomes infinity.
This newly developed simulation code will be useful for

calculating low-emittance electron injectors because of the
rapid and accurate calculation of emittance.
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FIG. 16. Emittance dependence on numbers of particles and
segmentations. (a) Emittance dependence on segmentation
number in the new code. m and n are the same in each
calculation. m ¼ n ¼ 20 for the rightmost points and m ¼ n ¼
100 for the leftmost points. (b) Emittance dependence on
numbers of particles used in the existing code. The number of
particles is 5 × 103 for the rightmost point and 2 × 105 for the
leftmost black point. A result calculated by the new code
whose segmentation numbers are m ¼ n ¼ 100 is plotted as a
color point.

NEW BEAM-TRACKING SIMULATION CODE … PHYS. REV. ACCEL. BEAMS 19, 024201 (2016)

024201-9

http://dx.doi.org/10.1016/0168-9002(89)90688-8
http://dx.doi.org/10.1016/0168-9002(89)90688-8
http://dx.doi.org/10.1103/PhysRevE.55.7565
http://dx.doi.org/10.1103/PhysRevE.55.7565
http://dx.doi.org/10.1103/PhysRevE.55.7591
http://www.pulsar.nl/gpt
http://www.pulsar.nl/gpt
http://www.pulsar.nl/gpt
http://dx.doi.org/10.1103/PhysRevSTAB.9.044204
http://dx.doi.org/10.1016/j.nima.2004.04.086
http://dx.doi.org/10.1016/j.nima.2004.04.086
http://dx.doi.org/10.1103/PhysRevSTAB.7.100701
http://dx.doi.org/10.1103/PhysRevSTAB.15.064201

