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Dynamics of distorted and undistorted soliton molecules in a mode-locked fiber laser

J. Igbonacho,1 K. Nithyanandan,2 K. Krupa,3 P. Tchofo Dinda,1,* P. Grelu,1 and A. B. Moubissi4
1Laboratoire Interdisciplinaire Carnot de Bourgogne, UMR 6303 CNRS, Université de Bourgogne–Franche-Comté,

9 Avenue A. Savary, Boîte Postale 47870, 21078 Dijon Cedex, France
2LIPhy Laboratoire Interdisciplinaire de Physique, UMR 5588 CNRS, Université Grenoble Alpes, Saint Martin d’Hères, France

3Dipartimento di Ingegneria dell’Informazione, Università di Brescia, via Branze 38, 25123 Brescia, Italy
4Département de Physique, Faculté des Sciences, Université des Sciences et Techniques de Masuku, Boîte Postale 943 Franceville, Gabon

(Received 3 December 2018; published 19 June 2019)

Recent developments in real-time ultrafast measurement techniques have enabled us to prove experimentally
that soliton molecules execute internal motions with some aspects similar to those of a matter molecule. Such
an analogy between the dynamics of soliton molecules and the dynamics of matter molecules is based on the
assumption that the dissipative solitons constituting a molecule are rigid entities sharing a common profile.
Whereas this assumption drastically reduces the number of degrees of freedom, it does not hold true in general
and we demonstrate that it overlooks some of the essential dynamical features of the soliton molecule. We present
a theoretical study based on the principle that the different pulse constituents of a soliton molecule are deformable
entities. Specifically, by using of a collective coordinate approach to investigate bi- and trisoliton molecules, we
reveal features such as symmetric or asymmetric distortions of their profiles, and energy exchange processes
between them. This implies, in subsequent experiments, the use of characterization techniques that can be used
to retrieve a larger number of degrees of freedom.
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I. INTRODUCTION

In nonlinear photonics, dissipative solitons are light pulses
balanced through the interplay among Kerr nonlinearity, dis-
persion and/or diffraction, and nonlinear gain and loss [1,2].
By combining integrated optical components in a compact
tabletop format, ultrafast fiber lasers constitute a versatile plat-
form to generate temporal dissipative solitons and investigate
their wide range of complex dynamics and pattern formations
[2,3]. Among complex nonlinear dynamics, multiple pulse
operation has been attracting a great amount of interest over
the past 20 years, both theoretically and experimentally [4–7].
With the increase of the laser pumping power, a single pulse
will generally accumulate an excessive nonlinear phase shift
during the cavity round trip, which results in a multipulsing
instability [8–10]. In the case of an additive-pulse mode-
locking scheme, such as in the popular nonlinear polarization
evolution (NPE) mode locking, the instability can take the
form of an overdrive of the virtual saturable absorber [11]. The
multipulsing instability can also result from the interplay be-
tween spectral filtering, self-phase modulation, and chromatic
dispersion [12–14]. Nevertheless, in spite of the intertwined
physical effects promoting the multipulsing instability, the
transition toward the multipulse operation can be viewed as
a dynamical response of the laser to regain stability at an
increased pumping power, with the intracavity energy being
shared equally among a larger number of pulses [15]. Such an
equal share is explained by the presence of a dynamical attrac-
tor of focus type: as long as the pulses remain sufficiently sep-
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arated, they adopt a unique field profile, defined by the attrac-
tor, and therefore they will carry the same energy [4,16]. This
results in the so-called “soliton energy quantization,” which
has been observed and modeled years ago [17,18], and is in
fact a clear manifestation of the dissipative soliton attractor.

Among the wide range of multipulse dynamical struc-
tures investigated so far, “soliton molecules” have attracted
a considerable interest. A soliton molecule (SM) is a bound
state of several interacting solitons that are separated typically
by a few pulse widths [4,19–29]. Composed of two bound
solitons, the soliton pair, also termed a bisoliton molecule,
can be viewed as the most fundamental SM, whose dynam-
ical properties can be extrapolated to a large extent to SMs
with more constituents pulses [4,11,30]. As a result of the
pulse interactions, the pulses’ relative separations and phases
can self-lock, resulting in ultrastable pulse patterns of sub-
femtosecond timing jitter [31]. Due to their high stability,
SMs have been considered as possible symbols of a multilevel
modulation format for fiber-optic communication systems
[32,33]. Extending further the analogy between SMs and
matter molecules, it was discovered that a bi-SM could also
vibrate [34]. The early experimental investigations were sup-
ported by numerical simulations that showed how the relative
temporal separation and phase would oscillate over successive
cavity round trips, highlighting the existence of various attrac-
tors of limit-cycle type. Thus, besides vibrating soliton pairs
[34,35], an oscillating phase [36], a flipping phase (switching
between in-phase and out-of phase states) [37,38], and an
independently evolving phase [26,39] were unveiled. The
numerical exploration of these SM dynamics involved differ-
ent models, featuring various dispersion maps and additional
effects such as gain saturation, fast or slow gain dynamics,
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and instantaneous or noninstantaneous saturable absorbers.
Such a wide exploration has demonstrated the universality of
pulsating and vibrating SMs within ultrafast laser systems.

Until recently, laser oscillators having typical repetition
rates in the 10s of MHz were lacking a real-time single-shot
characterization. Therefore, the nonstationary SM dynamics
introduced above were only weakly supported experimentally
by the use of averaged data. A major turn came in the last
few years with the development of the time-stretch dispersive
Fourier transform (DFT) method [40], enabling the recording
of successive laser output optical spectra at unprecedented
frame rates. This allowed us to obtain strong experimental
proof of the existence of a variety of vibrating and oscillating
SMs [38,41–43].

Different levels of characterization of SMs are possible. At
the simplest level, a bi-SM is defined by the peak-to-peak sep-
aration τ and the relative phase �φ between the two pulses.
The various robust SMs introduced above, from stationary to
oscillating ones, were predominantly classified based on their
evolution trajectories in the phase plane consisting of these
two internal degrees of freedom, called the interaction plane
[44]. In recent experiments, these two degrees of freedom, τ

and �φ, were retrieved from each recorded optical spectrum
of a large set corresponding to successive cavity round trips,
yielding a clear identification of the dynamical evolution
[41,42,45].

We now raise two points that are essential for a better
understanding of the dynamical possibilities of SMs. First,
basing the dynamical analysis on the parameters τ and �φ

provides only a partial description of the internal dynamics of
the SM, where the solitons making up the molecule are treated
as rigid bodies. As mentioned earlier, this is based on the
assumption that, when the pulses are a few pulse widths apart,
a strong dissipative soliton attractor will provide an identical
profile to each pulse. Whereas this works in essence for the
stationary SM, this would just be a lower-order approximation
in the case of a nonstationary SM. For SM formed by closely
separated pulses, featuring a strong overlap, this approxima-
tion is unlikely to hold true. Therefore, a better exploration
of the possible dynamical behavior of SMs necessitates treat-
ing the soliton constituents as deformable entities. For the
experimental counterpart, this implies implementing a real-
time characterization technique able to retrieve a sufficiently
comprehensive set of internal degrees of freedom [46,47]. As
a second point, we also investigate tri-SM dynamics. Whereas
in the model of identical solitons an additional soliton in the
molecule would increase the number of internal degrees of
freedom by 2—the additional relative phase and temporal
separation—even more complex dynamical behavior can be
anticipated with deformable pulses.

In the present study, we investigate numerically the in-
ternal dynamics of SMs in a mode-locked fiber laser by
means of a collective-coordinate approach, which is based on
the following major soliton parameters: energy, peak power,
temporal width, spectral width, and frequency chirp. This
approach reveals that the internal dynamics of SMs can
be accompanied by symmetric or asymmetric distortions of
their intensity profiles, inducing energy exchange between
solitons, and modifications of all the above-mentioned soliton
parameters.

The paper is organized as follows: Section II describes
the analytical collective-coordinate characterization methods
of SMs. Section III presents the numerical model employed
for the simulation of the cavity dynamics. In Sec. IV, we
present the major features of the dynamics of bi- and tri-SMs
obtained for nondeformable individual soliton constituents,
while Sec. V presents the dynamics of molecules with de-
formable solitons. In Sec. VI we include the experimental
observation of a phase-oscillation dynamics for a tri-SM.
Section VI concludes the paper with a summary of our results.

II. CHARACTERIZATION METHODS OF
SOLITON MOLECULE DYNAMICS

A SM can be characterized and analyzed at qualitatively
distinct levels of detail. The basic level of characterization
consists in treating each of the solitons within a SM as a
nondeformable entity [41,42]: the dynamical behavior of each
soliton is described by two parameters corresponding to its
temporal position and its temporal phase, while the dynamical
state of the whole SM is characterized by the evolution of the
temporal separations and the phase differences among soli-
tons. The appeal of this approach is that it provides a general
overview of the way the solitons move in relation to each
other. However, this basic level of characterization is rigor-
ously relevant only in cases in which all the solitons of the SM
have the same intensity profile, as schematically represented
in Fig. 1(a) for the case of a bisoliton. When strongly interact-
ing dissipative solitons undergo complex internal dynamics,
they are likely to behave as deformable entities. In general,
considering the dissipative nature of the dynamical system,
the interactions among the dissipative solitons that form a
SM are of an inelastic nature, resulting in significant transient
distortions of their intensity profiles, even though some dy-
namical evolutions can mimic the appearance of conservative
dynamics [48,49]. The intensity profile of a distorted bisoliton
molecule is schematically illustrated in Fig. 1(b), featuring
significant differences between the peak powers (P1, P2) and
temporal widths (ξ1, ξ2) of the two solitons making up the
SM. It is clear from Fig. 1(b) that, to appropriately analyze
the internal dynamics of a distorted SM, it is necessary to
use a higher level of characterization taking into account the
greater number of degrees of freedom that can be excited by
the inelastic interactions among solitons in the SM.

FIG. 1. Schematic of the temporal intensity profile of a bisoliton
molecule: (a) undistorted and (b) distorted.
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The characterization of the internal dynamics of a complex
system having a large number of degrees of freedom requires
an elaborate approach such as the collective coordinate ap-
proach developed in Refs. [50–53]. The idea is to associate to
each relevant degree of freedom a variable called a collective
coordinate (CC), which is introduced in the theoretical treat-
ment through a trial function, known as the ansatz function. As
long as the solitons are sufficiently separated from each other,
to be considered as distinct entities, a satisfactory choice for
the ansatz (electric-field envelope) of a SM may simply be
formulated as follows:

f =
N∑

i=1

gi with gi ≡ X1i exp

[
− (t − X2i )2

X 2
3i

]

× exp i

[
X4i

2
(t − X2i )

2 + X5i(t − X2i ) + X6i

]
, (1)

where the labels i = 1, 2, 3, . . . denote, respectively, the soli-
tons constituting the SM. Hereafter, we will focus on bi- (N =
2) and tri- (N = 3) SMs. The CCs X1i, X2i, X3i, X4i, X5i, and
X6i are, respectively, the amplitude, temporal position, tempo-
ral width, chirp, central frequency, and the phase constant of
the soliton labeled “i.” CCs allow us to obtain more practical
parameters: the peak power Pi ≡ X 2

1 f , the temporal width
ξi ≡ √

2 ln(2)X3i, the chirp Ci ≡ X4i/2, and the spectral width

�νi ≡
√

2(4+X 2
4iX

4
3i )ln(2)

2πX3i
. It is worth noting that the choice of an

ansatz function is necessary to describe the internal dynamics
of any nonintegrable system, but the ansatz corresponds to an
approximation whose quality level depends on the magnitude
of the residual field defined by q ≡ |ψ − f |, ψ being the exact
field solution (accessible only numerically). Once the ansatz
function is defined, the CC approach can be performed in
several ways that differ considerably in their respective levels
of complexity, according to the number of CCs considered.
In this regard, previous work has highlighted the following
important facts [52]:

(i) As long as the number of degrees of freedom is suffi-
ciently small, i.e., less than or equal to 6, the internal dynamics
of a solitonic structure can be described by a set of first-
order ordinary differential equations (ODEs), which give the
analytical expression of the velocity of each CC as a function
of the CCs [52]. This set of ODEs, which are referred to as the
variational equations, has the great advantage of showing ex-
plicitly how each of the propagation phenomena (dispersion,
nonlinearity, losses, etc.) modifies the CCs of the solitonic
structure. However, this advantage is obtained at the cost of
an approximation (called a bare approximation [52]), which
is to totally ignore the residual field. However, in general,
the variational equations give a quite satisfactory qualitative
description of the internal dynamics of nonintegrable systems.

(ii) Reference [52] showed that in a nonintegrable system
with a very large number of degrees of freedom (i.e., more
than 6 CCs), variational equations become too tedious and
virtually unusable.

The analytical expression of our ansatz (1), i.e., with,
respectively, 12 and 18 CCs for the bi- and tri-solitons
molecules, is formulated to allow detection of a possible
asymmetry in the profile of a soliton molecule. But the large
number of CCs that is used makes the variational approach

FIG. 2. Coordinates used in the characterization of trisoliton
molecule dynamics when soliton pulses remain undistorted.

virtually unworkable. Consequently, in the present work we
use a much more convenient characterization procedure,
which is to minimize the energy of residual field, which has
been shown to be equivalent to the full CC approach (in
which the equations of motion of the CCs are coupled to an
equation giving the evolution of the residual field [52]). The
residual field minimization method is a two-step procedure.
First, we determine the exact electric field of the SM, ψ ,
by solving the equations of intracavity dynamics presented
in the following section. Then we determine the set of CCs
(Xi j ; i = 1, 2, . . . , 6; j = 1, 2) for which the ansatz f defined
by Eq. (1) is the best representation of the exact field ψ . This
is equivalent to determining the set of CCs that minimize the
residual field energy defined by ERF = ∫ +∞

−∞ |q|2dt .
We can easily extend the notations used for a bi-SM to the

case of a tri-SM. The successive solitons are labeled 1, 2, and
3, as shown in Fig. 2 for the case of undistorted solitons that
will be investigated in Sec. IV. Here, the notation �τ12 (�τ32)
designates the temporal separation between solitons 1 and
2 (3 and 2). �φ12 = φ1 − φ2 (�φ32 = φ3 − φ2) denotes the
relative phases between solitons, where φ1, φ2, and φ3 stand
for the phases of solitons 1, 2, and 3, respectively.

III. NUMERICAL MODEL

Our modeled laser architecture is shown in Fig. 3.
It represents a dispersion-managed fiber ring laser cavity,
which comprises an erbium-doped fiber (EDF) with normal

FIG. 3. Schematic of the fiber laser cavity. EDF: erbium-doped
fiber; SMF: passive single-mode fiber; SA: ultrafast saturable ab-
sorber; OC: output coupler. The fiber ring laser operates in the
unidirectional propagation mode, clockwise in the figure.
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dispersion at 1.55 μm (amplifier medium), a section of single-
mode fiber (SMF) with anomalous dispersion, a saturable
absorber (SA), and an output coupler (OC).

We use a lumped propagation model in which each com-
ponent of the cavity is modeled by a separate equation, and
the pulse propagation follows a concatenated sequence repre-
senting the different cavity elements. The pulse propagation
in the fiber system is modeled by a generalized nonlinear
Schrödinger equation in the following form [54]:

∂ψ

∂z
+ i

2
β2

∂2ψ

∂t2
− g

2
ψ = −α

2
ψ + iγ |ψ |2ψ, (2)

where ψ is the slowly varying electric field in the retarded
frame of reference moving at the group velocity. γ , β2, g, and
α are the Kerr nonlinearity, dispersion, gain, and attenuation
coefficients, respectively. For the passive fiber (SMF), g = 0,
whereas for the active fiber (EDF) g ≡ g(z, Pav, ωs), which is
calculated at the signal frequency ωs, as a function of the prop-
agation distance z and the average power Pav at the input facet
of the EDF. The value of Pav is related to the total field energy
E as follows: Pav(z) ≡ E (z)

τRT
= 1

τRT

∫ ∞
−∞ |ψ (t, z)|2dt , where τRT

designates the cavity round-trip time. The procedure for cal-
culating g(z, Pav, ωs) is detailed in Ref. [13].

The action of SA is modeled by the following instan-
taneous transfer function: Po = T Pi, where T ≡ T0 + �T Pi

Pi+Psat
describes the transmission of the SA, and T0 and �T are
the reflectivity and modulation depth of the SA. Pi (Po) is
the instantaneous input (output) optical power, while Psat is
the saturation power. The other lumped elements of the laser
cavity (coupler, fiber splices) only affect the pulse amplitude
linearly.

We used the following typical parameters for the fiber
cavity elements:

(i) EDF: γ = 3.6 × 10−3 W−1 m−1; length LEDF = 4.5 m;
β2 = 16 ps2/km. The parameters used for the calculation of
the gain provided by the EDF (core radius, doping radius,
doping concentration of erbium ions, absorption and emission
cross section, etc.), are taken from Ref. [13].

(ii) SMF: γ = 1.3 × 10−3 W−1 m−1; β2 = −21.7 ps2/km;
Aeff = 78.5 μm2. We use a fiber length LSMF = 3.3 m, so that
the average second-order dispersion is null.

(iii) SA: T0 = 0.70, �T = 0.30, Psat = 10 W.

IV. SOLITON MOLECULE DYNAMICS BASED ON
UNDISTORTED SOLITON CONSTITUENTS

In what follows, we use numerical simulations to study
bi- and tri-SMs within the laser cavity and characterize their
internal motion. Our procedure for generating tri-SMs is
to explore point by point, with a very fine discretization
step, a two-dimensional parameter space, in which one of
the parameters is the pump power of the gain medium, Pp,
while the other parameter is the saturation power of the
SA, Psat. For each set of parameters (Pp, Psat), we simulate
the evolution of the intracavity field starting from an initial
condition corresponding to photon noise. If the intracavity
field converges to a multipulse stable state, then we proceed
to its characterization to verify if this stable state is a SM.

The basic level of characterization is based on the
following two points:

(i) The evolution of the intensity profile of the intracavity
field as a function of the number of cavity round trips.

(ii) The analysis of the temporal separations and the rela-
tive phases between solitons.

In a pool of different parametric spaces, we have found
some regions where the trisoliton molecules exhibit behaviors
similar to those known for bisoliton molecules, while in other
regions we find qualitatively different behaviors. In this con-
text, it should be noted that the previous work has highlighted
the existence of parameter regions where bisoliton molecules
propagate without internal dynamics, and other regions where
bisolitons exhibit a diversity of behaviors that can be broadly
classified into three categories:

(i) The phase oscillation, which designates a dynamic
where the relative phase between solitons executes oscilla-
tions, while the temporal separations vary only marginally.

(ii) The vibration of molecule, which corresponds to a
bound state where the relative phases and temporal separa-
tions oscillate simultaneously.

(iii) The phase drift, which refers to a case characterized
by an unbound variation of phase, without oscillations.

FIG. 4. Stationary dynamics of SMs. (a1),(a2) 2D contour of the
temporal intensity. (b1),(b2) 2D contour of the spectral intensity.
(c1),(c2) Temporal separations. (d1),(d2) Relative phases. The two-
soliton molecule [(a1), (b1), (c1), and (d1)] and trisoliton molecule
[(a2), (b2), (c2), and (d2)] are generated using (Pp = 43.5 mW,
Psat = 6 W) and (Pp = 50 mW, Psat = 2 W), respectively. T0 = 0.7
and �T = 0.3.
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FIG. 5. Dynamics with phase oscillations. (a1),(a2) 2D contour
of the temporal intensity. (b1),(b2) 2D contour of the spectral in-
tensity. (c1),(c2) Temporal separations. (d1),(d2) Relative phases.
The two-soliton molecule [(a1), (b1), (c1), and (d1)] and trisoliton
molecule [(a2), (b2), (c2), and (d2)] are generated using (Pp =
47.5 mW, Psat = 10 W) and (Pp = 61 mW, Psat = 4 W), respectively.
The other system parameters are the same as in Fig. 4.

Thereafter, in all cases in which the trisoliton exhibits a
behavior similar to that of a bisoliton, we will put side-by-side
the results of the two types of molecule in order to facilitate
the comparison.

A. Stationary dynamics

Figure 4 demonstrates that our laser cavity can generate
bisoliton and trisoliton molecules propagating in the station-
ary regime, respectively, for the following sets of parameters:
(Pp = 43.5 mW, Psat = 6 W) and (Pp = 50 mW, Psat = 2 W).
This regime corresponds to a fixed point of the slow dynamics,
i.e., a regime in which, for any location within the cavity, the
temporal separations and the relative phases between solitons
take the same values after each cavity round trip.

B. Phase oscillations

Figure 5 shows that for (Pp = 47.5 mW, Psat = 10 W)
and (Pp = 61 mW, Psat = 4 W), the laser cavity generates
bisoliton and trisoliton molecules, respectively, with internal
dynamics mainly dominated by oscillations of the relative

FIG. 6. Vibrations of SMs. (a1),(a2) 2D contour of the temporal
intensity. (b1),(b2) 2D contour of the spectral intensity. (c1),(c2)
Temporal separations. (d1),(d2) Relative phases. The two-soliton
molecule [(a1), (b1), (c1), and (d1)] and trisoliton molecule [(a2),
(b2), (c2), and (d2)], are generated using (Pp = 42.5 mW, Psat =
9 W) and (Pp = 74 W, Psat = 6 W), respectively. The other system
parameters are the same as in Fig. 4.

phases between solitons [see Figs. 5(d1) and 5(d2)]. Within
this dynamics, the temporal separations between solitons
execute relatively small-amplitude motions around a stable
configuration as shown in Figs. 5(c1) and 5(c2).

C. Internal vibrations

Figure 6 shows that the laser cavity under consideration
can generate bisoliton and trisoliton molecules whose internal
dynamics are characterized by large-amplitude oscillations
for both the separations between solitons and their relative
phases. This type of dynamics is one of the most frequently
observed within our cavity model. The results of Fig. 6 were
obtained for (Pp = 42.5 mW, Psat = 9 W) for the bisoliton,
and (Pp = 74 mW, Psat = 6 W) for the trisoliton.

D. Dynamics with linear phase drift

In certain parameter regions, bisoliton molecules will fol-
low a dynamical behavior characterized by an unbound drift
of the relative phase between the two solitons [26,39,41].
Here, we find trisoliton molecules following similar
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FIG. 7. Tri-SM dynamics with unbound phase drift, obtained
for Pp = 52 mW and Psat = 2 W. (a) 2D contour of the temporal
intensity. (b) 2D contour of the spectral intensity. (c) Temporal
separation. (d) Relative phase. The other system parameters are the
same as in Fig. 4.

dynamics. Figure 7, which we obtained for Pp = 52 mW and
Psat = 2 W, illustrates a situation in which the leading and the
trailing solitons evolve with a similar relative phase dynamics
with respect to the central soliton. This phase dynamics is an
unbound drift, characterized by a major linear trend.

E. Dynamics with bounded phase drift

Despite the existence of many similarities in their behav-
iors, there should be some qualitative differences between
some bisoliton and trisoliton molecule dynamics. Figure 8,
which we obtained for Pp = 62 mW and Psat = 5 W, illus-
trates an internal dynamics that has not been observed so
far in the behavior of bisoliton molecules. This dynamics is

FIG. 8. Tri-SM dynamics with bound phase drift, obtained for
Pp = 62 mW and Psat = 5 W. (a) 2D contour of the temporal inten-
sity. (b) 2D contour of the spectral intensity. (c) Temporal separation.
(d) Relative phase. The other system parameters are the same as in
Fig. 4.

characterized by a complex phase evolution that combines a
quasilinear drift with a low-amplitude oscillation, followed by
a steep phase back-drift that occurs quasiperiodically. Such
evolution includes chaotic fluctuations on an overall bounded
phase-drift dynamics.

V. DEFORMABLE SOLITON MOLECULES

In the previous section, we have shown that our cavity can
generate a great diversity of bi- and tri-solitons that can be
classified according to dynamical features easily distinguish-
able from each other on the basis of the evolution of two of
the soliton parameters, namely their temporal position and
their phase. However, to enlarge our vision of possible SM
dynamics, we need to characterize them according to the pos-
sible evolution of the parameters having a direct link with the
intensity profile of each soliton, such as the soliton’s energy,
peak power, or temporal width. In what follows, we show
that the collective-coordinate approach presented in Sec. II
provides valuable details on the intensity profile of each of
the solitons that make up a SM. The most unexpected result is
the possible existence of SMs having an intrinsically distorted
intensity profile, i.e., with strong inequalities in the energies,
peak powers, or temporal widths of solitons within the same
SM, which evolve along with the propagation distance.

A. Deformable bisolitons

Figure 9 shows the dynamical behavior of a SM mod-
eled for the pump power Pp = 47.5 mW and the following
parameters for SA: T0 = 0.7, �T = 0.3, and Psat = 16 W.
Figure 9(a), which we obtained for a propagation up to
10 000 cavity round trips, shows that the dynamics of this SM
follows a circular trajectory in the phase plane represented
by τ cos(�φ) versus τ sin(�φ). This SM has as a major
characteristic the displaying of an oscillation of the separation
between solitons [see Fig. 9(b)] while the relative phase drifts
linearly [see Fig. 9(c)]. However, when we investigate the
presented dynamics more carefully, we can clearly observe
that this SM is highly distorted. Indeed, Fig. 9(d) shows that
the respective energies of the two solitons oscillate around
average values that differ by about 30%. Specifically, this SM
has an asymmetric overall intensity profile. Indeed, one can
notice in Fig. 9(h) that the gap between the average values
of the respective temporal widths of the two solitons is rather
low; this indicates that the large difference in energy between
the two solitons results mainly from a large gap between their
respective peak powers (which exceeds 30%), as Fig. 9(f)
shows. Furthermore, the asymmetry of this SM also appears
in the chirp and the spectral width, as shown in Figs. 9(g)
and 9(i).

As we have shown in Figs. 5(a1), 5(b1), 5(c1), and 5(d1),
by choosing a pump power of 47.5 mW for the gain medium,
and the parameter Psat = 10 W for the SA, the cavity generates
a bisoliton having mainly a dynamic with phase oscilla-
tions. In this respect, it should be recalled that the results
in Fig. 5 were obtained by applying to the bisoliton a basic
characterization method using solely two degrees of freedom
corresponding, respectively, to the temporal position and the
temporal phase of the soliton, deduced directly from the

063824-6



DYNAMICS OF DISTORTED AND UNDISTORTED SOLITON … PHYSICAL REVIEW A 99, 063824 (2019)

−1 0 1

−1

0

1

τc
os

(Δ
φ)

τsin(Δφ)

(a)

35

40

45

50

S
ol

ito
n 

en
er

gy
 (

pJ
)

(d)

60

80

100

120

P
ea

k 
po

w
er

 (
W

)

(f)

100 200 300 400

0.4

0.45

0.5

F
W

H
M

 (
ps

) (h)

Round−trip number

100 200 300 400
1

1.5

τ 
(p

s) (b)

Round−trip number

0 200 400
−50

0
50

Δφ
 (

ra
d)

Round−trip number

(c)

−40

−35

−30

T
em

p 
P

os
 (

ps
) (e)

8

10

12

S
pe

c.
 w

id
th

 (
nm

)

(g)

100 200 300 400

0

1

2

C
hi

rp
 (

T
H

z/
ps

) (i)

Round−trip number

FIG. 9. Distorted bisoliton molecule: evolution of the parameters
for each soliton as a function of cavity round trips for Pp = 47.5 W,
Psat = 16 W. (a) Trajectory of the dynamics in the phase plane.
(b) Temporal separation. (c) Relative phase. (d) Soliton energy. (e)
Temporal position. (f) Peak power. (g) Spectral width. (h) Temporal
FWHM (full width at half-maximum). (i) Chirp.

temporal profile of the intracavity field. Figure 10 shows the
results obtained by applying to the bisoliton of Fig. 5 the
characterization approach using eight collective coordinates
instead of two. The results displayed in Figs. 10(a), 10(b) and
10(c) are consistent with those from Figs. 5(c1) and 5(d1),
with the trajectory of this bisoliton in the two-dimensional
phase plane following the shape of a crescent; see Fig. 10(a).
The temporal separation (temporal phase) oscillates with a
relatively small (large) amplitude, as shown in Figs. 10(b)
and 10(c), with an oscillation period around 40 cavity round
trips. In addition, the advantage of the CC approach appears
clearly in the panels (d)–(i) of Fig. 10, which reveal valuable
unsuspected details on the individual behavior of each of the
solitons of this bisoliton. Panels (d)–(i) of Fig. 10, showing
the evolution of the corresponding parameters of each soliton
of the SM, highlight characteristics that are qualitatively
different from those of the asymmetric SM shown in Fig. 9.
Figure 10(d) shows that the respective energies of the two
solitons of this SM oscillate around the same average value.
This indicates that this SM executes internal dynamics around
a symmetrical intensity profile. Each soliton deforms very
strongly, in a periodic manner, with the same period as that of
the oscillations of the SM in the phase plan (τ,�φ). We notice
from Fig. 4(d) a marked energy exchange between the two
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FIG. 10. Deformable two-SM: evolution of the soliton parame-
ters as a function of cavity round trips for Pp = 47.5 W, Psat = 10 W.
(a) Trajectory of the dynamics in the phase plane. (b) Temporal
separation. (c) Relative phase. (d) Soliton energy. (e) Temporal
position. (f) Peak power. (g) Spectral width. (h) Temporal FWHM.
(i) Chirp.

solitons forming the bound state, which reflects the inelastic
interaction between them. The curves of the peak power and
the temporal width [Figs. 10(f) and 10(h)] give additional
insight into the way in which each soliton deforms during
propagation. Indeed, the peak power and the temporal width
of each soliton vary in opposite directions, which leads to an
alternation of processes of temporal shrinking and broadening
of the intensity profile of the soliton, namely a breathing
phenomenon.

Thus, Figs. 10(f) and 10(h) show both solitons execute a
breathing motion in an almost out-of-phase fashion. The other
parameters of the soliton (spectral width and chirp) oscillate
in a similar way.

B. Deformable trisolitons

Figure 11, which correspond to the results presented in
Fig. 6 (for Pp = 74 mW and Psat = 6 W), provides deep
insight into the internal dynamics of a trisoliton molecule by
highlighting the individual dynamic behavior of each of the
constituents of the molecule.

This tri-SM has nearly a symmetrical intensity profile,
because the two side solitons (the leading and trailing ones)
experience similar oscillations, as illustrated by Figs. 11(a),
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FIG. 11. Deformable tri-SM: evolution of the soliton parameters
as a function of cavity round trips for Pp = 74 mW, Psat = 6 W.
(a) Trajectory of the dynamics in the phase plane. (b) Temporal
separation. (c) Relative phase. (d) Soliton energy. (e) Temporal
position. (f) Peak power. (g) Spectral width. (h) Temporal FWHM.
(i) Chirp.

11(b), and 11(c). Moreover, Fig. 11(d) unveils that the
respective energies of the three solitons vary virtually around
the same average value. Furthermore, Fig. 11(d) shows that
the amplitude of oscillations of the energy of the central soli-
ton is almost twice as large as that of each of the side solitons.
In addition, we observe that the energy of the central soliton
reaches its maximum value when the energies of the side soli-
tons are at their minimum values. These observations clearly
indicate a process of exchange of energy between the central
soliton and the two side solitons, thus confirming the idea that
SMs behave as entities consisting of deformable constituents.
In this respect, it should be emphasized that, although the in-
tensity profile of this trisoliton is intrinsically symmetrical, the
different solitons of the molecule do not deform in the same
way. Figures 11(d) and 11(f) show that the central soliton is
the one that experiences maximum profile distortion, with a
range of variation of its energy that represents almost 25%
of its minimum value (∼40 pJ), while the range of variation
of its peak power reaches almost 50% of its minimum value
(∼80 W). The respective temporal widths of these solitons
also vary, but in very moderate proportions, by about 8%,
as shown in Fig. 11(h). Qualitatively, by comparing the

variations of the peak power [Fig. 11(f)] with those of the
temporal width [Fig. 11(h)], one can deduce that these defor-
mations correspond to a breathing phenomenon. Indeed, when
the peak power of the soliton increases, its temporal width
decreases, and vice versa. It can also be noted that the internal
dynamics of the soliton affect all the parameters of the SM,
including its spectral width [Fig. 11(g)] as well as the chirp
[Fig. 11(i)].

VI. PRELIMINARY EXPERIMENTAL RESULTS

One of the highlights of the above numerical simulations is
the amazing diversity of dynamical light structures that can be
be generated within a fiber laser cavity. Recent experimental
works have clearly demonstrated the generation of a variety
of bisolitons dynamics [41,42,45]. The natural continuation
of those experimental works should be the exploration of the
internal dynamics of trisolitons. In [42], the dynamics of a tri-
SM with unbounded phase drift was analyzed experimentally.
In what follows, we present the experimental demonstration
of generation of a tri-SM with oscillating phase dynamics. We
use the experimental setup reported in Ref. [41]. It consists of
a 1.55 m fiber laser with a total cavity length of 4.43 m, com-
posed of a 0.55-m-long erbium-doped silica fiber (EDF, 110
dB/m absorption at 1530 nm), backward-pumped by a 980 nm
laser diode (LD), and of 3.45-m-long standard single-mode
fibers (SMFs-28). The total cavity dispersion is anomalous
with β2 = −17.84 ps2 km−1. A polarization-insensitive opti-
cal isolator ensures the unidirectional light propagation. The
laser is mode-locked by using nonlinear polarization evolution
(NPE) in the fibers followed by discrimination with a polar-
izing beam splitter (PBS), controlled by the orientations of
wave plates. The experimental characterization is performed
through the 50/50 fiber coupler. The DTF was implemented
by temporally stretching the laser output in around a 1.3-km-
long dispersion compensating fiber (DCF), and recording the

FIG. 12. Experimental observations of bisoliton (a1),(b1) and
trisoliton (a2),(b2) molecule dynamics featuring oscillating phase;
(a1),(a2) 2D contour plot of 500 consecutive single-shot spectra ob-
tained from real-time DFT measurement; (b1),(b2) normalized mul-
tishot second-order autocorrelation trace; pump power = 285 mW.
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resulting temporal waveform by a 6-GHz ultrafast oscillo-
scope via a high-speed 45-GHz photodiode. NPE provides a
virtual, quasi-instantaneous, saturable absorber effect whose
transfer function can be tuned by adjusting the orientations of
the wave plates. As a consequence, numerous different opera-
tion regimes can be accessed in a reproducible way. However,
it is worth noting that at a practical level, the generation of
soliton molecules requires a very careful adjustment of the
transfer function, which is a delicate and tedious operation, es-
pecially when exciting bound states comprising more than two
solitons. Figure 12 shows a preliminary experimental result of
the real-time observation of the internal dynamics of tri-SM
with oscillating phase, which can be compared to the record-
ing of a two-SM with oscillating phase [41]. Figures 12(a1)
and 12(a2) illustrate the evolution of shot-to-shot DFT spectra
over 500 cavity round trips, measured for a bi-SM and a
tri-SM, respectively. Figures 12(b1) and 12(b2) display the
corresponding multishot second-order autocorrelations traces,
validating the soliton content of the above SMs. These results
agree well with the numerical predictions presented in Fig. 5
when considering the basic level of characterization.

VII. CONCLUSION

We have presented a study that unveils important features
that had not been reported so far concerning the dynamics of
soliton molecules in mode-locked fiber lasers. We have devel-
oped the concept that the different solitons that make up a soli-
ton molecule are deformable entities. We have shown that this
approach requires the use of a characterization method that ex-
amines the individual behavior of each soliton of a molecule.
Our analysis allowed us to highlight soliton molecules that in-
herently have an intensity profile that is dynamically distorted
in an asymmetric way, including molecules whose energy is,
on average, distributed unequally between the constituent soli-
tons. We have also identified molecules that have intrinsically

a symmetric intensity profile, i.e., molecules whose energy
is, on average, equally distributed between the constituent
solitons. However, in the course of their propagation, those
solitons can deform very asymmetrically, even with out-of-
phase dynamics, which corresponds to an energy exchange
process between soliton constituents. This illustrates the ex-
istence of a strong interaction taking place between adjacent
solitons, such that in some situations their major parameters
(energy, peak power, temporal width, spectral width) evolve
asymmetrically.

Although there exist parameter regions where the laser
generates bi- and tri-soliton molecules in a stationary state
(i.e., without internal dynamics), in most parameter regions
we found that the solitons in a bi- or tri-soliton molecule
behaved like deformable entities interacting in an inelastic
way.

This behavior constitutes a limit in the analogy that can
be made between the soliton molecules in laser cavities and
the matter molecules. Thus, we have presented a comprehen-
sive theoretical analysis of the internal dynamics of differ-
ent classes of soliton molecules, paving the way for future
studies on the fine characterization of more complex soliton
molecules, such as the molecular complexes discovered very
recently [55].

Finally, we have presented some preliminary experimental
results extending the observation to the case of tri-SM with os-
cillating phase dynamics. As pointed out in the Introduction,
more advanced characterization will be required to retrieve the
dynamics for the large number of internal variables involved
in the detailed numerical analysis presented in this work.
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