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Storing interacting photons in ensembles of highly excited Rydberg atoms makes it possible to realize photon-
photon gates. The efficiency of stopping and retrieving pairs of single-photon pulses in any Rydberg medium
is, however, significantly influenced by their mutual interaction. The corresponding dynamical process is rather
complicated due to the interaction constantly changing with the relative positions of photon pulses and the
associated dissipation. Applying the numerical calculations based on first principles, we reveal the detail of such
a dynamical process by showing how the interacting pulses evolve in various situations. Other important issues,
such as the use of nonadiabatic passage for stopping photons and the optimal way to regenerate photons, are also

investigated.
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I. INTRODUCTION

Photons are ideal carriers of quantum information as they
travel fast and interact weakly with the environment. How-
ever, a sufficient magnitude of interaction between photons
will be necessary if one needs to use them directly for
information processing. Photon-photon interactions realized
by various nonlinear optical mechanisms are thus essential to
quantum information processing [1-4]. Mapping the strong
interactions between Rydberg atoms onto those between
single photons via electromagnetically induced transparency
(EIT) has emerged as a promising approach for the purpose.
The possible applications of the mechanism include photonic
logic gates [5-7], single photon generation [8], creation of
entanglement between light and atomic excitations [9], all-
optical switches and transistors [10-13], single-photon ab-
sorbers [14], and others [15-18]. Some effects related to
photon-photon interaction have been experimentally observed
in a cold Rydberg EIT medium [19,20].

In addition to strong interatomic interaction, Rydberg
atoms have long lifetimes scaling as the power law n* with the
principal quantum number n of the energy levels. It is advan-
tageous to the storage of photons in an ensemble of Rydberg
atoms. As one of the important applications, photonic gate
operation generally proposed with photons slowed down in an
EIT medium [5,6,21] can be even performed with the stopped
photons converted to Rydberg atomic excitations [22,23],
which achieve a much higher phase shift for a controlled
phase (CP) gate operation than the cross-phase modulation
(XPM) by ordinary Kerr nonlinearity [24,25]. Recently some
experiments [26—28] have demonstrated strong XPM between
weak light pulses, and one of them based on Rydberg atomic
ensemble reported the realization of a m-radian phase shift
[26]. On the other hand, the storage and retrieval of optical
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photons in EIT media of cold [16,29,30] or thermal [31]
Rydberg atoms were experimentally investigated too. How-
ever, because the interaction between photons brings about
some unwanted effects such as the extra dissipation due to
breaking the EIT condition under interaction, it was not fully
clear how such a process of storing and retrieving photons can
be well performed in reality. To understand such processes
of individually prepared but mutually interacting photons, it
is also necessary to have a dynamical picture appropriate to
the unfixed interaction between photon pulses instead of the
steady state picture (see, e.g., [19]) widely adopted in the past.
So far the storage and retrieval of a multiphoton pulse in
Rydberg EIT media has been theoretically studied to under-
stand how the pulse with multiple photons is stopped and
regenerated under its self-interaction [32]. The used approach
is based on the superatom (SA) model [33] that was proposed
to explain the propagation of a multiphoton beam in a Rydberg
EIT medium [34]. According to the model, the response of
the medium (such as its atomic polarization function) to the
pulse of many photons is the superposition of two parts; one is
that of two-level atomic structure due to the Rydberg blockade
formed within the pulse, and the other is that of a three-level
system from the remnant EIT effect. To a pulse containing
only one single photon, however, no Rydberg blockade occurs
within the pulse itself because its exciting a single Rydberg
atom cannot be blocked unless the atom is under the strong
interaction with other atoms. In other words, Rydberg block-
ade happens only when the pulse is within the blockade radius
of Rydberg excitations induced by other pulses getting very
close to it. The model of SA is therefore not applicable to the
processes involving a number of such single-photon pulses.
In this paper we apply a dynamical approach detailed in
Sec. II to study the evolutions of two interacting photon pulses
during their storage and retrieval in a cold Rydberg atomic
medium, which are beyond the applicability of the SA model.
We analyze how single-photon pulses are converted to sta-
tionary spinwave under their mutual interaction in a Rydberg
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FIG. 1. (a) Energy-level scheme of a E-type or ladder-type
atomic system. Here A, =w, — ®, and A, = @, — w,, as the
differences between a level gap and a field central frequency.
(b) Coupling field .(r) = QY tanh{(forr — 1)/ Toe} (t < toir); (1) =
0 (toff <t < ton); QL:(t) = Qf” tanh{(fon — 1)/ Ton} (t = ton) switched
off at 7o and on at #,, for realizing the storage and retrieval of a
photon pulse. The solid, dot-dashed, and dotted curves indicate those
with the gradually slowing speed of switch (corresponding to the
increasing Tog and T,,). (¢) Geometry of the pulse propagations. The
diameter of each ensemble is d and the distance between the axes of
the two ensembles is a. Two single-photon pulses propagate in two
different ensembles either along the same direction like the red and
blue one or from the opposite tips like the two red ones. The pulses
are stopped in the ensembles as the yellow ones with their amplitudes
diminished from the damping in the medium, and interact with each
other through the long-range van der Waals potential.

medium in Sec. III. In the same section we also discuss the
effects of fast/slow switch (nonadiabatic passage/adiabatic
passage) of control fields on the transfer between propagating
photons and Rydberg spinwaves, as well as the optimal strat-
egy to retrieve the stopped photons under mutual interaction.
The main purpose of the research is to provide a quantitative
picture for quantum information processing with photons in a
Rydberg atomic media.

II. THEORETICAL APPROACH

In Fig. 1 we illustrate a setup for stopping and regenerating
interacting photons in two different pencil shaped ensembles.
Here two single-photon pulses can either travel along the
same direction (copropagation) or respectively come from the
opposite tips (counterpropagation). The pulses are separated
into two ensembles to avoid Rydberg blockade. The control
fields with the Rabi frequency €2.(¢) are being turned off
with time so that the pulses will be stopped at two nearby
locations inside the ensembles. After the two converted spin-
wave packets interact via long-range interaction potential for
a certain time, the control fields will be turned on again to
retrieve the propagating pulses. Similar processes can also
be implemented with properly arranged pulses in a single
ensemble [6].

The propagation of the photons can be described by the
kinetic Hamiltonian (72 = 1)

H, = —ic / dx&f (x)8.€,(x) Fic / dx&] (x)9.6,(x) (1)

of the electromagnetic field 5’1 (x,t) (Il =1,2), where “—" be-
fore the second term corresponds to copropagating and “+” to
counterpropagating. The level scheme in Fig. 1(a) involves the
induced atomic polarization field P(x,1) = /N 6ég(x, t) and
spinwave field $i(x,1) = \/ﬁé"ér(x,t). The operator 6, =
|;)(v| distributing over a high-density ensemble can be
treated as a continuous field. The high atomic density N
enhances the atom-field coupling (with the constant g) as seen
in the Hamiltonian

2
Hy =~ / dx{gVNE )P (%) +2:(1)8] ()P (x)+H.e )
=1

2
+y / dxA,PT (x)Pi(x), 2)
=1

about the atomic level scheme in Fig. 1(a) (a similar Hamilto-
nians for a A-type system is given in, e.g., [35]). This Hamil-
tonian indicates that the input photons cause the transition
between |g) and |e) with the coupling constant g\/ﬁ , while
the control fields render the transition between |e) and |r)
at the coupling Rabi frequency 2.(¢). A narrow-band pulse
propagates with negligible absorption under the EIT condition
A, + A, = 0. However, under the interaction of the spinwave
fields described by

Hiy = / dx / dx'§Tx)SI(xX)A(x — x)8(x)81(x),  (3)
where

AXx—X)=Cs/Ix —X|°

is the van der Waals potential, the EIT condition will be
violated by shifting the level |r) of the relevant Rydberg
atoms. The consequent dissipation from populating the levels
that decay at the rates y and 3’ can be depicted by a stochastic
Hamiltonian

2
Hes =iy2y ) / dx{Z (x, PI(x) — & (x, )P (%))
=1

2
+iV2y Y [ axtif 080 - inx. 03] 00)
=1

“4)

involving the quantum noise fields El (x,t) and #);(x,t). The
total Hamiltonian H = H, + H,; + Hiy + Hg;s leads to the
following dynamical equations for the quantum fields:

3&(x, 1)+ cd.&i(x, 1) = ig/NPi(x, 1), (5)

dB(x,1) = —(y +iA)P(x, 1) + i 1)Si(x, 1)
+igVNE(x, 1) — 2y 5i(x, 1), (6)
3S1(x, 1) = —y'S1(x, 1) + iQ()P(x, 1)

- i/dx/A(x — xS (X, 0)8(x, )8i(x, 1)

— 2y fu(x. 1). (7
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The derivation of the above equations directly with the
stochastic Hamiltonian Hg;s in Eq. (4) follows a procedure
generalized from the one in, e.g., Ref. [36].

One can translate the above dynamical equations of
the quantum fields into those of the two-particle functions
00(x, X, 1) = (0,0]0,(x,1)0,(x', 1)|1, 1) for the quantum
fields O;(x,1) = &(x, 1), P(x,1), and S;(x,1) (I =1,2) as
in [19]. Here, to simplify the calculations, we adopt a dif-
ferent approach about the evolutions of the quantum field
profiles defined as O (x,t) = (0, 1|01(x, i1, 1), Ox(x,t) =
(1,0]04(x, 1)|1, 1) [37], where

Iy = / dof (@) @)]0) ®)

is the initial single-photon state with its frequency distribution
f(w) satisfying ffooo do|f(w)> = 1. Multiplying (1, 0| or
(0, 1] on the left of each term in Egs. (5)—(7) and |1, 1) on
the right side of each term in these equations, one will find the
following equations for these field profiles:

R E(X, 1)+ cd.E(x,1) = ig/NPi(x, 1), )

WP (X,1) = — (y +iA)P(X, 1) +iQr()Si(X, 1)
+igV/NE(x, 1), (10)

HSi(x, 1) = —[y" + iV (x, D)]Si(x, 1) + iQc(Pi(x, 1),

(an
with the effective potential
Ve (. 1) = Jax{s)_ ,(x,0)} Ax —x)SS(x,x, 1)
[ax'Sy_,(x', t)}*SS(x, X/, 1)
o fdx’A(x—x/){ngl(x/,t)}*S3_1(X’,t)’ 12)

Jax{sy_ ,(x,0H)} S (x, 1)

for /=1 and 2. Here we have used an approxima-
tion SS(x,x',1) ~ S?(X)S3_1(X’) [37] for narrow-band and
slowly propagating pulses that are appropriate to EIT me-
dia. The spinwave profiles S?(x, ) = (0,0]8,(x, )|, 0) and
Sg(x, t) = (0, 0|§2(x, )]0, 1) in Eq. (12) are found with a set
of exact equations in the absence of pulse interaction, i.e.,

3 EX(x, 1) + cd.E'(x, 1) = igd/NPY(x, 1), (13)

WPV (x,1) = — (y +iA,)P)(x,1) + iQ(t)S) (x, 1)
+igV/NEY(x, 1), (14)

9S8V (x, 1) = —y'SV(x, 1) + iQ(P(x,1),  (15)

where £ (x, 7) and P(x, t) are defined similarly.

We solve the two sets of dynamical equations for Oy (X, t)
and O)(x, 1), respectively, starting from the boundary distri-
butions of the electromagnetic field profiles at the entries to
the ensembles. This boundary value treatment circumvents
the difficulty in solving the dynamical equations as initial
value problems, because the latter should consider the initial
photon pulse profiles outside the medium, whose spatial sizes
are tremendously larger than those of the slowly propagating
ones inside. We apply a fourth-order Runge-Kutta method

in the iterative procedure toward the field profiles &, P,
and S;. Together with another set of field profiles £°, PIO,
and S?, we obtain the updated distribution of the effective
potential V£ (x, 1) at a specific moment. Compared with the
equations for the two-particle functions OO(x, x,t) [19],
which have nine components, our dynamical equations for
the field profiles O;(x, t) are much more simplified. For two
identical input photon pulses, one only needs to solve the
equations for three components of O;(x, t) or O,(x, t), which
are symmetrically distributed with respect to those of the other
pulse.

Since we consider the dynamically evolving pulses, the
boundary condition for solving the two groups of dynamical
equations for O;(x, t) and O?(x, t) should be time dependent
as the varying fluxes of photons at the entries of the atomic
ensembles. This is in contrast to the time-independent steady
state treatment in some previous works. The electromag-
netic field of an input pulse is given the profile Q,(p,t) =
SZ??” e~ =1’/7y JoQRuo1p/d) as such a time-dependent bound-
ary condition at the ensemble entries, where Q’Iﬁl is the max-
imum of the photons’ Rabi frequency 2,(#) = g&(¢) that is
proportional to the Fourier transform f(¢) of the amplitude
f(w) in Eq. (8), and 7, and 7, are the timescales indicating
the peak arrival and pulse duration, respectively. A single
transverse mode Jy(2vg;0/d), the Bessel function of order
zero with its first zero point vy, is considered here without
loss of generality.

III. NUMERICAL SIMULATION AND DISCUSSION

A. Storage retrieval of photon pulses

An important feature in the current work is that the control
field €2, is time dependent, and it takes the form

Q.(t) = QY tanh{(tofr — 1)/Totr}, 1 < ton,
Qc(t) = 07 toff <1t < ton,
Q1) = QY tanh{(ton — 1)/Ton}, 1 = lon (16)

during a process of stopping and regenerating the photon
pulses. Here the field is turned off from its maximum Q¥ at
the time 7o and at the speed determined by 7. In order to
realize the storage of photons, the photon pulses should have a
sufficiently long duration 7, to match the limited width of the
EIT window. Such spatially extending photon pulses will be
mapped to spinwave packets distributing over the ensembles,
after the control field is turned off. A good choice is that the
input photon pulses and the control field should be resonantly
coupled to the energy levels so that a larger EIT window will
be available to avoid high absorption. Certainly one can take a
stronger control field to widen the EIT window, but this prac-
tice suppresses the induced spinwave, as seen from the rela-
tion S;(wp) = gVNE&(w »)/ 2 when the concerned interaction
is negligible. Figure 2 illustrates the examples of the storage-
retrieval processes of copropagating and counterpropagating
pulses with A, = A. = 0 (resonantly coupled to the energy
levels) and 7, = 7.0 us. As shown in Fig. 2, copropagating
pulses are absorbed more significantly than the counterprop-
agating ones, because the interaction time for the former is
much longer. The interactions between counterpropagating
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FIG. 2. Dynamical evolutions of photon pulses (a) and (c) and
the induced spinwave in the unit wm~*? (b) and (d) throughout
a whole storage-retrieval process. Two pulses counterpropagate in
(a) and (b) and copropagate in (c¢) and (d). Two 400-pum-long
ensembles fill with Rb atoms of the level scheme |g) = 55,
|€> = 5P3/2, and |V) = 1OOS1/2, with C6 =-23x 105 GHz ,u,mﬁ,
y =2m - 6.1 MHz, and y’ = 1.8 kHz. The control field switch off
(on) at fog = 40 us (ton = 50 us) with 7o = 750 =5 s and
QM = 27 - 2 MHz. The parameters of the photon pulses are Ql",” =
0.01 MHz,t, = 12.0 s, and 7, = 7.0 us, and those of the ensembles
are N =2x 10" cm™>,a =10 um, andd = 2 um.

pulses increase slowly and become compatible to those of
copropagating pulses only when they get close to each other.
After the pulses are completely stopped, their losses only
come from the slow decay of the Rydberg levels. These results
indicate that counterpropagating pulses can better survive in a
storage-retrieval process than the copropagating ones.
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B. From propagating photon pulses
to stationary spinwave packets

The distance between two ensembles is relevant to the
spatial distribution of the stopped spinwave packets and their
corresponding interaction potential. For two counterpropa-
gating pulses, the absorption of their fronts due to stronger
interaction gives rise to deformed spinwave packets; see
Fig. 3(al). The obtained stationary spinwave packets exert an
interaction potential VZeff in Eq. (12) on the other ensembles.
Generally this potential is longitudinally inhomogeneous as
in Figs. 3(bl) and 3(b2). A nearly homogeneous interaction
potential is realized with the largest a in Fig. 3(b2). Applied
to photon-photon gate operations, an ideal gate performance
requires that each point on a stored wave packet be under
a potential of the same magnitude to gain a uniform condi-
tional phase. Therefore a trade-off between the intensity and
the uniformity of the achieved Rydberg spinwave interaction
exists. Approximately homogeneous potentials like the one
in Fig. 3(b2) can be realized with larger ensemble sepa-
rations. In this regime beyond certain ensemble separation,
the difference of the interaction potential distributions from
the copropagation and the counterpropagation of the pulses
is insignificant. The spinwave profiles of the stopped pulses
depend on the 7. as shown in Figs. 3(cl) and (c2). The
pulses will be stopped after turning off the control field,
to have them immediately stopped by a fast switching with
small 7. One question is whether the nonadiabatic correction
accompanying the fast switch will lead to considerable pulse
loss as in an ordinary EIT medium [38]. This speculation can
be clarified by our numerical calculations that go beyond the
adiabatic passages previously studied as in, e.g., Ref. [39].
Our simulations shown in Figs. 3(cl) and 3(c2) demonstrate
an unremarkable difference between the disparate switching
speeds.
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FIG. 3. (al)-(d1) Two pulses counterpropagating are stopped in two 300-pum-long ensembles given a control field being switched off
with 7. = 10 us, tor = 40 us. (a2)—(d2) The corresponding quantities for the copropagating pulses, while the control field is turned off at
torr = 24us. Ensemble length for copropagation is flexible as long as the together pulses can be contained inside. (al) and (a2) Spinwave
profiles and (b1) and (b2) corresponding potentials |V*(z)| as functions of a (the distance between the two ensembles). Spinwave profiles
obtained from stopping counterpropagating pulses (c1) and copropagating setup (c2) at different switch speeds (¢ = 10 um). Example of
counterpropagating spinwave dynamics [(d1) @ = 10 um] and copropagating spinwave dynamics (d2). Here ¥ = 27 -2 MHz and other

parameters are the same as those in Fig. 2.
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FIG. 4. (a) Ratios of the Rabi frequency of a regenerated photon
(at the exit) over the peak value of the input photon’s Rabi frequency,
given Q%M = 27 . 2 MHz and a = 10 um. (b) Example of photon
pulse evolution throughout a whole “write-in” and “read-out” pro-
cess, for which we chose Q‘C’”"M =2m -3 MHz, t. = 0.1 us, and
a =10 pum. (c) Profiles of the photon pulses upon regeneration,
given Q‘C’“‘-M =2m -5 MHz and t. = 0.1 us. The dashed curve is
the profile of the input photons for comparison. (d) Growth of the
photon survival probability with the ratio of maximum read-out over
maximum write-in Rabi frequency, with 7, = 0.1 usanda = 10 um.
The horizontal line is the corresponding probability achieved without
the interaction between pulses. The inset shows the tendency for a =
8 um. The stopping of photons ahead of the regenerating processes
here, except for those of a # 10 wum, is the same as the one in
Fig. 3(d1) with Q"™ = 25 . 2 MHz and 7o = 10 us.

C. Optimal strategy of retrieving photons

The fact that the dissipation due to a fast switch of control
field is not significant compared with the losses from other
factors helps to determine the optimal way of regenerating
photons. Given the retrieval control fields as those in Fig. 1(b),
a quick retrieval with small o, which lets the retrieved
pulses interact for less time, outdoes a slow one as shown in
Fig. 4(a). It means that the loss due to the interaction during
retrieval is much higher than that from a nonadiabatic process.
More improvement can be achieved by retrieving the pulses
with a stronger “read-out” control field Q2"(r). Figure 4(b)
illustrates an example of enhancing the retrieved field com-
ponent [ dz|& (z)|* in the medium with a stronger Q2"(¢), so
that the correspondingly reduced spinwave constituent lowers
the interaction between pulses and the associated dissipation.
Heavy losses, however, still exist for the regenerated pulses
under stronger interaction as seen from Fig. 4(c), where only
a small portion of photon pulses compared with the input ones
can be regained with the ensembles separated by a shorter
distance.

As we learn from Fig. 2, the storage-retrieval efficiency
for counterpropagating pulses is better than that of the co-
propagating pulses. Here we investigate the optimal way for
retrieving stored photons simply by considering the counter-
propagating pulses. A proper figure of merit, which measures
how well a pulse could survive a whole storage and retrieval
process, is the ratio § = [ dt|&(zow, 1)I?/ [ dt1E1(zin, 1)|* of
the photon flux at the exit z,, and the entry z;,, respectively.
It approaches a unit value given no photon loss. The realistic
photon losses from other factors (such as a limited EIT width)
without pulse interaction lead to a ratio § being less than unit
and almost independent of Q0"(r) [see Fig. 4(d)]. From the
example in Fig. 4(d), the loss due to the interaction during
retrieval is seen to be reduced by a strengthened “read-out”
field, saturating to the ratio § as it would be completely
eliminated by a very fast process to separate the regenerated
pulses. The gap between the saturated ratio § by a large €22"(¢)
and that of a corresponding storage-retrieval process under
no interaction is due to the interaction induced loss during
stopping photons.

IV. CONCLUSION

We have presented the details of stopping and regenerating
individual photon pulses under their mutual interaction in a
high density cold Rydberg atomic ensemble. Such processes
of single-photon pairs are rather different from those of
multiphoton pulses that can be described by the SA model.
We adopt a fully dynamical simulation based on first prin-
ciples to study the processes. An important finding is that,
in contrast to the storage-retrieval processes in an ordinary
EIT medium, the photon loss due to nonadiabatic effect is
insignificant as compared with those from pulse interaction
and limited EIT window, so it is flexible to choose a control
field for stopping and regenerating photons. Our dynamical
approach demonstrates how the storage-retrieval efficiency
can be controlled by adjusting the distance between photon
pulses and the switch speed of a control field. The optimal
way of retrieving the stored photons with a fast switch-
on of stronger read-out field is illustrated. The results can
provide deeper understanding of some previously proposed
quantum information processing setups [22,23]. The approach
we apply is generalizable to the processes involving a larger
number of photon pulses, which are meaningful to the realistic
quantum information processing based on Rydberg media.
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