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Magic polarization for cancellation of light shifts in two-photon optical clocks
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We find a simple solution to the problem of probe laser light shifts in two-photon optical atomic clocks. We
show that there exists a magic polarization at which the light shifts of the two atomic states involved in the
clock transition are identical. We calculate the differential polarizability as a function of laser polarization for
two-photon optical clocks based on neutral calcium and strontium, estimate the magic polarization angle for
these clocks, and determine the extent to which probe laser light shifts can be suppressed. We show that the light
shift and the two-photon excitation rate can be independently controlled using the probe laser polarization.
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I. INTRODUCTION

Optical clocks have reached an unprecedented level of
accuracy, approaching fractional uncertainties of 10~'8 [1-8].
These clocks offer powerful tools for precision measurements
and tests of fundamental physics [9,10], such as searches
for dark matter and dark energy [11], or low-frequency
gravitational-wave detection [12—14]. Optical clocks can be
used for geodetic surveys of Earth’s gravitational poten-
tial [8,15,16]. Atomic clocks are also an essential component
of the new SI system of units, where the measurement of
almost every physical quantity is ultimately related to the
accurate measurement of frequency [17,18]. It is widely ex-
pected that the SI second will soon be redefined in terms of
optical atomic clocks [19].

Careful control of systematic errors is necessary to achieve
such high levels of accuracy. An important and generic sys-
tematic in optical clocks is the light shift—a shift in the
resonance frequency of the atoms due to off-resonance light.
For example, one source of light shifts in optical lattice atomic
clocks is the lattice laser which must remain on during the
measurement. These shifts are usually controlled by choosing
a “magic wavelength” for which the light shifts of the clock
ground and excited states are equal [20]. This ensures that the
relative energy difference between the two levels is unaffected
by the optical lattice, therefore making the clock less sensitive
to fluctuations in laser intensity.

In addition to light shifts from trapping lasers, many op-
tical clocks suffer from light shifts due to the probe laser
itself to some extent, because they rely on forbidden atomic
transitions. This necessitates careful stabilization of the probe
laser intensity, or sophisticated measurement protocols such
as hyper-Ramsey schemes [5,21-23], autobalanced Ramsey
spectroscopy [24], or displaced frequency-jump Ramsey spec-
troscopy [25] in order to suppress the probe laser light
shift. Here we consider two-photon optical clocks [26]. Two-
photon clocks using rubidium [27-33], xenon [34,35], and
silver [36,37] have been successfully operated, and clocks
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using calcium [12,26] and strontium [26,38] have been pro-
posed. Two-photon optical transitions can be driven using two
counterpropagating laser beams at the same frequency, which
makes the interrogation of the clock transition insensitive to
first-order Doppler shifts and photon recoil shifts [26]. This
offers an attractive path to a compact, field-portable optical
clock that does not require strong cooling and confinement in
a lattice, and therefore has a simplified architecture. However,
the systematic frequency shifts in such clocks are dominated
by the light shift due to the probe laser, because of the
relatively large laser intensities that are needed to drive the
transition (cf. Refs. [32,33,39,40]). Here we show that light
shifts due to the probe laser in two-photon optical clocks can
be nulled using a specific choice of the laser polarization,
thereby removing one of the main obstacles to achieving high
accuracy with these clocks.

The term “magic polarization” has been used in the con-
text of reducing line broadening and increasing coherence
times of hyperfine transitions in alkali-metal atoms [41], and
improving the efficiency of Doppler cooling of a trapped
gas [42]. It has also been shown that the degree of circular
polarization can be used to mitigate the effects of differential
hyperpolarizability in optical lattice clocks [43]. Here we use
“magic polarization” to refer to a particular polarization angle
of the probe laser light for which the differential dynamic
polarizability of the two clock states is zero. We find this
magic polarization for calcium and strontium two-photon op-
tical clocks by calculating the dynamic polarizabilities of the
clock states. We show that the probe laser light shifts can be
strongly suppressed, and the fractional frequency uncertainty
due to the light shift reduced below 107'8, using a robust
method that is simple to implement.

II. DETERMINATION OF DYNAMIC POLARIZABILITIES

The light shift of an atomic energy level due to the electric
dipole (E'1) interaction is AEy, = — %ock (w)E?, where « is the
dynamic polarizability of the atomic state |k), £ is the electric-
field amplitude and w is the frequency of the electric field. The
polarizability oy (w) depends on both the frequency and the
polarization of the electric field. The polarizability of a state k
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can be calculated to leading order in perturbation theory as

_ | (jIDIk) |* | (jIDIk) |*
O’k(w)_ZEj —E — ho +ZEJ- —Etie P
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where D is the E'1 interaction operator d-&and Et, E ; rep-
resent the unperturbed energies of states |k), |j), respectively.
The electric-dipole operator d is a linear combination of three
rank-1 spherical tensor operators d, (g = 0, £1), with relative
coefficients depending on the laser polarization.

In all the calculations, the quantization axis was assumed
to be defined by a small magnetic field in the Z direction,
and the probe laser was considered to propagate along the
¥ direction. We write the electric field as E = Ey(cos bz +
e'® sin A%), which defines the polarization angles 6 and ¢. The
E1 operator is therefore D = £y(cosOdy — %ei"’ sin 0d; +

\%eiq’ sinf@d_;). The light shift for the clock transition is

Swrs = —% Ay E /B, where Adeg(wp) = ate(wp) — otg(wp)
is the differential polarizability between the ground and ex-
cited clock states, and wy is the frequency of the probe laser.

The matrix elements in Eq. (1) can be calculated from
the reduced matrix elements (J;||D||J;), which can in turn be
related to experimentally determined oscillator strengths fi
using the relation [44]

2 mewy (il|DI[k)*
of = Qi+ Dfy = T = ——5—,
3 h e

where gf is the symmetric oscillator strength, fi is the
nonsymmetric oscillator strength, and wy = (Ey — E;)/h.

Energy levels and oscillator strengths for transitions rele-
vant to the calculation of dynamic polarizabilities are avail-
able both from experimental data and ab initio theoretical
calculations. In calculating the clock-state polarizabilities for
rubidium, calcium, and strontium two-photon optical clocks,
energies and oscillator strengths from the NIST Atomic Spec-
tra Database [45] and other published sources [46—-50] were
used.

The energy-level differences in these atoms are known to
better than 10~ and therefore do not contribute significantly
to the uncertainty in the polarizability. The uncertainty is
instead dominated by the oscillator strengths. The sum in
Eq. (1) is usually well approximated by only a handful of
terms that represent atomic levels |i) which couple strongly to
the state |k) and are close in energy. We found that including
more than ~10 leading terms to the sum in Eq. (1) only
changed the polarizability by ~0.1%. To estimate the accu-
racy of the oscillator strengths used as inputs for our magic
polarization calculations, we compared the polarizabilities of
some reference states against previously published results, as
summarized in Table I. For all of these cases, our calculations
reproduced the published values reasonably well, indicating
that the oscillator strengths of the important transitions are
accurate to better than 10%.

III. MAGIC POLARIZATION FOR TWO-PHOTON
OPTICAL CLOCKS

The atomic level structures relevant to two-photon opti-
cal clocks in neutral calcium and strontium are shown in

TABLE I. Calculated polarizabilities (in atomic units), for se-
lected levels in calcium and strontium, that are used to benchmark
the input data for the light shift and magic polarization calculations.
All calculations are for m; = 0 sublevels. Our calculations agree with
published values to better than 10%.

Polarizability [a.u.]

A [nm] Level This work Other results
00 Ca4s? 'S, 154.7 163.0% 168.7(16.9)"
o0 Sr5s2 1S, 201.6 192.5,°197.2¢
813.4 Sr 552 1S, 295.6 278.1,° 286.04

2Reference [51].
PReference [52].
‘Reference [47].
dReference [53].

Fig. 1. The strong dipole-allowed 'Sp-'P; cycling transitions
are convenient for laser cooling the atoms in order to increase
the interrogation time and reduce the second-order Doppler
shift [12,26]. The two-photon clock states are the ground
1S, state and the excited 'D,, m; = 0 state. The transition
between these states is insensitive to the first-order Zeeman
shift. The 'Sy-'D, two-photon clock transition is probed using
two laser beams with identical frequencies, but oppositely
directed wave vectors. The ground and excited clock states
are hereafter denoted as |g) and |e).

The dynamic polarizabilities calculated for calcium and
strontium, in atomic units, as a function of w are shown
in Fig. 2. (In atomic units, a polarizability of 1 is equal to
4megay, where € is the permittivity of free space and aj is the
Bohr radius.) At the clock transition frequency, the differential
polarizability between |g) and |e) (which is proportional to
the light shift of the clock transition) is shown as a function
of probe laser linear polarization angle in Fig. 3. Both calcium
and strontium two-photon clocks possess a magic polarization
at which the differential polarizability is zero. This feature
is generic, and we verified that the existence of a magic
polarization angle is not affected by +10% changes in a
number of oscillator-strength values.

(a) (b)

4s4p 1Py 5s5p ' Py

A
4s3d ' Dy 5s4d 1 Dy
423 nm 461 nm
915 nm 993 nm
—_ 4 e
=5, Ca 575, °Sr

FIG. 1. Level structures of (a) “°Ca and (b) %¥Sr. The main
cooling line for calcium (strontium) atoms is the 'Sy-'P; cycling
transition at 423 nm (461 nm), and the 'S;-'D, clock transition
involves two photons at 915 nm (993 nm).
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FIG. 2. Dynamic polarizabilities of (a) strontium and (b) calcium
two-photon clock states at the magic polarization angle 6. The ver-
tical dotted gray line indicates the frequency of the clock transition,
at which the polarizabilities of the ground and excited states can be
made equal.

The existence of a magic polarization in calcium and stron-
tium is related to the light shift of |e). (The polarizability of |g)
is independent of the polarization angle and has positive sign
at the two-photon clock transition frequency, which decreases
the energy of the ground state for increasing laser intensity.)
The two odd-parity states closest in energy to |e) are the
4s54p (555p) le and 3d4p (4d5p) ng states in calcium (stron-
tium). For x polarization, the probe laser is red-detuned on the
D,, my =0 <« Ipe. my = =£1 transition, resulting in a large
positive polarizability for |e) which exceeds the polarizability
of |g). For z polarization, the Dy,ym; =0« IDg, my=0
transition does not contribute to the polarizability due to angu-
lar momentum conservation. The light shift for z polarization
is therefore determined by the 4s4p (5s55p) le state on which
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FIG. 3. Light shifts for calcium and strontium due to the probe
laser at two-photon resonance, as a function of linear polarization
angle. & = 0° denotes z-polarized light, & = 90° denotes x-polarized
light.

(b) Sy

—-100

FIG. 4. Differential polarizability between the clock states in
atomic units for (a) calcium and (b) strontium, plotted on a Poincaré
sphere. On the sphere, the polarizability is cylindrically symmetric
around the axis connecting x polarization to z polarization. The
magic polarization angle corresponds to the band with zero differ-
ential polarizability.

the probe laser is blue-detuned, which results in a negative
polarizability for |e). Between pure z and pure x polarization,
therefore, there is generically a magic polarization angle 6, at
which the ground and excited clock states have identical light
shifts. Therefore, the exact value of the magic angle may be af-
fected by uncertainties in our calculations as described above,
or higher-order O(£*) corrections to the polarizabilities, but
the existence of a magic angle is a robust result.

In passing, we note that we also performed calculations
for rubidium two-photon clocks operating on the 778 nm
581/2-5D32,5/2 clock transitions but did not find a magic
polarization angle for degenerate two-photon excitation. This
is related to the fact that the two-photon clock frequency hap-
pens to be very close to the strongly allowed 55 ,-5P3, tran-
sition at 780 nm. Therefore the polarizability of the ground
state is so large that it entirely dominates the differential
polarizability for all polarizations of the probe laser.

For the case considered here, where the clock laser prop-
agates perpendicular to the quantization axis, the differential
polarizability does not depend on the ellipticity of the probe
laser polarization. As a result the magic polarization angle
is robust against any phase differences between the & and 2
components of the laser polarization, such as might be accrued
in propagation through birefringent optical components (e.g.,
stressed vacuum viewports). This fact is evident in Fig. 4,
where the differential polarizability plotted on the Poincaré
sphere is seen to be independent of ¢.

For both calcium and strontium the light shift in the vicinity
of the magic polarization angle, 6y, is Swrs = k(0 — 6)),
with the shift coefficient ¥ &~ —0.4 [Hz/(W /cm?)]/rad. From
Fig. 5, typical probe laser intensities for the calcium and stron-
tium two-photon transitions are expected to be ~1 W/cm?.
With its polarization set to within 1 mrad of 6y over the
atomic ensemble (easily accomplished with standard optical
components), it is sufficient to stabilize the probe laser in-
tensity to just 1% to ensure that the systematic error due to
the light shift is below 10~'®, Probing the transition with a
magic polarized laser effectively suppresses the light shift by
over two orders of magnitude and eliminates one of the main
sources of inaccuracy in two-photon optical clocks based on
alkaline-earth atoms.
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FIG. 5. Two-photon Rabi frequencies for strontium and calcium
clock transitions as a function of probe laser polarization angle. Rabi
frequencies are shown for three values of the angle ¢, the phase
difference between x and Z components which describes the degree
of circular polarization. The plot shows |Q2|?> normalized to its value
at 0 = 0. The value of Q) = 4.85 (22.1) Hz/(W /cm?) for calcium
(strontium). The magic polarizations for calcium and strontium are
indicated with a dashed vertical line.

The choice of laser polarization also affects the two-photon
Rabi frequency © and the excitation rate oc|S2|>. The two-
photon Rabi frequency is 12 =", % The value
of © was numerically calculated for the calcium and stron-
tium two-photon transitions using the same set of oscillator
strengths used for the polarizability calculations. The calcu-
lated dependence of the Rabi frequency on the probe laser
polarization is shown in Fig. 5. An analytical expression that
accurately predicts the 6 and ¢ dependence of the Rabi fre-
quency is derived in the Appendix. Intuitively, the dependence
of © on laser polarization can be understood as follows: the
amplitude for the two-photon transition from 'Sy, m; = 0 —
D,, m;y =0 is a sum of three interfering amplitudes, for
excitation via intermediate m, = 0, %1 states. The relative
amplitudes and phases of these three terms are set by 6 and
¢. At 6 = arccos(%), ¢ = 0 there is complete destructive

interference between these three excitation pathways and the
Rabi frequency goes to zero (see Appendix). However, adding
a phase difference ¢ between the & and Z components of
the electric field destroys this perfect cancellation between
amplitudes and prevents the Rabi frequency from becoming
zero for any value of 6. As this phase shift does not affect
the differential polarizability between the clock states (see
Fig. 4), the Rabi frequency for the transition can be tuned
independently from the magic polarization and optimized as
required. For example, controlling ¢ allows the strontium two-
photon transition to have a large Rabi frequency despite the
closeness of its magic polarization angle to the interference
minimum at & 55°, as shown in Fig. 5.

In summary, we have described a magic polarization
scheme for radically suppressing probe laser light shifts in
two-photon optical clocks. Setting the probe laser to a magic
polarization angle is sufficient to eliminate systematic errors

due to light shifts in calcium and strontium two-photon clocks,
opening up a path to compact and portable optical clocks
based on simple two-photon transitions. Controlling polariza-
tions to cancel light shifts may also be a useful method for
other precision measurements on highly forbidden atomic and
molecular transitions.
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APPENDIX: POLARIZATION DEPENDENCE OF THE
TWO-PHOTON RABI FREQUENCY

The two-photon Rabi frequency is

(e|D|k) (k|D|g)

hQ = _ Al
Z fla)() — Ek ( )
with the summation extending over intermediate states that
are connected to the |g) and |e) states. The E 1 Hamiltonian is

1 , 1 :
D=¢& (cos 0dy — — sin0e®d; + — sin Be'®d_
V2 V2

where & is the laser electric-field amplitude, d (g = 0, £1)
are the spherical components of the dipole moment operator,
and the polarization angles 6 and ¢ are defined in the main
text.

Using the Wigner—Eckart theorem, the matrix elements of
the spherical components of the dipole moment can be written
as

1>, (A2)

Jx I J;

(Jk,mk|dq|fi,mi>=(_1)1kmk(_mk qg m

> elld 1) -
(A3)

The state |g) has J = 0, m = 0 and the state |e) has J = 2,
m=0.

Only three sets of matrix elements between these states and
intermediate states result in nonzero contributions to the sum:

(2,01do|1, 0) (1, 0ldy|0, 0)
2

= T3 Urlldl i) (Jelld i) » (A4)
(2,01d1|1, =1) (1, 1|d 10, 0)
1
—= =€ Jslld||Jx) Jilld 1) A5
ffe ? UrlldIle) Gelld|;) (AS)
(2,0ld_1|1, 1) (1, —1]d,]0, 0)
? Urllde) Gelld ;) - (A6)

J__f
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All three of these pairs enter the Rabi frequency with the same
energy denominator. Therefore

(e|D|k) (k|D|g)

1 1
= EF——— (J|d|| ) Uelld)|J;
omﬁun k) (el 1)
2
X |:200529—2<% sin@ei¢):| (A7)

o¢ (Jrl|d| k) (Jelld|| ;) (2 cos® @ — sin? Be*?), (A8)

and the two-photon Rabi frequency is

Jrlld i) (elldI1Ji)
ha)o — Ek ’

hQ o (2 cos’ 6§ — sin’ QeZi"’) Z (
k
(A9)

For ¢ = 0 (pure linear polarization), the Rabi frequency 2
goes to zero when cos?f = %, as shown in Fig. 5. For other
values of ¢, the magnitude of €2 does not become zero for any
value of 6.
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