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Interference-modulated photon statistics in whispering-gallery-mode microresonator optomechanics
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Whispering-gallery-mode (WGM) microresonator optomechanical systems that can attain high quality factors,
exhibit small optical mode volume, and can be excited through their evanescent field are versatile platforms
for both theoretical and experimental studies in quantum and nonlinear optics. Investigating photon statistical
properties in WGM microresonator optomechanical systems is an important avenue to understand their inner
interaction mechanism. Here, the interference-modulated photon statistics in a three-mode coupling, i.e., a pair
of counterpropagating optical cavity modes and a mechanical mode, in WGM microresonator optomechanical
systems is studied. In the case that one optical mode is driven by an external field, strong antibunching
photon statistics can be observed in the presence of mode coupling. When the two cavity modes are driven
simultaneously, it is found that the photon statistical properties can be well steered by modulating the interference
between different transition paths with the help of the amplitudes of the two input fields and their relative
phase. Especially, we show in detail that the antibunching photon statistics can be optimized within the weak
optomechanical coupling regime by properly adjusting the relative phase. We also find that it is necessary to
prepare the mechanical resonator near to the ground state to eliminate the detrimental effect of thermal phonon
number on the photon statistical properties. This investigation can deepen our understanding of the interaction
between clockwise or counterclockwise light and mechanical motion as well as be useful for the construction of
integrated on-chip single-photon sources.
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I. INTRODUCTION

With the rapid development of quantum information sci-
ence, the study of photon statistics has become a conspicuous
focus in quantum physics. One of the benchmarks used to dis-
tinguish the properties of photon statistics is the measurement
of the second-order correlation function, g(2)(0), at zero-time
delay [1,2]. Photons with values of 1 < g(2)(0) correspond
to super-Poissonian statistics, which is referred to as photon
bunching and which is a classical effect, while photons with
values of g(2)(0) < 1 correspond to sub-Poissonian statistics,
which is often referred to as photon antibunching and which
is a nonclassical effect. Photon antibunching is a key point for
obtaining single-photon sources, which is significant for the
realization of distribution, storage, and processing of quantum
information in quantum metrology [3], quantum computing
[4,5], quantum simulation [6,7], and quantum key distribu-
tion [8,9]. In analogy with Coulomb blockades for electrons
[10–12], one can also obtain single-photon sources via the
physical mechanics of photon blockades and the observation
of strong photon antibunching [13]. Many theoretical exten-
sions of photon blockades and photon antibunching have been
put forward successively [14–17]. The photon blockade was
first observed in a cavity quantum electrodynamics (QED)
system by Birnbaum et al. [18] in 2005. Thereafter, more and
more theoretical [19–23] and experimental advances [24–28]

*quye_1992@126.com
†Author to whom correspondence should be addressed: hua-

jia_li@163.com
‡yingwu2@126.com

in terms of photon blockades and photon antibunching have
been made in different systems, such as quantum dot coupled
cavity QED systems [29–31], qubit-cavity coupled systems
[32,33], circuit QED systems [34,35], and so on.

In 2010, a new mechanism for photon antibunching as
completely opposed to the conventional blockade mecha-
nism described above was invoked by Liew and Savona in
a system consisting of two coupled polaritons [36]. It was
shown that strong photon antibunching can be achieved with a
nonlinearity much smaller than the mode broadening [37–41].
This mechanism is referred to as an unconventional photon
blockade because it is based on quantum interference between
different excitation pathways from the ground state to the two-
photon states [37]. Since 2010, researchers have been commit-
ted to the study of unconventional photon blockades in various
systems, including, for example, coupled microcavities with
second- or third-order nonlinearities [39,42–44], coupled non-
linear photonic molecules [37], Gaussian squeezed states [45],
weakly nonlinear photonic molecules [46], coupled quantum
dot cavity systems [47], and cavity optomechanical systems
[48,49]. More recently, the characteristics of photon anti-
bunching, which is based on quantum interference, have been
discussed in detail in bimodal QED by taking into account two
different cavity-waveguide arrangements, namely, an inline
geometry and a side-coupled geometry [50]. Meanwhile, the
unconventional photon blockade has already been realized
experimentally in two coupled superconducting circuit res-
onators [51] and in a quantum dot embedded in a bimodal
micropillar cavity [52].

The field of cavity optomechanics, as one of the new di-
rections for the development of quantum optics, has attracted
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considerable attention in recent years. The optical fields in an
optomechanical system are coupled to the mechanical modes
via radiation pressure, which can be well utilized to manipu-
late the motion of mechanical resonators and change the prop-
erties of cavity fields [53–57]. Many theoretical studies show
that cavity optomechanical systems are versatile platforms
for studying the statistical properties of photons [58–63].
For instance, under the condition of strong optomechanical
coupling, photon blockade or photon antibunching effects can
be observed. Unlike in the cavity-QED systems, however,
reaching this strong-coupling regime is a long-sought-after
goal in cavity optomechanics and beyond the scope of most
experiments in the single-photon regime, for which a strong
nonlinearity is not easy to realize.

Stimulated by a recent report where phase-modulated pho-
ton antibunching in a two-level system coupled to two cavities
is proposed [64], in the present paper we investigate tunable
photon statistics in a whispering-gallery-mode (WGM) mi-
croresonator optomechanical cavity within the weak optome-
chanical coupling regime. Our system consists of a WGM
microresonator and a tapered fiber waveguide, together with
two input driving fields. The WGM microresonator contains
a mechanically radial breathing mode and two counterprop-
agating optical WGMs [one clockwise (CW) mode and one
counterclockwise (CCW) mode], which are coupled together.
The paper mainly focuses on the influences of the coupling
of one CW mode to another, which is an expansion on ear-
lier investigation of optomechanically induced transparency
(OMIT) based on the coupling of a single stationary mode
in the normal mode basis with a mechanical mode [65]. Thus,
the photon statistical properties in such a three-mode-coupling
WGM microresonator optomechanical system are considered
in a more general case. On the one hand, we address the case
that only one optical cavity mode is driven by an external
input field. Because of the mode-coupling induced quantum
interference, strong antibunching photon statistics can be
generated. On the other hand, when the two cavity modes
of the WGM microresonator are driven by two separated
input fields at the same time, one can modulate the quantum
interference with the amplitudes of the two input fields and
the relative phase between them. Accordingly, the quality of
photon statistics can be greatly improved. In particular, we
find that the relative phase between the two input fields plays
a crucial role in modifying the photon statistical properties of
the system. By adjusting the relative phase between the two in-
put fields properly, the photon statistical properties can be well
engineered and a high degree of both photon antibunching and
superbunching can be obtained. We also give a brief discus-
sion on the influence of thermal photon number on the photon
statistics properties. Our obtained results in this paper can be
used for photonic interfaces such as single-photon sources.

The remainder of the paper is organized as follows. In
Sec. II, the theoretical model and Hamiltonian are described
for the three-mode-coupling WGM microresonator optome-
chanical system. In Sec. III, the output power spectra of the
WGM microresonator optomechanical system are presented.
Subsequently, in Sec. IV, the zero-time delay second-order
correlation function is numerically and analytically discussed.
In particular, we analyze and discuss in depth the photon
statistical properties of the WGM microresonator optome-
chanical system for the cases of one input field and two input

fields based on detailed numerical simulation results. Finally,
summarized discussions and conclusions are given in Sec. V.

II. MODEL AND HAMILTONIAN

As schematically shown in Fig. 1, the system under in-
vestigation consists of a WGM microresonator, which is side
coupled to an optical tapered fiber waveguide. The WGM mi-
croresonator typically supports a pair of counterpropagating
modes, namely, CW and CCW modes, with the same decay
rate κ = κex + κi and degenerate frequency ω0 for symmetry
reasons. κex is the external decay rate (the outgoing coupling
coefficient) from the WGM microresonator into the tapered
fiber and κi is the intrinsic decay rate. More information on
the device and experimental details can be found in Ref. [65].
Compared to a previous study where only one of the CW and
CCW modes is considered and driven [65], here both of them
are simultaneously introduced and driven by the two input
fields εL

in = εLe−iωLt and εR
in = εRe−i(ωRt+θ ), respectively. εL

(εR) and ωL (ωR) are the amplitudes and angular frequencies
of the two input fields. θ represents the relative phase between
the two input fields. This relative phase θ is of interest to us,
since it can modify the photon statistics of the system (see
discussion below). The mode coupling or the normal-mode
splitting between these two counterpropagating modes can be
realized in the presence of residual scattering of light at the
cavity surface or the taper-WGM microresonator contact area
by a scattering object [66,67]. Moreover, the WGM microres-
onator also supports a phonon mode (denoted by operator b)
with a mechanical frequency ωm and a damping rate γm. The
cavity modes interact with the phonon mode under radiation
pressure and the optomechanical coupling strength between

FIG. 1. Schematic diagram of the WGM microresonator optome-
chanical system which is coherently driven by two input fields
through an optical tapered fiber waveguide on both the left- and
right-hand ports. The WGM microresonator contains a mechanical
radial breathing mode b with a resonance frequency ωm and two
counterpropagating modes (one CW mode aCW and one CCW mode
aCCW), which are coupled to each other by scattering of light at a
rate J because of internal defect centers or surface roughness. The
left-hand input field εL

in is driven by a coherent light εL of frequency
ωL , whereas the right-hand input field εR

in is driven by a coherent light
εR of frequency ωR with a phase θ with respect to the left-hand input
field. The left- and right-hand output fields are described by εL

out and
εR

out, respectively. κex denotes the cavity-waveguide coupling rate and
κi is the intrinsic cavity decay rate of the two cavity modes.
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the cavity modes and the phonon mode at a rate g. In the
frame rotating with the left-hand input field frequency ωL,
the Hamiltonian of this three-mode-coupled optomechanical
system is described by

H = h̄�(a†
CCWaCCW + a†

CWaCW) + h̄J (a†
CCWaCW + a†

CWaCCW)

+ h̄ωmb†b + h̄g(a†
CCWaCCW + a†

CWaCW)(b + b†)

+ h̄(εLa†
CCW + ε∗

LaCCW)

+ h̄(εRe−iδt e−iθ a†
CW + ε∗

Reiδt eiθ aCW), (1)

where � = ω0 − ωL is the detuning from the frequency ωL

of the left-hand input field to the frequency ω0 of the two
cavity modes. δ = ωR − ωL represents the detuning from the
left-hand input field frequency ωL to the frequency ωR of
the right-hand input field. aCCW (aCW) and a†

CCW (a†
CW) are

the photon annihilation and creation operators of the CCW
and CW modes, satisfying the bosonic commutation relations
[aCCW, a†

CCW] = 1 and [aCW, a†
CW] = 1. Similarly, b and b† are

the phonon annihilation and creation operators of the mechan-
ical mode with the bosonic commutation relation [b, b†] = 1.

In the above Hamiltonian (1), the first term is the energy of
the WGM microresonator in the rotating frame. The second
term represents the coherent coupling of the CW mode aCW

with the CCW mode aCCW, i.e., the so-called mode-coupling
term. The third term is the energy of the mechanical oscillator.
The fourth term describes the optomechanical coupling due to
the radiation pressure with the coupling strength g. The last
two terms in Eq. (1) describe the interactions between the
cavity field and the two input fields, respectively. One point we
want to explain is that we drop the hat of the operator in order
to keep the notation as simple as possible. For simplicity and
without loss of generality, we assume δ = 0 (i.e., ωR = ωL)
for the rest of the paper.

III. OUTPUT POWER SPECTRA OF THE WGM
MICRORESONATOR UNDER THE MEAN-FIELD

APPROXIMATION

Before discussing the photon statistical properties of the
three-mode-coupled WGM optomechanical system, we first
consider the system output power spectra. As we know, the
structure of the WGM microresonator determines its prop-
erties, especially the mode coupling between the two coun-
terpropagating cavity modes. When only one cavity mode is
coupled to the waveguide, the other can also be significantly
populated due to residual scattering of light at the surface or
in the bulk glass [65]. The essence of the phenomenon is the
mode coupling between the counterpropagating cavity modes.
If the mode coupling satisfies J � κ , the optical resonance
splits up and a pair of new eigenmodes which are superposi-
tions of the two counterpropagating cavity modes appears. In
this limit, the two cavity modes are well resolved and only
one of the new eigenmodes is considered and the other is
neglected since it is far-off-resonant and hence not populated
[65]. The transmission (PF ) and reflection (PB) output power
spectra can be well used to observe and measure the degree of
mode splitting.

According to the Hamiltonian (1) above, the dynamics of
the coupled system can be described by the quantum Langevin
equations

daCCW

dt
= −

(
i� + κ

2

)
aCCW − iJaCW

− igaCCW(b + b†) − iεL + aCCW
in , (2)

daCW

dt
= −

(
i� + κ

2

)
aCW − iJaCCW

− igaCW(b + b†) − iεRe−iθ + aCW
in , (3)

db

dt
= −

(
iωm + γm

2

)
b − ig(a†

CCWaCCW

+ a†
CWaCW) + bin, (4)

where aCCW
in , aCW

in , and bin are the input vacuum noises of
the cavity modes and phonon mode, respectively. Under
the mean-field approximation [68], the quantum fluctuation
or thermal noise terms can be dropped, i.e., 〈aCCW

in 〉 = 0,
〈aCW

in 〉 = 0, and 〈bin〉 = 0. Here we are interested in the in-
fluence of the mode coupling between two cavity modes on
the system output power spectra. Thus we assume that there is
no coupling between the cavity modes and phonon mode, i.e.,
g = 0. Meanwhile, all of the time derivatives in the quantum
Langevin equations are set to be zero. Taking advantage of
these operations, it is easy to obtain the analytical steady-state
values of the dynamical variables for the two cavity modes as

〈aCCW〉 = −i
(
i� + κ

2

)
εL − JεRe−iθ(

i� + κ
2

)2 + J2
, (5)

〈aCW〉 = −i
(
i� + κ

2

)
εRe−iθ − JεL(

i� + κ
2

)2 + J2
, (6)

although they can be also calculated numerically in the frame
of master equations in the Lindblad form [see Eq. (11)].

By using the input-output theory [69,70], the expectation
value of the left-hand and right-hand output fields can be
obtained as 〈

εR
out

〉 = iεL√
ηcκ

+ √
ηcκ〈aCCW〉, (7)

〈
εL

out

〉 = iεRe−iθ

√
ηcκ

+ √
ηcκ〈aCW〉, (8)

where ηc = κex/(κi + κex) is the outgoing coupling parameter,
which can be experimentally adjusted by changing the air
gap between the WGM microresonator and tapered fiber
waveguide. To achieve the best contrast, we choose the critical
coupling ηc = 1/2 as that in Ref. [65]. For the case of εR = 0,
(i.e., the system is driven only by one input field), the nor-
malized power forward transmission spectra PF and backward
reflection spectra PB can be expressed as

PF =
∣∣〈εR

out

〉∣∣2∣∣∣ εL√
ηcκ

∣∣∣2 =
∣∣∣∣∣i − iηcκ

(
i� + κ

2

)
(
i� + κ

2

)2 + J2

∣∣∣∣∣
2

, (9)

PB =
∣∣〈εL

out

〉∣∣2∣∣∣ εL√
ηcκ

∣∣∣2 =
∣∣∣∣∣− Jηcκ(

i� + κ
2

)2 + J2

∣∣∣∣∣
2

. (10)
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FIG. 2. Calculation results of the normalized power for the for-
ward transmission spectra PF (blue solid line) and the backward
reflection spectra PB (red dashed line) varying with �/κ under the
four different values of optical mode-coupling strength J: (a) J =
0.3κ , (b) J = κ , (c) J = 3κ , and (d) J = 6κ .

Figure 2 displays the normalized power for forward trans-
mission spectra PF (the blue solid line) and backward reflec-
tion spectra PB (the red dash line) varying with �/κ under the
four different values of optical mode-coupling strength: (a)
J = 0.3κ , (b) J = κ , (c) J = 3κ , and (d) J = 6κ . From Fig. 2,
one can see that the optical resonance splits up and a pair of
new eigenmodes appears at � ± J when J � κ . According to
the above results, three conclusions can be drawn as follows.

(i) In the weak-coupling regime (J � κ), the two cavity
modes cannot be resolved.

(ii) In the transition coupling region (κ < J � 3κ), the two
cavity modes can be distinguished but not very well.

(iii) In the ultrastrong-coupling regime (J � κ ), a well-
resolved mode splitting can be clearly observed in the forward
transmission spectra PF or backward reflection spectra PB.

That is to say, the two cavity modes can be resolved either
in the transition coupling region or in the ultrastrong-coupling
regime. For the consideration of making the proposed device
suitable for practical operations and applications, we choose
J = 3κ throughout this paper.

IV. PHOTON STATISTICAL PROPERTIES OF THE WGM
MICRORESONATOR OPTOMECHANICAL SYSTEM

A. Second-order correlation function

In order to better study photon statistical properties of
the WGM microresonator optomechanical system with the
driven-dissipative character, we introduce the quantum master
equation for the system density matrix ρ [71]:

dρ

dt
= 1

ih̄
[H, ρ] + κL[aCCW]ρ + κL[aCW]ρ

+γm(n̄th + 1)L[b]ρ + γmn̄thL[b†]ρ. (11)

Here, L[O]ρ = 1
2 (2OρO† − O†Oρ − ρO†O) is the Lindblad

superoperator term for the collapse operator O acting on the
density matrix ρ to account for losses to the environment.
n̄th = [exp(h̄ωm/kBT ) − 1]−1 is the mean thermal phonon
number of the mechanical bath with the Boltzmann constant
kB and the environment temperature T . In general, the photon
statistical properties of the cavity mode aCCW can be distin-
guished by the measurement of the normalized second-order
correlation function

g(2)
aCCW

(0) = 〈a†
CCW(t )a†

CCW(t )aCCW(t )aCCW(t )〉
〈a†

CCW(t )aCCW(t )〉2
, (12)

at the zero-time delay. This physical quantity emphasizes the
joint probability of detecting two photons at the same time.
Depending on the value of g(2)

aCCW
(0), the photon statistical

properties of the emitted light field can be distinguished.
Values of g(2)

aCCW
(0) < 1 show that the considered cavity field

aCCW corresponds to antibunching photon statistics, which is
a nonclassical effect. Remarkably, the single-photon regime is
usually characterized by g(2)

aCCW
(0) < 0.5. Whereas g(2)

aCCW
(0) >

1 corresponds to the bunching [2 > g(2)(0) > 1] or super-
bunching [g(2)(0) > 2] photon statistics, which is a classical
effect. Once we achieve the density matrix ρ, the mean value
of any operator can be computed as 〈O〉 = Tr(ρO). By solving
the master equation in Eq. (11) numerically within a truncated
Fock space, the steady-state value of g(2)

aCCW
(0) thus can be

calculated as

g(2)
aCCW

(0) = Tr(ρssa
†
CCWa†

CCWaCCWaCCW)

[Tr(ρssa
†
CCWaCCW)]2

, (13)

where ρss is the steady-state solution of the density matrix ρ,
which can be obtained by setting dρ/dt = 0 in Eq. (11).

Before the numerical calculations, the approximate analyt-
ical solution of the second-order correlation function g(2)

aCCW
(0)

can give a better understanding of the photon statistics from
the physical point of view. However, it is very difficult to ob-
tain the analytical expression by directly solving the previous
master equation (11). To this end, in the following we utilize
the time-dependent Schrödinger equation as an alternative
way to provide the analytical description on the properties
of the photon statistics. In the weak driving limit, the total
excitation number of the considered system is assumed to not
exceed 2, as was also done in Refs. [33,37,49]. In this sce-
nario, the truncated state of the system can be approximately
expressed as [37]

|ψ〉 = C0,0,0|0, 0, 0〉 + C1,0,0|1, 0, 0〉 + C0,1,0|0, 1, 0〉
+C0,0,1|0, 0, 1〉 + C1,0,1|1, 0, 1〉 + C0,1,1|0, 1, 1〉
+C1,1,0|1, 1, 0〉 + C2,0,0|2, 0, 0〉 + C0,2,0|0, 2, 0〉.

(14)

Here, |nCCW, nCW, nb〉 represents the Fock state with nCCW

photons in cavity mode CCW, nCW photons in cavity
mode CW, and nb phonons in mechanical mode b, re-
spectively. CnCCW,nCW,nb stands for the probability amplitude
and |CnCCW,nCW,nb |2 denotes occupying probability in the state
|nCCW, nCW, nb〉 [33]. Under the weak driving condition, we
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have the relations

|C0,0,0| � |C1,0,0|, |C0,1,0|, |C0,0,1|
� |C2,0,0|, |C0,2,0|, |C1,1,0|, |C1,0,1|, |C0,1,1|.

(15)

The values of CnCCW,nCW,nb can be solved by substituting
Eq. (14) into the Schrödinger equation

ih̄
∂|ψ〉
∂t

= H̃|ψ〉, (16)

where H̃ is the effective non-Hermitian Hamiltonian in the
zero-temperature approximation [33], given by

H̃ = H − ih̄
κ

2
(a†

CCWaCCW + a†
CWaCW) − ih̄

γm

2
b†b. (17)

Here, H is the Hamiltonian (1). The dissipations (κ , γm) of
cavity and mechanical modes have been included to calculate
the approximate solution of the probability amplitudes. Via
setting ∂|ψ〉/∂t = 0, a set of coupled linear equations for the
coefficients CnCCW,nCW,nb in the steady state can be obtained
after straightforward calculation, with the forms

0 = �̄C1,0,0 + JC0,1,0 + gC1,0,1

+ εLC0,0,0 +
√

2ε∗
LC2,0,0 + εReiθC1,1,0, (18)

0 = �̄C0,1,0 + JC1,0,0 + gC0,1,1

+ εRe−iθC0,0,0 + ε∗
LC1,1,0 +

√
2ε∗

ReiθC0,2,0, (19)

0 = �̄C1,0,1 + JC0,1,1 + gC1,0,0 + mC1,0,1

+ εLC0,0,1, (20)

0 = �̄C0,1,1 + JC1,0,1 + gC0,1,0 + mC0,1,1

+ εRe−iθC0,0,1, (21)

0 = 2�̄C1,1,0 +
√

2J (C2,0,0 + C0,2,0)

+ εLC0,1,0 + εRe−iθC1,0,0, (22)

0 = 2�̄C2,0,0 +
√

2JC1,1,0 +
√

2εLC1,0,0, (23)

0 = 2�̄C0,2,0 +
√

2JC1,1,0 +
√

2εRe−iθC0,1,0, (24)

where �̄ = � − i κ
2 and m = ωm − i γm

2 . Within the
weak driving limit, we take C0,0,0 = 1 [33,49]; two
additional equations, namely, ε∗

LC1,0,0 + ε∗
ReiθC0,1,0 = 0

and mC0,0,1 + ε∗
LC1,0,1 + ε∗

ReiθC0,1,1 = 0, are irrelevant
to the problem [49]. Meanwhile, some subleading terms
can also be neglected in Eqs. (18)–(24), for example, the
terms

√
2ε∗

LC2,0,0 + εReiθC1,1,0, ε∗
LC1,1,0 + √

2ε∗
ReiθC0,2,0,

εLC0,0,1, as well as the term εRe−iθC0,0,1 [49]. With
these simplifications, it is possible to obtain the
analytical expressions of the coefficients CnCCW,nCW,nb from
Eqs. (18)–(24). Generally, the analytical expressions of
CnCCW,nCW,nb are complex. Combining Eqs. (13)–(15), the
zero-time delay second-order correlation function g(2)

aCCW
(0) in

cavity mode CCW can be approximately yielded by [62]

g(2)
aCCW

(0) ≈ 2|C2,0,0|2
|C1,0,0|4 . (25)

Thus, for simplicity of calculation, only C1,0,0 and C2,0,0 are
given as below:

C1,0,0 = (JεRe−iθ − �̄εL )B1B2 − g2(JεRe−iθ + AεL )

g4 − 2g2(J2 + A�̄) + B1B2D1D2
,

(26)

C2,0,0 = JεRe−iθ (2�̄εL − JεRe−iθ )E1 + E2ε
2
L

−2
√

2�̄D1D2(B1D1 − g2)(B2D2 − g2)
, (27)

where A = �̄ + m, B1 = J + A, B2 = J − A, D1 = J + �̄,
D2 = J − �̄, E1 = 2�̄B1B2 + g2m, and E2 = −2�̄3B1B2 +
g2[(A + �̄)D1D2 − �̄2m], respectively.

Based on Eqs. (25)–(27), the detailed analytical expres-
sion of the second-order correlation function g(2)

aCCW
(0) can be

achieved. Accordingly, the condition for g(2)
aCCW

(0) � 1 (i.e.,
C2,0,0 ≈ 0) can also be calculated in the analytical form. How-
ever, the analytical expression of the second-order correlation
function g(2)

aCCW
(0) or the conditions for g(2)

aCCW
(0) � 1 (strong

antibunching) is too cumbersome and is not presented here.
But from the above expressions (26) and (27) it is quite
obvious to show that the second-order correlation function
g(2)

aCCW
(0) is closely related to both the relative phase (θ ) and

the amplitudes (εL, εR) of the two driving fields. In the case
that only one cavity mode is driven (namely, either the left-
hand input field εL = 0 or the right-hand input field εR = 0),
from Eqs. (26) and (27), we can see that the relative phase
θ between them in the final analytical expression of the
second-order correlation function g(2)

aCCW
(0) disappears (i.e.,

phase independent) since we can eliminate it after the simple
transformation. The relation between the photon statistics and
the parameters εL or εR is considerably simple. Yet, in the
case of the two cavity modes driven (both εL 	= 0 and εR 	= 0
simultaneously), it is clearly found from Eqs. (26) and (27)
that the second-order correlation function g(2)

aCCW
(0) becomes

sensitive to the relative phase θ , because we cannot eliminate
it. That is to say, optimal photon statistics is easy to be
obtained by appropriately altering the control parameters θ ,
εL, and εR. It is pointed out that the leading role of intro-
ducing the two input driving fields is to induce the quantum
interference between different transition pathways (see Fig. 4
below), which is necessary for phase-dependent effects in
this system. With the system parameters experimentally used
to study the photon statistics in the WGM microresonator
optomechanical systems [53–56,65], the in-depth results of
numerical calculation by the master-equation approach for
different parameter conditions are presented in the following
sections.

B. Case of only one cavity mode driven

In the work of Weis et al. [65] about OMIT, the circum-
stances that (i) only one CCW mode of the WGM microres-
onator is introduced and (ii) it is driven by an input field have
been dealt with. For a better comparison in the present paper,
we would like to explore the three-mode-coupling case where
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FIG. 3. Contour plot of the photon statistics spectrum in loga-
rithmic scale log10[g(2)

aCCW
(0)] of the cavity mode aCCW plotted as a

function of g/κ and �/κ when only the cavity mode aCCW is driven
by the input field εL = 3 × 10−3ωm. All other system parameters are
given as εR

in = 0, n̄th = 0, κ = 0.1ωm, γm/ωm = 10−4, J = 3κ , and
ωm/2π = 10 MHz.

the CW and CCW modes are involved and one of them still
is driven by an input field, but we are concerned about photon
statistics. Without loss of generality, the right-hand input field
is switched off, which is equivalent in Hamiltonian to εR

in = 0.
Thus there is only the cavity mode aCCW which is driven by the
input field εL

in. However, the other cavity mode aCW can also
be excited due to the mode coupling caused by the residual
scattering of light from surface roughness or internal defect
centers. Figure 3 plots the second-order correlation function
g(2)

aCCW
(0) of the cavity mode aCCW in a logarithmic scale

log10[g(2)
aCCW

(0)] as a function of the optomechanical coupling
strength g/κ and the detuning �/κ for the case of εR

in = 0.
One can see that the cavity mode aCCW can exhibit strong
antibunching photon statistics in the black region with the
negative detuning � < 0. Instead, there is only bunching or
superbunching instead of antibunching for the positive detun-
ing � > 0. Remarkably, the necessary condition for obtain-
ing efficient antibunching photons is strong optomechanical
coupling (g > κ) in the standard optomechanical system [58].
From Fig. 3, however, it is apparent that the antibunching
photon statistics can be exhibited even in the weak optome-
chanical interaction regime. As we know, the single-photon
regime is usually characterized by g(2)

aCCW
(0) < 0.5 [41,72].

In Fig. 3, the strong antibunching, log10[g(2)
aCCW

(0)] ≈ −1.2,
can be found at � = 0.22κ and g = 0.6κ together with the
selected parameters. As a result, the preparation of the single-
photon sources [g(2)

aCCW
(0) is as low as 0.5] can be achieved by

adjusting the system parameters in the weak optomechanical
interaction regime.

The physical grounds for this pronounced antibunched
photon statistics under the weak optomechanical coupling
condition can be explained by the energy-level diagram
of the coupled WGM microresonator optomechanical
system (see Fig. 4). Different from the conventional
blockade mechanism where the higher excitations are far
off resonance due to the quantum anharmonicity ladder of
the energy spectrum [13–15], this counterintuitive photon
antibunching phenomenon is ascribed to the destructive

FIG. 4. Energy-level and transition path diagram of the cou-
pled three-mode WGM microresonator optomechanical system. The
quantum interference between different transition pathways for the
two-photon state of the cavity mode aCCW leads to the counterintu-
itive photon antibunching effect.

quantum interference between different transition pathways
for two-photon excitation. As is displayed in Fig. 4, multiple
transition pathways can be used to achieve the excitation
of the two-photon state for the cavity mode aCCW when the
condition of εR

in = 0 is satisfied. Among them, there is a direct

transition pathway, |0, 0, 0〉 εL−→ |1, 0, 0〉
√

2εL−−→ |2, 0, 0〉, which
is excited by the input field εL. In addition, the existence of
the couplings (J and g) means that there are also some indirect

pathways, for example, the pathways |0, 0, 0〉 εL−→ |1, 0, 0〉 J−→
|0, 1, 0〉 εL−→ |1, 1, 0〉

√
2J−−→ |2, 0, 0〉, |0, 0, 0〉 εL−→ |1, 0, 0〉 g−→

|0, 0, 1〉 εL−→ |1, 0, 1〉
√

2g−−→ |2, 0, 0〉, |0, 0, 0〉 εL−→ |1, 0, 0〉 J−→
|0, 1, 0〉 g−→ |0, 0, 1〉 εL−→ |1, 0, 1〉

√
2g−−→ |2, 0, 0〉, and so on. The

direct transition pathway for the two-photon excitation may
be forbidden by the destructive quantum interference with the
other indirect pathways. In other words, the destructive quan-
tum interference between the direct transition pathway and
the indirect pathways or the interference between the indirect
transition pathways can reduce the probability in the two-
photon excited state. The above results are based on the weak
optomechanical coupling condition. This means that the mode
coupling J plays a crucial role in the pathway interference.

From the above analysis, for the case that only the cavity
mode aCCW is driven by the input field εL

in, we can conclude
that this counterintuitive antibunching photon statistics under
the weak optomechanical coupling condition results from
the destructive quantum interference between the different
transition pathways for the two-photon excited state. Different
from the conventional photon blockade in a strongly nonlinear
system [13–18], the interference-based photon antibunching
is also referred to as an unconventional photon blockade.
Because the master equation (1) shows that the physical
properties of the cavity modes aCCW and aCW are equivalent,
photon statistical properties of the cavity mode aCW can also
be studied in a similar way.
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FIG. 5. (a) The photon statistics spectrum in logarithmic scale
log10[g(2)

aCCW
(0)] of the cavity mode aCCW varying with the detuning

�/κ for the case that the two cavity modes are simultaneously
driven. Blue starred line, εL = 3 × 10−3ωm, εR = 0, and θ/π = 0;
red dashed line, εL = 3 × 10−3ωm, εR = 0.1εL , and θ = 0; black
dotted line, εL = 3 × 10−3ωm, εR = 0.3εL , and θ = 0; green dot-
dashed line, εL = 3 × 10−3ωm, εR = 0.5εL , and θ = 0; black solid
line, εL = 3 × 10−3ωm, εR = 0.3εL , and θ/π = 0.6. (b) Partially
enlarged view of the photon statistics spectrum in (a). All other
system parameters are given as n̄th = 0, γm/ωm = 10−4, κ = 0.1ωm,
J = 3κ , g = 0.6κ , and ωm/2π = 10 MHz.

C. Case of two cavity modes simultaneously driven

In the previous subsection, for the case that only one
cavity mode is driven by the input field, the interference-based
photon antibunching can be exhibited under the weak op-
tomechanical coupling condition. This phenomenon appears
because the other cavity mode can also be excited when
the mode coupling takes place between the counterpropagat-
ing cavity modes. Logically, an interesting question is what
happens when the other cavity mode is also driven by an
additional input field, not just by the residual scattering of
light. As the extra input field can provide more freedom to
adjust the quantum interference between different transition
pathways, more colorful photon statistical phenomena can be
observed. In this part, we thus extend our studies to the case
where the CW and CCW cavity modes are simultaneously
driven by two separated input fields, namely, εL

in 	= 0 and εR
in 	=

0. Accordingly, a relative phase θ between the left-hand and
right-hand input fields on both ports needs to be established.
First, for a fixed εL, we present a discussion on the influence
of the amplitude εR on the photon statistical properties of the
system. Then, we mainly focus on the effect of the relative
phase θ between the left-hand and right-hand input fields on
the photon statistical properties. To keep the parameters con-
sistent, all of the results are under the weak-coupling condi-
tion g = 0.6κ . The detailed results are given in Figs. 5 and 6.

For the sake of better comparison, we fix εL = 3 ×
10−3ωm in the following discussion. Figure 5(a) displays
the second-order correlation function in a logarithmic scale
log10[g(2)

aCCW
(0)] varying with the detuning �/κ when both left-

hand input field εL
in and right-hand input field εR

in are applied at
the same time. In order to investigate the influence of the am-
plitudes on the photon statistic properties, by fixing the value
of the relative phase between the left-hand and right-hand
fields to be θ = 0, we change the value of εR from 0 to 0.5εL.
In the case of εR = 0, as is plotted with the starred line in
Fig. 5(a), the profile of the second-order correlation function
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FIG. 6. (a) Contour plot of the photon statistics spectrum in
logarithmic scale log10[g(2)

aCCW
(0)] of the cavity mode aCCW plotted

as a function of the relative phase θ/π and the detuning �/κ under
the weak optomechanical coupling regime. (b) The photon statistics
spectrum in logarithmic scale log10[g(2)

aCCW
(0)] of the cavity mode

aCCW varying with the detuning �/κ under different phases θ : θ/π =
0.1 (blue dotted line), θ/π = 0.2 (red dashed line), θ/π = 0.6
(black solid line), and θ/π = 0.8 (green dot-dashed line). The WGM
microresonator optomechanical system is driven by the two input
fields εL = 3 × 10−3ωm and εR = 0.3εL at the same time. All other
system parameters are given as n̄th = 0, γm/ωm = 10−4, κ = 0.1ωm,
J = 3κ , g = 0.6κ , and ωm/2π = 10 MHz.

in a logarithmic scale log10[g(2)
aCCW

(0)] varying with the detun-
ing �/κ exhibits a dip-peak structure. With the increasing of
the detuning �, the value of log10[g(2)

aCCW
(0)] first arrives at the

minimum (dip) and then at the maximum (peak). Moreover, its
minimum value is about −1.24 at the dip, and its maximum
value is about 0.61 at the peak. It is apparent that the strong
antibunching photon statistics can be produced at the dip.
When εR = 0.1εL, as is described by the red dashed line, it
can be found from the profile that the second-order correlation
function in a logarithmic scale log10[g(2)

aCCW
(0)] still displays

dip-peak structure, with its minimum value at about −1.19.
Furthermore, the curves of log10[g(2)

aCCW
(0)] are plotted for the

cases of εR
in = 0.3εL and 0.5εL. Finally, the black dotted line

gives the profile for the case of εR
in = 0.3εL and the green

dot-dashed line corresponds to the profile of εR
in = 0.5εL in

Fig. 5(a). The minimum values of log10[g(2)
aCCW

(0)] for the cases
of εR

in = 0.3εL and 0.5εL are −0.42 and −0.12, respectively.
It is well known that photon antibunching occurs when

the value of the second-order correlation function g(2)
aCCW

(0)
in a logarithmic scale log10[g(2)

aCCW
(0)] is negative. Moreover,

the smaller the value of the second-order correlation function
g(2)

aCCW
(0) in a logarithmic scale is, the stronger the photon

antibunching effect is. Interestingly, according to the above
discussions, the minimum values of the second-order correla-
tion function g(2)

aCCW
(0) in a logarithmic scale log10[g(2)

aCCW
(0)]

can get bigger and bigger with gradual increasing of the
amplitude of εR

in. So we can summarize from the obtained
results that when both cavity modes are driven at the same
time the optimal photon antibunching is weakened instead of
enhanced with the increase of the amplitude εR. Physically,
this may be because some additional transition pathways can
be introduced to achieve the excitation of the two-photon state
of the cavity mode aCCW with the help of the couplings J and
g when the cavity mode aCW is also driven by the additional
input field εR

in.
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The case that the relative phase of θ 	= 0 seems to be more
nontrivial. Actually, a relative phase θ between the left-hand
and right-hand input fields can be established when both
cavity modes are driven at the same time. It is necessary to
take the relative phase θ into account in our analysis. It can
be clearly seen from the black solid line in Fig. 5(a) that,
for a given amplitude εR = 0.3εL and phase θ/π = 0.6, the
profile of the second-order correlation function g(2)

aCCW
(0) in

a logarithmic scale log10[g(2)
aCCW

(0)] takes on a clear peak-dip
structure. Compared to the black dotted line where θ/π = 0
in Fig. 5(a), the depth of the antibunching dip considerably
deepens, which indicates the photon antibunching is signifi-
cantly enhanced. Interestingly, its minimum value can be even
smaller than that of the optimized case when εR = 0, i.e., the
blue starred line for θ = 0 in Fig. 5(a). Figure 5(b) is the
partially enlarged view of the photon statistics spectrum in
Fig. 5(a). It indirectly indicates that, compared to the case of
only one cavity mode driven, the photon antibunching can be
enhanced by appropriately adjusting the relative phase θ when
the two cavity modes are simultaneously driven. Combining
Figs. 5(a) and 5(b), we arrive at an important conclusion that
the antibunching photon statistics can be manipulated and
optimized by means of the relative phase θ for the case that
the two cavity modes are simultaneously driven. A similar
method can also be used to discuss the bunching peak of the
second-order correlation function g(2)

aCCW
(0).

In order to further illustrate explicitly the role of the relative
phase θ in the photon statistical properties. In Fig. 6(a), we
plot the second-order correlation function g(2)

aCCW
(0) of the

cavity mode aCCW in a logarithmic scale log10[g(2)
aCCW

(0)] as
a function of the relative phase θ/π and the detuning �/κ

under the weak optomechanical coupling regime g = 0.6κ .
What should be emphasized is that the two cavity modes of the
WGM microresonator are separately driven by the input fields
εL

in and εR
in at the same time. Meanwhile, the amplitudes of

the left-hand and right-hand input fields are fixed to εL = 3 ×
10−3ωm and εR = 0.3εL, respectively. Generally speaking, the
values of log10[g(2)

aCCW
(0)] < 0 refer to photon antibunching,

which corresponds to sub-Poissonian photon statistics, and the
probability to excite the two-photon state is smaller than that
to excite two single-photon states independently. For the case
of log10[g(2)

aCCW
(0)] > 0, photons inside the cavity enhance the

resonantly entering probability of subsequent photons. Then
under certain conditions, photon-induced tunneling occurs
[62], namely, super-Poissonian photon statistics occurs. As is
clearly displayed in Fig. 6(a), the distribution of photons in the
cavity mode aCCW can be observed, which is phase dependent
when the two cavity modes are coherently driven at the same
time. One can see, whether in the red-detuning regime � > 0
or in the blue-detuning regime � < 0, that both antibunching
and superbunching phenomena can be realized in cavity mode
aCCW by properly tuning the relative phase θ between the
left-hand and right-hand input fields. For example, for � ≈
0.23κ in the red-detuning regime, the value of log10[g(2)

aCCW
(0)]

can arrive at −1.5 when the relative phase θ/π ≈ 0.61. This
means that the cavity mode aCCW can exhibit a strong anti-
bunching photon statistics at this point. With the same value of
θ , however, the cavity mode aCCW indicates super-Poissonian
photon statistics instead of antibunching in the blue-detuning
regime. Note that the photon antibunching can be achieved
by adjusting the relative phase between the left-hand and

right-hand input fields to be θ/π ≈ 1.3 for � ≈ −0.23κ .
With the increase of the detuning �, the antibunching and
superbunching photon statistics can be observed by adjusting
the relative phase θ . This proves that the resulting photon
statistics of the cavity field aCCW indeed is affected by the
relative phase θ , where the strong photon antibunching can
be generated by choosing the proper phase θ .

Next, in Fig. 6(b), the second-order correlation function
in a logarithmic scale log10[g(2)

aCCW
(0)] is plotted as a function

of the detuning �/κ under four different relative phases
θ , namely, θ/π = 0.1 (blue dotted line), θ/π = 0.2 (red
dashed line), θ/π = 0.6 (black solid line), and θ/π = 0.8
(green dot-dashed line). The maximum (peak) values for the
log10[g(2)

aCCW
(0)] curves of θ/π = 0.1, 0.2, 0.6, and 0.8 are

1.19, 3.56, 0.73, and 3.10, respectively. Meanwhile, their
minimum (dip) values of log10[g(2)

aCCW
(0)] are −1.28, −0.82,

−1.40, and −0.15, respectively. From this figure, it is obvious
that the tendencies of the maximum values and minimum
values for log10[g(2)

aCCW
(0)] do not change monotonously with

the relative phase θ . This suggests that optimal superbunching
and antibunching can be achieved when properly choosing θ .
That is also to say, by carefully varying the value of θ , it is
possible to find the positions for the strongest superbunching
and antibunching.

In the case that only one optical cavity mode is driven
by the input field, the other cavity mode can also be driven
by the residual scattering of light owing to mode coupling.
In the case that both optical cavity modes are driven at
the same time, though extra amplitude and relative phase
are added, the antibunching may be also interpreted with
similar physics processes as shown in Fig. 4. Because
the cavity mode aCW is also driven by the input field εR,
some additional transition pathways are introduced to achieve
the excitation of the two-photon state. Additionally, these
transition pathways are phase dependent; for instance, the

pathways |0, 0, 0〉 εL−→ |1, 0, 0〉 εRe±iθ

−−−→ |1, 1, 0〉
√

2J−−→ |2, 0, 0〉,
|0, 0, 0〉 εRe±iθ

−−−→ |0, 1, 0〉
√

2εRe±iθ

−−−−−→ |0, 2, 0〉
√

2J−−→ |1, 1, 0〉
√

2J−−→
|2, 0, 0〉, and |0, 0, 0〉 εL−→ |1, 0, 0〉 g−→ |0, 0, 1〉 εRe±iθ

−−−→
|0, 1, 1〉 g−→ |1, 1, 0〉

√
2J−−→ |2, 0, 0〉 can all be affected by

the relative phase θ between the left-hand and right-hand
input fields. Because the phase is adjustable, the destructive
quantum interference between these extra transition paths and
the original transition paths is manageable. Accordingly, the
photon antibunching can be modulated and optimized by the
relative phase θ between the two input fields.

In all of the above discussions, our attention has been
focused on the situation of the thermal phonon number n̄th =
0, i.e., we have ignored the effect of the environment thermal
phonon number on the photon statistical properties. However,
the system can inevitably interact with the environment. This
means that the effect of the thermal noise on the photon statis-
tical properties should be included. In Fig. 7, the second-order
correlation function in a logarithmic scale log10[g(2)

aCCW
(0)] is

plotted as a function of the detuning �/κ under different mean
thermal phonon numbers n̄th for the cases of θ/π = 0.2 and
0.6. Clearly, with the decrease of the mean thermal phonon
numbers n̄th, the peak (maximum) of the second-order corre-
lation function in a logarithmic scale log10[g(2)

aCCW
(0)] becomes

higher and higher in Fig. 7(a), while the dip (minimum) of
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FIG. 7. The photon statistics spectrum in logarithmic scale
log10[g(2)

aCCW
(0)] of the cavity mode aCCW as a function of the detuning

�/κ under different mean thermal phonon number n̄th (blue dotted
curve for n̄th = 0.1, red dashed curve for n̄th = 0.01, and black solid
curve for n̄th = 0.001). (a) θ/π = 0.2. (b) θ/π = 0.6. All other sys-
tem parameters are given as εL = 3 × 10−3ωm, εR = 0.3εL , γm/ωm =
10−4, κ = 0.1ωm, J = 3κ , g = 0.6κ , and ωm/2π = 10 MHz.

the log10[g(2)
aCCW

(0)] in Fig. 7(b) is deeper and deeper. These
numerical results show that the environment phonon numbers
have an undesirable effect on the realization of the strong
antibunching and superbunching photon statistics. Therefore
it is necessary to prepare the mechanical resonator near to the
ground state to overcome the undesirable effect induced by
the environmentally thermal phonons.

V. DISCUSSIONS AND CONCLUSIONS

The latent applications of strong photon antibunching in
quantum information and quantum optics fields have attracted
wide interest. For its practical applications, however, parame-
ter tunable photon antibunching is usually expected. As an ex-
ample, the single-photon source is one of the most important
applications of strong photon antibunching. The parameter
tunable single-photon source can help us to understand the im-
pact of photon number on the security of quantum information
[73]. Yet, for general optical cavities, it is not easy to realize
experimentally due to the original form of the model where
only one of the optical cavity modes is driven by the input field
[36,37]. This is because it requires a fine tuning of the intrinsic
system parameters, as the optimal photon antibunching can be
obtained for proper interrelations between the laser detuning,
the cavity coupling, and the nonlinearity [36,37,40,41,49]. For
the case that only one optical cavity mode is driven by the
input field, the system dynamics is phase independent and the
parameters used to adjust the photon antibunching are limited.
For the case of two cavity modes simultaneously driven,
the system is sensitive to the relative phase between them.
The parameter constraints for strong photon antibunching can
be naturally absorbed in the amplitude and the relative phase
between the two input fields [40,41]. As we know, the phase
is an adjustable parameter, which can be controlled precisely
in experiments, e.g., by using piezoelectric transducers [74].
Thus, the statistical properties of photons can be modulated
and optimized by regulating the relative phase between the
two input fields. As a consequence, compared to the case
of only one cavity mode driven, one can achieve a stronger

photon antibunching or superbunching associated with a well-
behaved zero-time delay second-order correlation function
for a wider range of system parameters when the two cavity
modes are simultaneously driven.

In summary, we have studied the photon statistical prop-
erties in a three-mode-coupling WGM microresonator op-
tomechanical system. It is revealed that the mode coupling
between the CW and CCW modes, which is usually caused
by the scattering of light due to surface roughness or internal
defect centers, plays an important role in controlling the
output power spectra of the WGM microresonator. What is
more, because of the mode coupling, destructive interferences
between different transition pathways can occur. By solving
numerically the quantum master equation, the results display
that strong photon antibunching statistics can be generated
when only one cavity mode is driven by the input field, even
for the weak optomechanical coupling condition. On the other
hand, we have focused our interest mainly on the case that
the two cavity modes of the WGM microresonator are driven
by two separated input fields at the same time. We analyze
in depth the influences of the amplitude, and especially the
relative phase between the two input fields on the photon
statistical properties of the system. It is shown that more
transition pathways can be provided for the coupled system to
be excited from the ground state to the two-photon state when
both cavity modes are driven by the two input fields, compared
with those where only one cavity mode is driven. Moreover,
the transition paths for the latter can be modulated by the
relative phase between the two input fields, which in turn mod-
ifies the photon statistical properties of the cavity mode. We
demonstrate that the second-order correlation function of the
cavity mode does not vary monotonously with the value of the
relative phase between the two input fields. Thus the photon
statistic properties can be optimized by properly adjusting the
value of the relative phase. Finally, it is demonstrated that the
thermal noise has detrimental effect on the photon statistical
properties. Because these photon statistical phenomena are
observed in the weak optomechanical coupling regime, the
parameters chosen in our numerical simulations are exper-
imentally possible. The proposed scheme may have latent
applications for steering photon statistical properties with the
present technology.
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linear optics with single photons enabled by strongly interacting
atoms, Nature (London) 488, 57 (2012).

[2] S. Ferretti, V. Savona, and D. Gerace, Optimal antibunching
in passive photonic devices based on coupled nonlinear res-
onators, New J. Phys. 15, 025012 (2013).

[3] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum Metrology,
Phys. Rev. Lett. 96, 010401 (2006).

[4] E. Knill, R. Laflamme, and G. J. Milburn, A scheme for efficient
quantum computation with linear optics, Nature (London) 409,
46 (2001).

[5] T. Jennewein, M. Barbieri, and A. G. White, Single-photon
device requirements for operating linear optics quantum com-
puting outside the post-selection basis, J. Mod. Opt. 58, 276
(2011).

[6] I. Buluta and F. Nori, Quantum simulators, Science 326, 108
(2009).

[7] I. M. Georgescu, S. Ashhab, and F. Nori, Quantum simulation,
Rev. Mod. Phys. 86, 153 (2014).

[8] J. L. O’Brien, A. Furusawa, and J. Vučković, Photonic quantum
technologies, Nat. Photonics 3, 687 (2009).

[9] V. Scarani, H. Bechmann-Pasquinucci, N. J. Cerf, M. Dušek,
N. Lütkenhaus, and M. Peev, The security of practical quantum
key distribution, Rev. Mod. Phys. 81, 1301 (2009).

[10] T. A. Fulton and G. J. Dolan, Observation of Single-Electron
Charging Effects in Small Tunnel Junctions, Phys. Rev. Lett.
59, 109 (1987).

[11] M. A. Kastner, The single-electron transistor, Rev. Mod. Phys.
64, 849 (1992).

[12] K. K. Likharev, Single-electron devices and their applications,
Proc. IEEE 87, 606 (1999).
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[16] S. Rebić, A. S. Parkins, and S. M. Tan, Polariton analysis of a
four-level atom strongly coupled to a cavity mode, Phys. Rev.
A. 65, 043806 (2002).
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