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We propose a scheme for generating a continuous-variable (CV) quadripartite unlockable bound entangled
state from cascaded four-wave mixing processes. Different from the previous method involving a bipartite
entangled state and two thermal states, our results show that the CV quadripartite unlockable bound entangled
state can be generated via the internal reconfiguration of a four-mode entangled state. Both the nondistillability
and superactivation of the generated CV quadripartite unlockable bound entangled state can be demonstrated.
We believe that our scheme is experimentally accessible and will contribute to a deeper understanding of CV

multipartite unlockable bound entanglement.
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I. INTRODUCTION

Quantum entangled resources [1], which play a central
role in quantum physics, utilize the unique properties of the
quantum systems to fulfill computing, communication, and
measurement tasks, and own advantages over the classical
systems. In a realistic setting, a quantum entangled state is
very fragile and can be easily degraded to be mixed by the
unwanted decoherence processes from the environment. For a
wide class of mixed entangled states, it has been shown that
they can be distilled to become maximally entangled states by
means of the distillation protocol [2,3]. Therefore, such mixed
entangled states can be used as available resources in quantum
communication and quantum computation. However, there
exists a set of so-called bound entangled states [4] from
which no pure entanglement can be distilled. Despite the
nondistillability of the bound entangled state, two sets of mul-
tipartite bound entangled states tensored together can make
a distillable state, which is known as “superactivation” (or
“unlockability”). For superactivation, two sets of multipartite
bound entangled states p;, p, are combined to yield more pure
entanglement than the sum of what a set of parties could distill
from either p; or p; on their own, even if many copies of p; or
02 are shared [5]. Experimentally, the superactivation can be
realized by dividing all the parties of p;, p, into several groups
and making some of the groups joined together by performing
collective quantum operations. Then pure entanglement may
be distilled from the two parties within some of the divided
groups [5,6]. In the last two decades, bound entanglement has
attracted considerable attention. Much effort has been devoted
to the underlying physical properties of the bound entangle-
ment such as its relationship with the positive partial transpose
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condition [4,7-9], the stabilizer formalism [10,11], and the
Bell inequalities [12—14]. Moreover, it has been found that the
bound entanglement has its practical implications in quantum
cryptography [15-19], quantum teleportation [20,21], quan-
tum metrology [22], remote information concentration [23],
and reducing communication complexity [24].

For the generation of multipartite bound entanglement,
a number of schemes have been theoretically proposed and
some of them have been experimentally realized. In the
discrete-variable regime, a class of four-qubit unlockable
bound entangled states, known as the Smolin state, was first
proposed in Ref. [25]. Since then, the Smolin state has been
deeply studied [5,26] and experimentally demonstrated with
polarized photons [27-30] and trapped ions [31]. Here, we
focus on the continuous-variable (CV) regime, which yields
promising perspectives in unconditional quantum state gen-
eration and high-efficiency quantum detection [32]. In order
to generate a CV quadripartite unlockable bound entangled
state (also named the CV Smolin state), a feasible method is
to mix a bipartite entangled state with two external thermal
states [6,11,19]. However, the above scheme is limited by
the thermal noise introduced into the system. Although the
thermal noise can decorrelate the bipartite entangled state and
therefore realize the undistillability of the CV Smolin state,
it can also degrade the superactivation of the CV Smolin
state at the same time [6]. As a result, the CV Smolin state
can only be obtained within a relatively restricted range
of thermal noise. In this paper, we propose a multipartite
entangled state manipulation scheme for generating a CV
Smolin state via the internal reconfiguration of a quadripartite
entangled state from cascaded four-wave mixing (FWM) pro-
cesses. Based on the unique structure of the cascaded FWM
processes [33-37], our scheme utilizes the local operation
and classical communication (LOCC) method to degrade the
generated quadripartite entangled state, and therefore realize
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FIG. 1. Scheme for the generation of a CV Smolin state from cascaded FWM processes.

the nondistillability of the CV Smolin state. Furthermore,
we also demonstrate the superactivation of the generated CV
Smolin state. An Einstein-Podolsky-Rosen (EPR) entangled
state can be distilled by employing the tensor product of two
identical CV Smolin states generated by our scheme. More
importantly, our results show that the CV Smolin state can
be obtained by our scheme within a large range of adjustable
parameters, which makes it possible to achieve an uncondi-
tional CV Smolin state. Our work may provide an idea for the
generation of a CV multipartite unlockable bound entangled
state.

II. GENERATION OF A CV SMOLIN STATE FROM
CASCADED FWM PROCESSES

As is shown in Fig. 1, our scheme for generating a CV
Smolin state can be divided into two steps: the generation of a
quadripartite entangled state and its internal reconfiguration.
For the first step, cascaded FWM processes are used to
generate four quantum correlated beams p2, ¢2, p3, ¢3 that
are spatially separated. It has been demonstrated that these
beams have strong intensity-difference squeezing [33] and
share genuine quadripartite entanglement [34]. The cascaded
FWM processes, which consist of three FWM processes,
can be theoretically described as follows in detail. When
two vacuum states a0, d.o enter into the first FWM process
(FWM,) pumped by a strong pump beam (pump), they will be
amplified and become a,,, a.i, respectively. The input-output
relation for the FWM; can be given by

ap1 = Gilyn + 818}, et = Graeo + @10y, (1)

where G; is the amplitude gain of the FWM, and &} = G? —
1. To generate spatially separated quadripartite entangled
beams, the twin beams pl, ¢l are injected into the second
and third FWM processes (FWM, and FWM3), respectively.
Then the beams p1 and c1 are amplified to become p2 and ¢3,
and two new beams c¢2 and p3 are generated. In this way, the

FWM, (FWM3) can be expressed as

+

A ~ . P ~ ~
apy = Galp) + &24,;, Gcr = Gallyy + 28,

(ap3 = Gada + 830, a3 = Gy + g3a0,), ()

where a,1, a,, are the vacuum states, and G, and Gz are the
amplitude gains of the FWM, and FWM3, respectively. For
simplification, it is assumed that G3 = G, in the following
discussions.

Up to now, a quadripartite entangled state a,,dc,
ap3, ac3 has been generated from the cascaded FWM pro-
cesses. However, it is not a quadripartite bound entangled
state given that quantum entanglement can be unconditionally
distilled from this state. To explain this point, the degree
of the distillability D is needed to judge whether quantum
entanglement can be distilled from the generated quadripartite
entangled state with the help of LOCC. For an arbitrary
quantum state including four modes a;, @, ds, a4, there are
six bipartite scenarios a|a;, a,|as, a,|as, ax\as, a|as, asla,.
For each pair a;|a;, we define the degree of the distillability

(61,
DY = (N*Ri = X)) + (A2 (0 + ¥ + ¢ Ve + ¢ 1)),
DY = (A0 + 7)) + (AR = X + i3 K= %) )

Here, (A20) = (0?) — (0)2, X =a' +a, and ¥ = ia' —ia
are the amplitude and phase quadratures of the correspond-
ing field. ¢y} ;) and ¢y}, are the adjustable classical gains
in the LOCC protocol for minimizing the corresponding
degree of the distillability Dy and Dy [39], and sub-
scripts i, j, k, [ are unequal numbers among 1, 2, 3, 4. The
pair a;|a; is undistillable on the condition that its mini-
mal degree of the distillability is higher than the quantum
noise limit (QNL), i.e., DY >4 and DY >4 [38]. If all
SiX pairs dapl|as, alas, a|as, ax|as, a,|as, as|as are undistill-
able, a quadripartite bound entangled state is generated. For
the four modes a9, dc2, 4p3, Gc3 output from the cascaded
FWM processes, it can be easily inferred that quantum en-
tanglement cannot be distilled from the bipartite scenarios
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FIG. 2. Distillability of the quadrature entangled state from the
cascaded FWM processes. Trace i (blue dash-dotted line) shows
the degree of the distillability of the bipartite scenario &;|acs,
ie., D;}z‘g, D;m, vs G,. Trace ii (red solid line) shows the degree
of the distillability of the bipartite scenarios &|dcs, p3ldcs, i.e.,
Dﬁm, Dgz"z, D)p(m, ng, vs G,. Trace iii (black dashed line) is the
corresponding QNL.

aplays, aeolacs, and agola,; because these bipartite scenarios
consist of the beams which have no interaction with each
other [34]. For the other pairs @, |dc2, @p3lacs, and a,lacs, the
minimal degree of the distillability can be easily calculated
and given by

p2c2 _ pyp2¢2 _ pyp3c3 _ p3c3
D X =D Y =D X - DY - G2 2
1t 8

’

426163 ~ 2610163 — 1) (1 +2G{G3g3).

1 +4G3G2g

p2c3 _ yp2e3
DX - DY -

“4)

Figure 2 shows the minimal degree of the distillability of
the three bipartite scenarios d,;|dc2, 4p3|dc3, Aplacs versus Go
when we fix G; at /3. As is shown by trace i (blue dash-
dotted line) in Fig. 2, it can be found that the degree of the
distillability Df(z(?) raises quickly with the increasing of G,,
and D;}z(cf) is higher than the QNL when G, > 1.64. In other
words, the FWM, and FWM3; degrade the distillability of the
pair a,|a.3 and we cannot distill the quantum entanglement
from the pair a,la.3 for any G, > 1.64. It is because the
FWM, and FWMj3; introduce added thermal noise into the
fields a,, and a3, respectively. These thermal noise has no
quantum correlations and therefore will degrade the quantum
entanglement between the fields @,, and a.3. Although the
FWM, and FWM3; can make the pair a,;|d.3 undistillable,
they will introduce quantum correlations into the other two
pairs 4,7|a. and a,3la.3, respectively. As is shown by trace
ii (red solid line) in Fig. 2, it can be found that for almost all
gain range, as long as G, > 1.04, the degree of the distillability
Df(z&z), D§3&3) is lower than the QNL. It means that the pairs
aplae and a,3la.3 are undistillable only under the condition
that G, < 1.04. Traces i and ii cannot be higher than the QNL
at the same time and therefore the quantum entanglement
can be unconditionally distilled from either the pair a,;|a.s
or the other two pairs aplac, aplacs. Since the criterion of
a quadripartite bound entangled state is that all six bipartite

scenarios have to be undistillable simultaneously, the four-
mode entangled state ap, a2, @,3, a.3 output from the cas-
caded FWM processes is not a quadripartite bound entangled
state.

In order to realize the undistillability of the quadripartite
bound entangled state, decoherent processes have to be intro-
duced into the entanglement system. In this aspect, a service-
able method is to involve external thermal states [6]. Different
from the previous scheme, here we propose to decorrelate a
quadripartite entangled state by its internal reconfiguration.
It has been demonstrated above that the FWM, and FWM;
will introduce the quantum correlations into the pairs a,|a.»
and a,;3a.3, respectively. However, these two FWM processes
are independent and therefore the thermal noise generated by
them has no quantum correlations. Along this line, we propose
to couple the state ap, (a.3) from the FWM, (FWM3;) with
the thermal state from the FWM;3; (FWM,) to decorrelate the
pair a,|ac (ap3lac:) by using LOCC. We call this scheme
the internal reconfiguration of the quadripartite entangled
state (IRQS) from the cascaded FWM processes, which is
highlighted in the green background in Fig. 1. First, we seed
two beams c2 and p3 from the cascaded FWM processes into
two 50:50 beam splitters (BS; and BS,), respectively. Then
the beam c2 is split into ¢4 and b2, while the beam p3 is split
into b3 and p4. The input-output relation for the BS; (BS,) is
given by

Qs = @2+ D81)/V2, @ = (@2 — D51)/V2,
@ = @ — D) /Y2, aps = (ap3 + D) /V2), (5)

where Dp; (Vg) is the vacuum state. So far, two thermal
states .4 and a,4 have been prepared. In order to couple the
thermal state a4 (a,4) With the state a3 (a,0), a CV “Bell-
state” measurement [39] is used to obtain the information
of the amplitude X4 ()?p4) and phase quadratures Y (Yp4)
simultaneously. For the CV Bell-state measurement, first the
thermal state Gc4 (ap4) is seeded into a beam splitter BS;
(BS4), where it is assumed that the other port of the BSj
(BS,) is in vacuum state Dp3 (Dp4). Then the two output states
from the BS3 (BS,) are measured by two balanced homodyne
detectlons Therefore, the amplitude-sum quadrature XC4 +

m (Xp4 + X,,.) and phase-difference quadrature Y4 — ¥,
(YP4 vBA) can be obtained, which correspond to the output
photocurrents of the homodyne detections 11 (13) and 7o (i),
respectively. Then the photocurrents 11 (3) and 1 (?4) are
sent to an amplitude electro-optical modulator (EOMx) and
a phase electro-optical modulator (EOMp), respectively, to
modulate the field a, (ac3) to become a1 (aps):

ap1 = 4y + 111 + iE2Da,
(aps = Q3 + &1 + i62in), (6)

where & (&3) and & (&) are the adjustable gains in the
amplitude and phase modulations. For simplification, it
is assumed that & =& =& =& =§&, in the following
discussions. Up to now, the resulting beams b1, b2, b3, b4
generated by the IRQS from the cascaded FWM processes
are generated. It can be demonstrated that the generated four-
mode state dp;, dpy, dp3, Aps 1 a quadripartite bound entangled
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state. To demonstrate this point, we need to calculate the &y |apo, p1 a3, Ap1|apa, Qp2|Gp3, Gpo|bpa, Gp3lbps, Which s
degree of the distillability for the six bipartite scenarios given by

J

blb2 blb2 &\ 2 b1h2
+& 8182 81828y & Cxps +& Gig2
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FIG. 3. The contour plots of the minimal degree of the distillability

The degree of the distillability D%'%2, DbIb3 phibs phabs
DP4and DY** can be obtained by replacing each subscript
X with Y in Eqgs. (7)—(12), respectively. For the distillability
of each bipartite scenario D;{(Y) in the above equations, we

adjust the classical gains ¢y, and ¢y, (see Appendix A
for details) in the LOCC protocol as mentioned in Eq. (3) to
achieve its minimal value, which becomes a function of & and
G, later. The contour plots of the minimal degree of the distil-
lability DY%3 . DY D8 D23 DI DIt are shown in
Figs. 3(a)-3(f), respectively, where it is assumed that the gain
of the FWM; G, = V3. We first focus on the pair ap |ap,
and its minimal distillability D3 is shown in Fig. 3(a).
It is clear that for any G, from 1 to /10, we can always
make the minimal distillability D)bfl(l;z) > 4 by adjusting &. This
interesting result is very different from that of the pair a,; a2,
which is the precursor of the pair a;; |ay; before the IRQS from
the cascaded FWM processes as shown in Fig. 1. For the pair
Qp2ac2, as shown by trace ii in Fig. 2, it has been demonstrated
that its minimal distillability D’ >4 is limited by 1 <
G, < 1.04. The reason why the scheme IRQS can enlarge the
undistillable range of the pair a,;|a.; is that it couples the ther-
mal state a,4 from the FWMj3 with the state a,,, and therefore
decorrelates the pair d,;|dc;. For other pairs, it can be found

that the contour plot of the minimal distillability D} [as

shown in Fig. 3(a)] is exactly the same as the one of D%,
[as shown in Fig. 3(f)], while DY}’ [as shown in Fig. 3(b)]
is the same with D}3}} [as shown in Fig. 3(e)], which is
due to the symmetry of the four-mode state a1, dpo, A3, dps

Dh1b2 Dh1b3 Dh1b4 Dh2b3 Dh2b4 Db3b4

xx) Pxx)y Pxiy Vxi) Yx)ys X(y),varyingwitthandé.

generated by the IRQS from the cascaded FWM processes. As
shown in Figs. 3(b) and 3(e), the minimal distillability DY}
and DI} is always larger than 4, i.e., the quantum entangle-
ment can never be distilled from the pairs ap;|ap3 and ap |aps.-
For the other four pairs ap; |apy, @p1|apa, ap2|@ps, ap3|aps, they
cannot be undistillable all the time, but have their own
undistillable regions (the regions where the minimal degree
of the distillability is larger than 4), which is bounded by
yellow, green, red, and yellow curves as shown in Figs. 3(a),
3(c), 3(d), and 3(f), respectively. Since a quadripartite bound
entangled state yields that all its six bipartite scenarios have
to be undistillable, the overlap of the undistillable regions
of the pairs apy |ap2, Qp1|apa, Ap2|ap3, Aps3|apa gives the regions
of the quadripartite bound entangled state generated by the
IRQS from the cascaded FWM processes, which are shown
by the black shallow regions Rp; and Rp, in Fig. 4. It can
be found that the quadripartite bound entangled state in our
system can be achieved in a wide range with the change of
G, and &. For any G, > 1, there always exists suitable £ mak-
ing the four-mode entangled state from the cascaded FWM
processes become a quadripartite bound entangled state. Fur-
thermore, when & is fixed within some special range, i.e.,
& < —0.77 or & > 0.83, a quadripartite bound entangled state
can be unconditionally obtained from our system, whatever
G2 is.

The four-mode state generated by the IRQS from the
cascaded FWM processes is not only undistillable but
also unlockable, which makes it become a quadripartite
unlockable bound entangled state (also named CV Smolin
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FIG. 4. The regions of the quadripartite bound entangled state
generated by the IRQS from the cascaded FWM processes.

state). It is well known that a quadripartite bound entangled
state is undistillable when its four modes remain spatially
separated from each other. However, an EPR entangled state
can be distilled by the superactivation (or unlockability)
protocol, in which the tensor product of two identical CV
Smolin states has to be employed [5]. The superactivation
protocol of two identical CV Smolin states is shown by the
inset in the upper left of Fig. 5. First, there are two copies
of CV Smolin states ay;, dpp, dpz, dpsa and aps, dpg, Ap7, Apg
from which no quantum entanglement can be distilled. We
divide these two CV Smolin states into five parties A, B, C,
D, E which consist of (flbl), (flbz, flb5), (&b37 &b6), (flb4, &[ﬁ),
and (apg), respectively. Then, joint quantum measurements are
performed in the parties B-D, respectively, and all measured

FIG. 5. The scheme for superactivating two identical CV Smolin
states.

outcomes are sent to party A. Finally, an EPR entangled state
can be distilled between the two parties A and E. A detailed
scheme for superactivating two identical CV Smolin states is
shown in Flg 5, where flbl s flbz, flb3, flb4 and &b5, abg, flb7, flbg
are two identical quadripartite bound entangled states
generated by the scheme IRQSs from two sets of the cascaded
FWM processes. For each of the parties (a4, aps), (3, dps),
and (a@pa, ap7), joint homodyne detection is performed to ob-
tain both its sum-phase and difference-amplitude quadratures
(Yp2 +Yps and Xpp — Xps), (Yp3 + Ype and Xp3 — Xj), and
(Yps + Y7 and Xpa — Xp7), which correspond to the photocur-
rents (ifs and iy ). (ifs, and iyg), and (if, and iy) output
from the adder and subtractor AS;, AS,, and AS3. Then all the
photocurrents from the adders (subtractors) are summed up
and the sum current is sent to the EOMp (EOMXx) to modulate
the field a;; to become a;y. As a result, the field a;r can be
expressed as

A A - N - . e N
apr = ap1 + Kilyg, + Kolgg + K3lyg + K114
. e 8 . M+
+ikalyg, + iKk3lyq,, (13)

where k1, k2, and k3 are the adjustable gains for the photocur-
rents’ output from the AS;, AS,, and ASj3, respectively. In
order to verify the superactivation process, the degree of the
entanglement between the two fields, @,;- and dpg, should be
analyzed, which can be quantified by the inseparability para-
meter Lpipg = (A*(Kpr — Xig)) + (A* (o1 + Vi) [40,41].
The two-mode state a1 and a;g is an EPR entangled state on
the condition that ;3 < 4. It can be calculated that

Ipipg —4<g G2+G182§ —© GGk glgzlqg +K3>2
- . _ _ Kis T K3
V2 V2
2
— K K1§ + Kk
+4<G1G2+8182$ﬁ2_glG2K1_G182%>
Ky — & 2 k1€ + K3 2
+4| 261 + G2 73 +4 gz—GzT

+2(k1E — k3)? + 20k + E)* + diTET + 482, (14)

By adjusting «, k2, k3 (see Appendix A for details), we can
obtain the minimal inseparability /;»g varying with G, and &,
as shown in Fig. 6(a). It can be found that for any G, > 1, there
always exists suitable & making the minimal inseparability
Ip1ps smaller than 4. That is to say, the two-mode state
apy’, apg can always be an EPR entangled state by adjusting
&. Moreover, when £ is fixed at some special values ranging
from 0 to 0.47, the minimal inseparability [,;,3 can be
unconditionally smaller than 4, whatever G, is. Therefore,
the superactivation of the quadripartite unlockable bound
entangled state generated by the IRQS from the cascaded
FWM processes is demonstrated.

Since a CV Smolin state yields both the superactivation
(or unlockability) and undistillability, the regions of the CV
Smolin state generated by the scheme IRQS are the overlap
of the unlockable regions [i.e., the regions that the min-
imal inseparability I3 >4 in Fig. 6(a)] and the undis-
tillable regions (i.e., the black shallow regions in Fig. 4),
which is shown by the black shallow regions Ry, Rs», Rs3
in Fig. 6(b). It can be found that for our system, the CV
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FIG. 6. (a) The contour plot of the minimal inseparability /g
varying with G, and £. (b) The regions of the CV Smolin state
generated by the IRQS from the cascaded FWM processes.

Smolin state can be obtained on the condition that 1.56 <
G, < /10, which is an experimentally feasible range. Fur-
thermore, it can be demonstrated that the upper bound of
this range can be expanded to oco. For example, when & =
0.02, a CV Smolin state can be unconditionally generated
by the IRQS from the cascaded FWM processes for any
G, > 1.56.

III. CONCLUSION AND DISCUSSION

A multipartite unlockable bound entangled state, which
owns both the undistillability and superactivation, serves as
an useful quantum resource in quantum cryptography and
quantum teleportation. To generate a CV quadripartite un-
lockable bound entangled state, also known as the CV Smolin
state, a serviceable method is to employ a bipartite entangled
state and mix it with two thermal states on beam splitters
(BSs) [6,11,19]. However, for a given quadripartite entangled
state, how can we make it become a CV Smolin state? In
this paper, we have proposed a scheme named IRQS to
prepare a CV Smolin state using a quadripartite entangled
state. By internally reconfiguring a four-mode entangled state
generated from the cascaded FWM processes with the help
of LOCC, both the undistillability and superactivation of the
CV Smolin state have been demonstrated. More importantly,
our results show that the CV Smolin state can be obtained
within a large range of adjustable parameters. For example,
when G| = /3 and £ =0.02, a CV Smolin state can be
unconditionally achieved for any G, > 1.56. In this sense, our
scheme has an advantage in obtaining an unconditional CV
Smolin state, compared with the previous scheme [6] involv-
ing external thermal noise where the CV Smolin state can
only be obtained within a relatively restricted range (see
Appendix B for details). Given the good scalability of the
cascaded FWM processes, if we extend our system with more
FWM processes cascaded [33], the IRQS can also be applied
to generate a multipartite unlockable bound entangled state
with a larger number of mode. In this sense, our work may
provide a thought for generating a multipartite unlockable
bound entangled state.
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APPENDIX A

In order to demonstrate the undistillability of the
CV  quadripartite unlockable bound entangled state
ap1, Ay, Gps, aps generated by our system, we have to analyze
the distillability for all six bipartite scenarios a|a,, a|as,
a1|&4,&2|&3,&2|a4,a3|&4 given by Eqs (7) (12) For each
b1part1te scenario @;|a;, we adjust the classical parameters
ng(l)’é‘Yk(l) in the LOCC to minimize the corresponding
distillability DX(Y) The contour plots of the minimal
distillability .Dé’(l(?,z), D)bfl(lf), D)b(l(%, D)b(zé’f). , D)b(zé’,“), D)bf(’;“) ha}ve
been shown in Figs. 3(a)-3(f), respectively. Here, we give
their corresponding optimal parameters (£7(73s. Cx iy )
i N )
(2 E120,0), (E1303, . C0,) varying with G and £,
which are shown in Fig. 7.

In the superactivation protocol, two copies of CV quadri-
partite unlockable bound entangled states (@, dpo, dp3, Apa),
(aps, aps, A7, Apg) are involved, as shown in Fig. 5. For the
pairs (aplaps), (@pslaps), (apaldp7), joint homodyne detec-
tions are used to measure their corresponding sum-phase
and difference- amphtude quadratures (sz + Y5 and ng
Xbs), (Vs + Yie and Xp3 — Xp6), and (Ypu + Y7 and Xpa — Xp7).
Then, all the photocurrents from the joint homodyne detec-
tions are used to modulate the field a;; to become aj-, which
has been discussed in Eq. (13). By adjusting the gains of
the photocurrents 1, k2, k3, we obtain the contour plot of the
minimal inseparability I,153, as shown in Fig. 6(a). Here, we
give the corresponding optimal gains ki, k7, k3 varying with
G, and &, which are shown in Fig. 8.

APPENDIX B

In addition to the IRQS as has been proposed in this
paper, another feasible method to generate a CV Smolin
state is to mix a bipartite entangled state with two thermal
states (MBTS), as shown in Fig. 9. The FWM; is used to
generate a bipartite entangled state d,4 and d.s. The FWM,
and FWM; are used to generate thermal states dc4 and a,s,
respectively. The noise level of the thermal states can be
controlled by the gains (G, and Gj3) of the FWM, and FWM3;.
It can be derived that the output states from the BSs can be

053840-7



XIN, LU, LI, AND JING PHYSICAL REVIEW A 99, 053840 (2019)

b1b2 b1b2 1b3
Sx(Mb3 SX(Mb4 X wa
1.0 1.0 1.0
\&L\ 08 gl.5 ! §l3
0.5 1 05
w 0.0 W 0.0
-02
-0.5 -0.5
i -1.0 08 0
10 15 20 25 30 10 15 20 25 30 10 15 25

G, G

{blM

b1b4 b2b3
X (¥) b2 { {

X (Y) b3 X (Y) bl

b2b3
{X (Y) b4

10 15 20 25 30 20

20 25
Gy G, G2
3b4
{}){2])4 : ;be‘l {3’( b1
o b . 1.0 X (¥) b3 o )
| pLs T s
05 [ | 0.5
1.0
w 00
0.6
-0.5

il

Gy

10 15 20 25 30 10 15 25 |

DI eblDY | pbBS ebID | pbbA o eblbd b3 ebabd
FIG. 7. The subgraphs are sequentially arranged to show the optimal gains &y )3, $x(vynas Sx(vomas Sx(vrmas Sx(vomas Sx(rys3e Sx(rbis SX(robas
ghabt e b
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(Y)bl’ X(Y)b3? x) Yxwy Pxwiy Pxr)y Yx):
expressed as where a1, 4y, 4p3, 4c1, 4e2, Gc3 are the vacuum states. We

first study the undistillability of the generated four-mode state

dp1, py, Ap3, Apa. Obviously, bipartite entanglement between

1 . v . v ap; and apy as well as @3 and apq cannot be obtained by

apl = E(Glapl + 818, + Gy + g28,,), LOCC. This is because each pair of ap|ay, and dpslaps is
generated by mixing a submode of a bipartite entangled state
and a thermal state on a 50:50 BS, and therefore there is
no quantum correlation between them. Given the symmetric
1 structure of the system, it can be demonstrated that the undis-

apy = E(Glacl + 81&;1 + Gaaes + 83&;3), tillability of the generated four-mode state can be obtained
on the condition that one of the minimal distillabilities of

the four bipartite scenarios api|dp3, Ap1 |apa, Ap2|@p3, Apo |aps 1S

1
_ . ot . S
apr = E(Glapl +g1a,, — Gaap — goa),),

1
_Lica A Gt — it
apy = ﬁ(Glacl + 814, — G3ac3 — g3a,,),  (BI)
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FIG. 8. The subgraphs show the optimal gains ki, k,, k3 varying with G, and £ for minimizing the inseparability 3.
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FIG. 9. Scheme for the generation of a CV Smolin state by
mixing a bipartite entangled state with two thermal states.

larger than 4. Here we take the bipartite scenario dp;|dp3 as an
example. By using Eq. (3), it can be derived that

DY = 3(GE+ @y)[(1 - )" + (1 = &2i)’]
+(G1 =g + G+ & + 5[Gi(1 + 54
—a (L8] + 4G (1 + ei)
—a(1+ )] (B2)

where ¢2153 and 2183 are the adjustable classical gains in
the LOCC protocol for minimizing D%'%*. For simplification,
it is assumed that G3 = G,. The degree of the distillability
DE'%3 can be obtained by replacing each subscript X with ¥
in Eq. (B2). The minimal degree of DY} versus G, with
optimal g3, and ¢2(73,, taken is shown by trace i (red
solid line) in Fig. 10(a), where it is assumed that G; = 1.46.
It can be found that the four-mode state @y, apm, aps, Aps
is undistillable unless G, > 1.44. It means that in order to
achieve the undistillability of the CV Smolin state, enough
thermal noise is required to decorrelate the system. However,
the introduced thermal noise will degrade the superactivation
of the CV Smolin state. By using the superactivation protocol
as shown in Fig. 5, it can be derived that

Lips = 2(Gi — k181 — k281 — k3G1)’
+2(G§ + g%)(l +k3)? +2(g1 — k161 — k3G
—1381)° +2(G3 + &) k1 — K2). (B3)

(a) (b)

14 12
12 10
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FIG. 10. Comparison between the regions of the CV Smolin state
generated by the (a) MBTS and (b) IRQS.

The superactivation of the CV Smolin state can be obtained
on the condition that 1,3 <4. By adjusting «1, k3, k3, We
can plot the minimal inseparability I g varying with G, as
shown by trace ii (blue dash-dotted line) in Fig. 10(a), where
it is assumed that G| = 1.46. Trace iii (black dashed line)
is the corresponding QNL. It is clear that the minimal value
of I3 becomes larger with the increasing of G,. In other
words, the superactivation of the CV Smolin state generated
by the MBTS becomes worse with the increasing of the
thermal noise introduced into the system, and when G, > 2.59
the superactivation of the CV Smolin state generated by the
MBTS disappears. By combining both the undistillability and
the superactivation together, the CV Smolin state generated
by the MBTS can be obtained within the regions of 1.44 <
G, <2.59, which is a relatively restricted range. On the
other hand, the CV Smolin state generated by the IRQS
can be obtained in a larger range. Since both & and G, can
affect the regions of the CV Smolin state in the IRQS, here
we fix £ =0.25 and treat G, as a variable in the follow-
ing discussions, for simplification. By taking G; = 1.46 into
Egs. (7)—(13) and (14), the regions of the undistillability and
the superactivation of the CV Smolin state generated by the
IRQS versus G, can be shown by trace i (red solid line)
and trace ii (blue dash-dotted line) in Fig. 10(b), respectively.
It can be found that regions of the undistillability of the
CV Smolin state are obtained as long as G, > 1.63. More
interestingly, the superactivation of the CV Smolin state can
be unconditionally achieved for any G, > 1. As a result, the
regions of the CV Smolin state generated by the IRQS are
G, > 1.63, which is a larger range compared with the one of
the MBTS.
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