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Strong-field ionization, rescattering, and target structure imaging with vortex electrons
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Manifestations of and possibilities related to vortex electrons in strong-field physics are discussed. We present
a theory which extends the foundation of a powerful method of target structure and dynamics imaging to vortex
electrons. The theory enables one to extract the differential cross section (DCS) for elastic scattering of a vortex
electron on the parent ion—a collision property introduced here—from the observable photoelectron momentum
distribution (PEMD). We illustrate this by considering strong-field ionization from π orbitals in two atoms, Xe
and He+, and a molecule, O2. The vortex DCS is shown to be sensitive to the target structure. The PEMDs
formed by vortex electrons are predicted to be sensitive to the chirality of the target. Extracting vortex DCSs
from experimental PEMDs may open a new avenue for rescattering photoelectron spectroscopy.
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I. INTRODUCTION

In quantum mechanics, a freely moving electron may have
a nonzero projection of its orbital angular momentum on
the direction of propagation. Recently, such vortex wave-
packet states have been discussed theoretically [1,2] and
relativistic vortex electron beams have been created experi-
mentally [3–5]. The wave function of a vortex electron has
a helical phase front, with the probability current density
spiraling about the quantization axis, and turns to 0 along the
axis. This intrinsic structure strikingly differs from that for
ordinary electrons described by wave functions with a locally
plane phase front and laminar current flow. One therefore
can expect that vortex electrons will demonstrate unusual
behavior and properties at a fundamental level, which has
naturally aroused much interest. Indeed, unusual features in
collision [6–10] and radiation [11–13] processes with vortex
electrons and in their interaction with magnetic [14] and
electromagnetic [15,16] fields and matter [17] were predicted.
The current state of this rapidly developing field and parallels
with optical vortices [18] are reviewed in Refs. [19–21].

In this paper we explore possibilities related to vortex elec-
trons in strong-field physics [22]. Free nonrelativistic vortex
electrons can be produced by strong-field ionization from
bound vortex states—orbitals in linear molecules having a
nonzero azimuthal quantum number m. This takes place if the
molecule is aligned along a linearly polarized ionizing laser
field. An electron released by the field returns to the parent ion
and undergoes rescattering after the field changes sign [23].
The value of m is conserved during the evolution, so rescat-
tering occurs with a vortex incident wave. Rescattered pho-
toelectrons carry information about the collision process, and

*tolstikhin.oi@mipt.ru
†toru@pc.uec.ac.jp

this is encoded in the photoelectron momentum distribution
(PEMD) [24,25]. Imaging molecular structure and dynamics
by extracting this information from observable PEMDs is
the essence of rescattering photoelectron spectroscopy. In
particular, a powerful method enabling one to extract the
differential cross section (DCS) for electron-ion elastic scat-
tering proposed in Ref. [24] and demonstrated by the analysis
of experiments on atoms [26,27] and molecules [28–31] and
for the (e, 2e) process [32] has been established [33]. Here,
we generalize this method to vortex electrons. Importantly,
the DCS in this case is a collision property characterizing
elastic scattering of vortex electrons. As far as we know, such
DCSs have never been discussed theoretically or measured ex-
perimentally. The perspective to access this property through
strong-field PEMDs opens a new avenue for rescattering pho-
toelectron spectroscopy. The feasibility of this is supported by
recent experiments [34,35] to which we return below.

The paper is organized as follows. The adiabatic theory of
rescattering for vortex electrons is developed in Sec. II. The
theory is illustrated by calculations for two atoms, Xe and
He+, and a diatomic molecule, O2, in Sec. III. Section IV
summarizes our results.

II. THEORY

We consider a linear molecule treated in the single-active-
electron approximation. The molecule is assumed to be
aligned along the z axis of the laboratory frame. The interac-
tion of the active electron with the molecular ion is described
by an axially symmetric potential V (ρ, z) in cylindrical coor-
dinates (ρ, ϕ, z). The electron is initially bound in an orbital
with energy Em and wave function φm(ρ, z)eimϕ , where m is
the projection of its angular momentum on the molecular axis.
The wave function satisfies φm(ρ → 0, z) ∝ ρ|m|, so vortex
orbitals with m �= 0 have a node along the molecular axis; the
difference between the shapes of σ (m = 0) and π (m = 1)
orbitals is illustrated in Fig. 1(a). The molecule is irradiated by
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FIG. 1. (a) Schematic of ionization and rescattering for σ (m = 0) and π (m = 1) orbitals of Xe(5pm) in a linearly polarized laser field,
F(t ) = F (t )ez. The surfaces on the left show phase fronts of wave packets returning for rescattering. Ionizing orbitals are illustrated on the
right. (b) PEMDs P(k⊥, kz ) for these orbitals generated by a pulse of amplitude F0 = 0.1 and duration T = 240 (frequency ω ≈ 0.052) obtained
by solving the TDSE. Dashed white lines show the backward rescattering caustic (k⊥(θ ), kz(θ )) parameterized by the scattering angle θ in the
interval 90◦ � θ � 180◦. The factorization formula, (4), holds in the vicinity of the caustic. (c) Solid black (TDSE) lines show cuts P(θ ) of the
PEMDs in (b) along the caustic. Dashed red (AA) lines show results obtained in the adiabatic approximation from Eq. (4). Short-dashed blue
(right axis) lines show the DCSs along the caustic | fm(θ )|2. DCSs are normalized to the AA results at θ = 180◦ for m = 0 and at θ = 150◦ for
m = 1.

an intense low-frequency laser pulse linearly polarized along
the z axis, with the electric field presented by F(t ) = F (t )ez.
The PEMD P(k⊥, kz ) in this case is axially symmetric about
the kz axis, where (k⊥, ϕk, kz ) are cylindrical coordinates
in the photoelectron momentum space. We solve the time-
dependent Schrödinger equation (TDSE) and calculate the
PEMD, which is used to demonstrate our idea. On the other
hand, we analyze the problem usig the adiabatic theory [36].
The imaging method proposed in Ref. [24] is based on the
property of factorization of strong-field PEMDs in a certain
region of the photoelectron momentum plane (k⊥, kz ) into the
DCS for electron-ion elastic scattering and a returning photo-
electron wave packet (RWP). Recently, we have derived the
factorization formula from the adiabatic theory and obtained
an analytical expression for the RWP [37], which made the
method quantitative. To generalize the method to nonzero m,
we need to reconsider the description of the tunneling ioniza-
tion and rescattering processes and rederive the factorization
formula underlying the DCS extraction procedure. We do this
following Refs. [36,37]. Atomic units are used throughout.

A. Ionization

In the adiabatic regime, ionization proceeds as if the field
were static and equal to the instantaneous laser field [36].
In the presence of a static electric field F = Fez, F � 0,
the unperturbed bound state turns into a Siegert state (SS)
satisfying outgoing-wave boundary conditions [38]. The SS
energy Em(F ) is complex; its imaginary part defines the
ionization rate 	m(F ) = −2 Im Em(F ) of the state. The SS
eigenfunction contains an outgoing flux at z → −∞. The
transverse momentum distribution (TMD) of electrons in the
flux is described by a TMD amplitude Am(k⊥; F )eimϕk satisfy-
ing Am(k⊥ → 0; F ) ∝ k|m|

⊥ [38]. Note that for m �= 0 there are
no electrons which tunnel with zero transverse momentum,
i.e., along the molecular axis, yet ionization occurs, although
at a lower rate than in the case m = 0 for the same ionization
potential. This can be seen in the weak-field limit, when the
rate 	m(F ) and the TMD amplitude Am(k⊥; F ) are known

analytically and related by [39]

	m(F ) = |m|!
4π

(
F

κ

)1+|m|
|Am(F )|2, F → 0, (1)

where κ = √−2Em and Am(F ) = Am(k⊥ → 0; F )/k|m|
⊥ . The

ratio Am(F )/A0(F ) for orbitals with equal energies Em = E0

approaches a constant at F → 0 [39], so the lower rate for
m �= 0 results from the higher power of F in Eq. (1). As
the laser field slowly varies, the SS adiabatically follows the
variation [36]. Its field-dependent properties introduced above
become functions of time Em(t ), 	m(t ), and Am(t ) obtained by
substituting F = F (t ).

B. Rescattering

After tunneling at time ti in the instantaneous field F (ti), a
wave packet of electrons is driven by the field and returns for
rescattering [see Fig. 1(a)] at time tr defined by the equation
(tr − ti )v(ti ) = ∫ tr

ti
v(t )dt , where v(t ) = − ∫ t

−∞ F (t ′)dt ′ is the
velocity of a reference electron trajectory [36]. Only elec-
trons with transverse momenta k⊥ � a/(tr − ti ) experience
rescattering, where a is the range of the potential V (ρ, z)
in ρ. In the adiabatic regime [36], such momenta are much
smaller than the characteristic width k⊥ ∼ √

F/κ of the TMD
amplitude Am(k⊥; F ) [39]. Thus, the transverse structure of
the wave packet arriving for rescattering in the region ρ � a is
determined by a factor ρ|m|eimϕ . The scattering state produced
by such a vortex incident wave propagating with momentum
kez is defined by

[− 1
2 
 + V (ρ, z) − 1

2 k2
]
φm(r; k) = 0, (2a)

φm(r; k)|r→∞

=
[

(kρ)|m|eikz−iγ ln k(r−z) + fm(k, θ )
eikr+iγ ln 2kr

r

]
eimϕ.

(2b)

Here we have taken into account that the potential may have
a Coulomb tail, V (ρ, z)|r→∞ = −Z/r, and γ = Z/k. The
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coefficient fm(k, θ ) in Eq. (2b) is the scattering amplitude
defining the DCS | fm(k, θ )|2 for elastic scattering at angle θ .
For m = 0, the scattering state and the DCS defined by Eq. (2)
reduce to the usual ones considered in scattering theory [40],
but for m �= 0 they represent objects not discussed previously.
We mention that Eq. (2) should follow in the appropriate limit
from equations used to describe potential scattering of rela-
tivistic Bessel vortex electrons [7–10]. However, the limiting
procedure is not transparent, while Eq. (2) presents a very
simple generalization of the standard scattering problem [40],
and this is exactly what we need for the present analysis. It
follows from Eq. (2) that fm(k, θ → π ) ∝ (π − θ )|m|, i.e., the
scattering amplitude for m �= 0 turns to 0 in the backward
direction. For a purely Coulomb potential, V (ρ, z) = −Z/r,
Eq. (2) can be solved analytically and we obtain

f (C)
m (k, θ ) = 	(1 + |m| − iγ )

	(1 − iγ )
(−i cot θ/2)|m| f (C)(k, θ ), (3)

where f (C)(k, θ ) is the usual Coulomb scattering amplitude
for m = 0 [40]. The wave packet returns for rescattering
with incident momentum u f ez, where u f = v(tr ) − v(ti ) [36].
Therefore rescattering at time tr is characterized by the ampli-
tude fm(u f , θ ).

C. Factorization formula

After rescattering, photoelectrons arrive at a detector. In
the general case, there are several trajectories contributing to a
given point in the photoelectron momentum plane (k⊥, kz ). In
particular, two trajectories (termed long and short) determine
the PEMD in the region where it is dominated by backward
rescattered photoelectrons [41]. These trajectories coalesce
along a backward rescattering caustic (k⊥(θ ), kz(θ ))—a line
in the (k⊥, kz ) plane which we parametrize by the scattering
angle θ [see dashed lines in Fig. 1(b)]. The caustic is com-
pletely determined by the function F (t ); explicit formulas are
given in Ref. [37]. At the caustic, the kinematic characteristics
ti, tr , and u f of the rescattering event become functions of
θ [37]. The factorization formula holds in the vicinity of the
caustic. It is convenient to introduce curvilinear coordinates
(θ,
k) in this region, with θ defining the position along the
caustic and 
k being measured from the caustic along the
external normal to it. Following the derivation in Ref. [37]
with appropriate modifications dictated by the present vortex
structure of the TMD amplitude and scattering state, we obtain
in the adiabatic approximation the PEMD

Pc(k⊥, kz ) = | fm(θ )|2Wm(θ,
k), (4)

where fm(θ ) = fm(u f , θ ) is the scattering amplitude at the
caustic and

Wm(θ,
k) = |Ai (α(
k − q))|2
∣∣∣∣ 2

S′′′
r

∣∣∣∣
2/3

× 4π2|Am(ti )|2
u2|m|

f (tr − ti )3+2|m||F (ti)|

× exp

[
−

∫ ti

−∞
	m(t ) dt

]
(5)

is the RWP. Here Ai(x) is the Airy function, α =
(2/S′′′

r )1/3|u f |, q = −Em(ti )/(tr − ti )|F (ti )| is a quantum shift
of the caustic, and S′′′

r is a function of θ defined in Ref. [37].
Note that the RWP depends on 
k only through the Airy
function; all the other factors in Eq. (5) are functions of
θ taken at the caustic. Formula (4) generalizes the result
in Ref. [37] to arbitrary m. For m = 0, it has been vali-
dated by comparison with TDSE results [37] and successfully
applied to the analysis of experiments on atoms [42] and
molecules [43]. Below we demonstrate its performance in the
vortex case m �= 0.

III. ILLUSTRATIVE CALCULATIONS

We test the theory by calculating PEMDs generated by
two-cycle pulses with F (t ) = −F0 exp [−(2t/T )2] cos ωt and
T = 4π/ω. The TDSE is solved using a method described
in Ref. [44] generalized to linear molecules aligned along
the polarization axis. We have also implemented Eq. (4).
The scattering amplitude fm(k, θ ) is obtained by solving
Eq. (2) in spherical coordinates using the slow variable
discretization method [45] in combination with the R-matrix
propagation technique [46]. The SS properties Em(t ), 	m(t ),
and Am(t ) appearing in Eq. (5) are calculated using the
method developed in Ref. [38].

We begin with atomic targets. To illustrate the effect of
m, we first compare PEMDs resulting from 5pm orbitals
with m = 0 and 1 in Xe. The atom is described by the
potential defined in Ref. [47]; the same potential was used
in Refs. [37,42]. The PEMDs generated by a typical strong-
field pulse with amplitude F0 = 0.1 and frequency ω ≈ 0.052
obtained by solving the TDSE are shown in Fig. 1(b). The
PEMD for m = 1 has a smaller magnitude than that for m = 0,
because of the lower ionization rate explained by Eq. (1). For
m = 1, the PEMD has a node at k⊥ = 0 and its width in k⊥
in the main part of the distribution representing direct pho-
toelectrons is larger than that for m = 0. The contribution of
direct photoelectrons is described by the TMD amplitude [36],
so these differences reflect the difference between the TMD
amplitudes for m = 0 and 1. In both cases, there exists a pro-
nounced interference structure produced by the contributions
from long and short backward rescattering trajectories in the
left part of the distribution. The backward rescattering caustic
(shown by dashed lines) goes along the outermost maximum
in the structure. Cuts of the PEMDs along the caustic are
shown by solid lines in Fig. 1(c). These TDSE results are com-
pared with the results obtained in the adiabatic approximation
from Eq. (4) with 
k = 0 (denoted by AA). The very good
quantitative agreement between the results for both values of
m considered extends the validation of Eq. (4) [37] to nonzero
m. In addition, Fig. 1(c) shows the DCSs along the caustic
| fm(θ )|2. The DCSs for m = 0 and 1 have quite different
shapes, giving different images of the same atomic potential.
In particular, the DCS for m = 0 has a finite value in the back-
ward direction θ = 180◦, while that for m = 1 turns to 0 there.
The DCSs are normalized to the AA results at certain values
of θ , so the difference between the AA and the DCS curves
illustrates the dependence of the RWP factor in Eq. (4) on θ .

We next consider the case of a purely Coulomb potential,
to test the theory for the most basic system. In Ref. [37], the
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FIG. 2. Top: PEMD P(k⊥, kz ) for He(2p1) generated by a pulse
with F0 = 0.055 and T = 400 (ω ≈ 0.031) obtained by solving the
TDSE. The dashed line shows the caustic. Bottom: The solid black
(TDSE) line shows a cut P(θ ) of the PEMD along the caustic, the
dashed red (AA) line shows adiabatic results obtained from Eq. (4),
and the short-dashed blue (right axis) line shows the DCS along
the caustic | f1(θ )|2. The DCS is normalized to the AA results at
θ = 120◦.

performance of Eq. (4) for m = 0 in this case was illustrated
by calculations for the 1s state of H. To stay within the range
of the pulse parameters typical for strong-field physics, here
we consider ionization from the 2pm orbital with m = 1 in
He+. The results obtained for a pulse with F0 = 0.055 and
ω ≈ 0.031 are shown in Fig. 2. The top and bottom panels in
the figure present results similar to those shown in Figs. 1(b)
and 1(c), respectively. The DCS in the present case was
calculated using Eq. (3). We again see a very good agreement
between the TDSE and adiabatic results. The AA and DCS
curves are very close to each other, which means that the
RWP, (5), taken along the caustic in the present case is almost
independent of θ .

We now consider ionization from the highest occupied
orbital 1πg in a diatomic molecule O2. The molecule is
modeled by a potential given by a sum of two soft-core atomic
potentials,

V (ρ, z) = − Z (r−)√
r2− + δ2

− Z (r+)√
r2+ + δ2

, (6)

where r± = |r ± R/2| =
√

ρ2 + (z ± R/2)2 are the distances
between the active electron and the nuclei located at ±R/2,
R = (0, 0, R), R is the internuclear distance, Z (r) is a
coordinate-dependent effective charge, and δ = 0.3 is a soft-
ening parameter. We present Z (r) in the form

Z (r) = ZN − (Ze − 1){1 − [(v/u)(eur − 1) + 1]−1} (7)

proposed for modeling atomic potentials in Ref. [48]. This
function varies from Z (0)=ZN to Z (r → ∞) = ZN − Ze + 1.
We therefore set ZN = 8, for the nuclear charge of O, and
Ze = 8.5, so the molecular potential, (6), behaves at r → ∞

FIG. 3. Similar to Fig. 2, but for the 1πg orbital in O2 at the
equilibrium internuclear distance R = 2.28. The PEMD is generated
by a pulse with F0 = 0.08 and T = 260 (ω ≈ 0.048). The DCS is
normalized to the AA results at θ = 150◦. In addition, the dash-
dotted magenta (right axis) line in the bottom panel shows the DCS
for R = 3.

as −Z/r with charge Z = 1. The parameters u = 0.95013
and v = 2.0509 in Eq. (7) are chosen such that the energy
of the 1πg orbital at the equilibrium internuclear distance
R = 2.2819 is E1 = −0.4436, which reproduces the exper-
imental ionization potential of O2 [49]. The same approach
to constructing one-electron molecular potentials was used in
Ref. [43]. It is verified by the good agreement between the-
oretical and experimental PEMDs demonstrated therein. The
results obtained for a pulse with F0 = 0.08 and ω ≈ 0.048 are
shown in Fig. 3. The agreement between the TDSE and adia-
batic results is as good as in the atomic case, which validates
Eq. (4) for molecular targets. To illustrate the sensitivity of
the DCS for m = 1 to the molecular structure, we additionally
show in the bottom panel the same DCS calculated for a
larger internuclear distance, R = 3. The strong dependence of
the DCS on R may be used for imaging molecular dissoci-
ation process. In Fig. 4, we illustrate the behavior of DCSs
| fm(k, θ )|2 for O2 as functions of the incident momentum k
and scattering angle θ . The two upper panels calculated for the
same internuclear distance R = 2.28 illustrate the dependence
of the DCS on m. The two lower panels illustrate its depen-
dence on R for m = 1. The DCSs shown in Fig. 3 are cuts of
those shown in Fig. 4 along the dashed lines representing the
caustic. The position of the caustic is determined by the field
F (t ), so the other parts of the (k, θ ) plane in Fig. 4 can be
accessed by varying the pulse shape.

Let us return to recent experiments [34,35], where strong-
field ionization from molecular orbitals having a nodal surface
by a field directed along or close to the surface was observed.
The present theory shows that if the field points exactly along
a nodal surface, the PEMD is formed by vortex electrons
with m = ±1. If its direction deviates from the surface,
a contribution from the m = 0 ionization channel appears.
Thus, the dependence of the ionization yield on the molecular
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FIG. 4. DCSs | fm(k, θ )|2 for O2 as functions of the incident
momentum k and scattering angle θ in a region relevant for appli-
cations of Eq. (4). Dashed lines show images of the caustic from
Fig. 3. The values of m and the internuclear distance R are indicated.

orientation observed in Ref. [35] can be explained by the
interplay of the m = 0 and |m| = 1 ionization channels. The
very fact that the dependence has been observed supports
the feasibility of detecting vortex electrons in current exper-
iments.

The most important difference between plane-wave
(m = 0) and vortex (m �= 0) electrons for rescattering

spectroscopy predicted by Eq. (4) consists in the following.
The RWP, (5), does not depend on the sign of m, but the DCS
for chiral molecules does, and hence so does the PEMD (4). In
particular, PEMDs formed by vortex electrons with m = ±1
in the experimental setup in Refs. [34,35] should be sensitive
to the chirality of the target. The present scheme of observing
chiral effects in the interaction of vortex electrons with matter
via vortex DCSs encoded in strong-field PEMDs has advan-
tages over the approach using externally prepared vortex elec-
tron beams [4,17]: (a) the parent ion is automatically located
on the beam axis, and (b) subfemtosecond temporal resolution
can be achieved [31]. Within strong-field physics, the present
scheme enables one to extend the observation of chiral effects
from high-order harmonic spectra [50–52] to PEMDs.

IV. SUMMARY OF THE RESULTS

Summarizing, we have introduced a collision property—
the DCS for elastic scattering of a vortex electron on the par-
ent ion defined by Eq. (2). We have derived the factorization
formula, (4), and shown that it enables one to extract this
property from PEMDs generated by strong-field ionization
from vortex orbitals in linear molecules. The formula predicts
that PEMDs formed by vortex electrons with m �= 0 are
sensitive to the chirality of the target. Extracting vortex DCSs
from experimental PEMDs may open a new chiral-sensitive
window for molecular structure and dynamics imaging in
rescattering photoelectron spectroscopy.
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