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We propose a scheme to realize slow-light soliton beam splitters by using a tripod-type four-level atomic
system. We show that optical solitons, which have ultraslow propagation velocity and ultralow generation power,
can be generated in the system via electromagnetically induced transparency and can be stored and retrieved with
high efficiency and fidelity. In particular, a nonlinear beam splitter that splits one optical soliton into two or more
ones can be obtained by switching on and off of two or more control laser fields subsequently. The results
reported here open a route not only for active manipulation of nonlinear optical pulses in multistate quantum
systems but also for promising applications in optical information processing and transmission.
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I. INTRODUCTION

Optical beam splitters are basic devices that can split an
incident optical beam or pulse into two or more beams or
pulses in space and/or time domains, which may or may
not have the same light power. Optical beam splitters play
significant roles in modern physics; especially, they are cru-
cial parts of most interferometers, widely exploited in both
thought and real-world physical experiments in the areas of
quantum theory, relativity theory, and many other fields of
physics and engineering [1,2].

In recent years, much attention has been paid to slow-light
beam splitters and their extension [3—-24] via electromagnet-
ically induced transparency (EIT) [25] in various multilevel
atomic systems that resonantly interact with three or more
laser fields. In addition to the interest for fundamental re-
search, the study of slow-light beam splitters has potential ap-
plications in both classical and quantum information process-
ing and communication networks. For instance, they can be
used to design dynamically reconfigurable all-optical routers
and to produce highly efficient entanglement for quantum
repeaters [3—27]. However, all works on EIT-based slow-light
beam splitters reported up to now are only for linear optical
pulses, which may generally experience serious deformation
since these optical pulses interact with atoms in a resonant
way and hence significant dispersion is generally unavoid-
able. Thus it is desirable to seek techniques to balance the
dispersion and hence to obtain optical pulses that have better
performance for the design of slow-light beam splitters. One
method of such techniques is to make the system work in weak
nonlinear optics regimes.

In this paper, we present a proposal for realizing slow-light
soliton beam splitters by exploiting a tripod-type four-level
atomic system coupled with two control laser fields and a
weak nonlinear probe laser field. We show that optical solitons
with ultraslow propagating velocity and ultraslow light power
can be created via EIT and they can be stored and retrieved
with high efficiency and fidelity based on an EIT-memory
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scheme through two different optical excitation channels. We
also show that a nonlinear beam splitter that makes one optical
soliton split into two ones can be obtained by switching on and
off of the two control laser fields separately. In addition, the
scheme can also be generalized to cases where one slow-light
soliton can be split into three or more ones via a multichannel
optical excitation process.

Before proceeding, we note that some studies have been
carried out on soliton-related splitters in systems of photo-
voltaic materials [28-30], nonresonant Kerr media [31,32],
liquid crystals [33,34], and Bose-Einstein condensates [35].
However, our paper is completely different from these studies.
First, due to the resonant character of our system, the signif-
icant energy transfer via different quantum excitation chan-
nels plays a crucial role for the realization of the slow-light
soliton splitters, which was absent in the systems considered
in Refs. [28-35]. Second, the system suggested in our paper
can be actively manipulated, and is easy to extend to cases
with more optical excitation channels. Third, the slow-light
soliton splitters obtained in our system can work at extremely
low and even single-photon level, which is not viable in
the systems used in Refs. [28-35]. The results reported in
our paper open a route not only for active manipulation of
nonlinear optical pulses but also for promising applications in
optical and quantum information processing and transmission.

II. MODEL AND SLOW-LIGHT SOLITONS
A. Model

The system under consideration is a lifetime-broadened
four-state atomic gas with a tripod-type level configuration,
interacting resonantly with a weak pulsed probe laser field
(with center wave number k, = w,/c, center angular fre-
quency wp,, and time duration 7y at the entrance of the
medium) and two strong continuous-wave control laser fields
(with wave numbers k.1 = w.1/c and k., = w.,/c, and angu-
lar frequencies w.; and w.,, respectively). The probe field
drives the transition |1) <> |0), and the two control fields

©2019 American Physical Society
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FIG. 1. (a) Atomic gas (brown dots) couples with a pulsed probe laser field (with center angular frequency w, and half Rabi frequency
2,,) and two continuous-wave control laser fields [with angular frequencies ., (half Rabi frequency €2.,) and w,, (half Rabi frequency 2.,),
respectively]. Inset: Energy-level diagram and excitation scheme of the atomic gas with a tripod-type level configuration. "o (I'y, ['39) is the
decay rate from |0) to |1) (|0) to |2), |0) to |3)); A (A, and Aj) is one-photon (two-photon) detuning. (b) The imaginary part Im(K) (K is the
linear dispersion relation of the system) as a function of w, for A, # Aj (solid blue line, which displays two transparency windows), and for
A, = Aj (dashed red line, which displays only one transparency window). The lower half part of the panel is the real part Re(K), for A, # As

(solid blue line), and for A, = Aj; (dashed red line).

drive, respectively, the transitions |2) <> |0) and |3) < |0)
[see Fig. 1(a)]. The total electric field in the system can be ex-
pressed as E=E, + E; +E = ZZ:NL& e Eexplitkiz —
wit)] + c.c., where e; (&) is the unit polarization vector
(envelope) of the electric field E;. For simplicity, we have
assumed that all laser fields propagate along the z direction.

The Hamiltonian of the system in the interaction picture
reads

3
Hine = =R ( D" Aj1 G+ Q10)(1] + Q10) 2]

j=0

+Q:0)(3] +H.c. |, (1

where A} =0, Ay=w,— (Ey—E()/i (one-photon
detuning), A, =w,—wq — (Ex —E;)/h, and A3 =

w, — wey — (B3 — Ep)/h (two-photon  detunings); E; (j =
0,1,2,3) is the energy eigenvalue of the atomic state
|])’ Qp = (ep . plO)gp/h’ Qer = (€c1 - pZO)gcl/Flv and
Qo = (e - p30)€a/h are, respectively, the half Rabi
frequencies of the probe and the two control fields; p;;
is the electric dipole matrix element associated with levels
li) and | j), with e, (&p), e.1 (E1), and e, (), respectively,
the polarization unit vectors (envelopes) of the probe and two
control fields.

The atomic dynamics is described by a 4 x 4 density
matrix o, obeying the optical Bloch equation

ao i 5
T —E[Hlm, o] —Tlo], 2)
where I' is a relaxation matrix characterizing the spontaneous
emission and dephasing in the system [36]. The explicit form
of Eq. (2) is presented in Appendix A.

The evolution of the probe field E, is governed
by the Maxwell equation VZE,, - (1/c2)82E,,/8t2 =
(1/80c?)d%P,/0t%,  where P, = Ny{piooo expli(k,z —
wpt)] +c.c.} is the electric polarization intensity induced
by the probe field, with N, the atomic density. Under slowly
varying envelope approximation, the Maxwell equation is
reduced to

(2 + Lo Q,+ 0 (3)
i| =+ -= k10001 = 0,
82 c 8t )4 10001

where «kjp = J\/;a)p|p10|2 /(2eopch) is the coupling coefficient
describing the interaction between the light field and atoms.

Notice that in the derivation of the above Maxwell-Bloch
(MB) Egs. (2) and (3), we have made the following assump-
tions.

(i) The probe pulse has a large transverse size so that
the diffraction effect [i.e., the term proportional to (3%/dx> +
82/8y2)§2p] can be neglected.
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(i) Compared with the probe field, the two control fields
are strong, so that their amplitudes (&, and &) can be
undepleted during the evolution of the probe field. However,
when considering the storage and retrieval of the probe field
(see the next section), &1 and &., (hence 2.1 and 2.,) will be
assumed to be varied adiabatically in time.

(iii) The atomic gas is cold and dilute, thereby the Doppler
effect is negligible and the interaction between atoms can be
described by the dephasing parameter yﬁep (see Appendix A).

Note that the model mentioned above may be re-
alized in realistic experiments. One example is an ul-
tracold ®Rb atomic gas [37], with the energy lev-
els selected to be |1) = [5%S10, F =1, mp = —1), [2) =
152810, F =2, mp = —1),13) = 52810, F =2, mp = 1),
and |0) = |52P1/2, F =1, mp =0), which gives |pjo| =~
Ip20] = |p3ol = 2.54 x 10727 Ccm. If the atomic density is
chosen as N, = 1.1 x 10'? cm™3, ;o takes the value of
3.0 x 10" cm~!s~!. This set of parameters will be used in
the analysis and calculation given below.

B. Slow-light solitons

We start to consider the propagation of a linear probe
pulse in the system. We assume that the two control fields are
applied first and hence all the atoms are prepared in the ground
state |1). When a weak probe pulse is present, the system
undergoes a linear evolution. In this case, the MB Eqgs. (2) and
(3) admit the solution for 2, with the form F exp[i(Kz — wt)]
[38], where F is a constant and K is the linear dispersion
relation

K(w) = % B K01(w+d211))(w+d31)

, “4)

with D = (@ + do)(@ + dan)(@ + d31) = |Qe1*(@ + da1) —
|Qe2)*(w + dby). Shown in Fig. 1(b) is the imaginary part
[i.e., Im(K)] and the real part [i.e., Re(K)] of K as func-
tions of w. The solid blue line and dashed red line in the
figure are for (A,, A3) = (—2m x 15.9, —27 x 47.7) and
(—2m x 0.16, =27 x 0.16) MHz, respectively. The other pa-
rameters are Ag = —2m x 15.9MHz, yp; = 27 x 2.8 MHz,
y21 = 2w X 8 Hz, and y3; = 27 x 15.9 Hz. We see that when
A, # Aj the system displays a double EIT with two trans-
parency windows; however, if A, = Aj, the double EIT is
degenerated into a single EIT with only one transparency
window. The reason for the occurrence of such degeneration is
due to the symmetry of the tripod level configuration for A, =
Aj. With such symmetry, the system is largely simplified,
which will be considered in the discussion below.

EIT has been widely used for nearly free propagation of
linear optical pulses in multistate quantum systems [25-27].
Yet, linear optical pulses in EIT-based systems generally
experience serious deformation. The physical reason for the
deformation is that in such systems the optical pulses inter-
act with atoms (or other quantum emitters) resonantly and
hence a significant dispersion is unavoidable for long-distance
propagation. Thus it is necessary to find a way to suppress
the dispersion and hence to obtain optical pulses that are
robust during propagation. It has been shown in recent years
that stable optical pulses are indeed possible if EIT-based
systems work in a weak nonlinear region [39—41]. We now

demonstrate that stable slow-light solitons are also possible in
the present tripod system.

A weak nonlinear probe pulse in the system still has the
form Q, = F expli(Kz — wt)], but F is now an envelope
function modulated slowly in both time and space. By exploit-
ing a perturbation expansion with multiple scales developed
in Ref. [40], the nonlinear envelope equation describing the
evolution of F can be derived based on the MB Egs. (2) and
(3), which reads

iiF 1k 8—2F +WIF|PFe> =0 5)
0z 2 ar? _’
where ©t =1 — z/V, [V, = (0K/dw)™" is the group velocity
of the probe pulse], « = Im(K) is an absorption coefficient,
K, = 9*K/dw?” is a coefficient describing group-velocity dis-
persion, and W is a coefficient describing self-phase modu-
lation. The detailed derivation of the nonlinear Schrédinger
Eq. (5) and the explicit expressions of W and solutions up
to the third order of the perturbation expansion have been
presented in Appendix B.
If « is small, and the imaginary parts of K, and W are
smaller compared with their corresponding real parts, Eq. (5)
has the following soliton solution:

LI 1. NN L PR (R —
Qp_r_o Wsech[f—()(t Vg>j|exp|:z<Ko 2LD)Zi|’
(6)

for sgn([@) = —1. Here Ky = K|,—0; the tilde symbols over
Ko, K>, W, and V, represent their corresponding real parts;
Lp = 13 /|K>| is the typical dispersion length of the system.

To check that (6) is indeed a physical solution of the
system, we take the realistic system parameters 2.} = 27 X
27.1MHz, Q. =27 x 27.1MHz, Ag = —27 x 15.9 MHz,
Ay =A3 =21 x1.9MHz, 15=50x10"%s, 1y =
2w x 8.0Hz, y31 = 27w x 15.9 Hz, yo1 = 2w X 2.5 MHz,
w, =2.37 x 10'°Hz. Then we obtain o =0.02, K, =
(—2.440.3) x 1075 em™'s?2, and W = (3.5 — 0.02i) x
107" cm~' s2. We see that o and the imaginary parts of K,
and W are indeed small. The physical reason is that, under
the EIT condition, the absorption of the system is largely
suppressed by the EIT effect induced by the control fields,
which guarantees the validity of the soliton solution given by
(6). For more detailed discussion on the slow-light soliton
and its stable propagation, see Appendix B.

Based on the parameters given above, we obtain the prop-
agation velocity of the soliton:

V, ~6.14 x 107¢, (7

which is much smaller than the light speed ¢ in vacuum,
thereby (6) is a slow-light soliton. The maximum average
power density P, of the slow-light soliton can be estimated
by using Poynting’s vector [40]. For the transverse radius of
the probe pulse R = 300 um, we obtain

Poax =~ 7.06 x 107° W, (8)

which is very low. From results (7) and (8), we see that
the optical soliton obtained in the present tripod system has
ultraslow propagation velocity and ultralow generation power,
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FIG. 2. Storage and retrieval of the slow-light pulses in the tripod system, for A, = Aj
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—2m x 1.9MHz and 2.1 = Q,. (a) Evolution

of |2, 79| in the soliton region as a function of 7 /7y and z, with €,(0, 1)ty = 3.3 sech(#/1y). Lines 1, 2, and 3 are, respectively, soliton profiles at
z=0,0.6, and 1.2 cm (before storage); lines 4, 5, and 6 are, respectively, soliton profiles at z = 1.8, 2.4, and 3.0 cm (after the storage). The solid
black line shows the switching off and on of the two control fields (they are overlapped completely) simultaneously. (b) Atomic coherences
|o21], lo31] (|o21| A |o31]) in the soliton region [corresponding to (a)] before, during, and after the soliton storage. (c) |€2,7o| in the dispersion-
dominant region, with 2,(0, )7y = 0.05 sech(t /7). (d) |2, 7| in the nonlinearity-dominant region, with £2,(0, #)7o = 5.0 sech(t /7).

which is very different from that obtained by using conven-
tional optical media (e.g., fibers).

III. SLOW-LIGHT SOLITON BEAM SPLITTERS

EIT is one of the important methods for the storage and
retrieval of optical pulses [25-27,42,43]. Recently, it has been
shown that the EIT-based linear light memory can be extended
to weak nonlinear optics regimes [44—46]. In the following,
we show that the slow-light solitons of the tripod system
obtained above can be used to build slow-light soliton beam
splitters through the manipulation of the control fields in the
system.

A. Storage and retrieval of slow-light solitons

Before the presentation on how to realize slow-light soliton
beam splitters, we give a simple description for the storage
and retrieval of optical solitons in the tripod system for the
simple case where the two control fields are switched on and
off simultaneously. The simultaneous switching on and off
of the two control fields can be described by the following
switching function:

1 =T\ 1 t —Tih
ch = ch() 1- Etanh T + Etanh 7} s

9

where Q.o (j =1, 2) is constant, T; is the switching time,
and T (Ts) is the time when switching off (on) Q.
We take Q10 = Q20 = 27 x 27.1MHz, T} /70 = T3 /70 =
19.0, TOL/IO = Tozn/ro =30.0, and Ty/t9p = 0.2 (with 79 =
5.0 x 107% s71), and exploit Runge-Kutta method to solve
Egs. (2) and (3).

Shown in Fig. 2(a) is the result of a numerical simulation
on the storage and retrieval of the slow-light soliton for A, =
Az = —2m x 1.9 MHz, by taking |2, 7| as a function of # /7y
and z. Lines 1, 2, and 3 are, respectively, soliton profiles at
the positions z = 0, 0.6, and 1.2 cm (before storage); lines 4,
5, and 6 are, respectively, soliton profiles at positions 1.8, 2.4,
and 3.0 cm (after the storage). The solid black line in the figure
shows the simultaneous switching off and on of the two con-
trol fields (i.e., 2.1 = ©.2). The initial condition used in the
simulation is £2,(0, t)tp = 3.3 sech(/1); system parameters
are Ag = —27 x 15.9MHz, y»; =27 x 8.0Hz, y31 =27 x
15.9Hz, yp1 = 27 x 2.5 MHz. From the figure, we see that
the soliton is very stable before the storage, and the retrieved
soliton (after the storage) is also quite stable and has nearly
the same wave shape as that before the storage. The physical
reason of the shape preservation during the soliton generation
process is due to the balance between the dispersion and the
Kerr nonlinearity of the system. The approximated expression
of the probe soliton during the storage and retrieval is pre-
sented in Appendix C1.
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Figure 2(b) shows the result of atomic coherences |0y |
and |o31| (|o21] = |o31]), as functions of ¢ /1y and z during the
process of the storage and retrieval of the soliton. One sees
that |oy;| and |o3;| are nonzero during the period when both
control fields are switched off. Such result is a manifestation
of the information transfer from the probe field to the atomic
internal states during the storage, which can be understood
through the stable propagation of the dark-state polaritons in
the system [44—46].

The efficiency of the slow-light soliton memory can be
characterized by [44-46]

= [ olds (10)
T Ep@far

where E[i,n (t)=E Ii,“ (z,1)|;=0 (the input soliton pulse) and
El‘j”t(t) = E[?”‘ (z,1)|;=r, [the output (i.e., retrieved) soliton
pulse], with L, (=3.0 cm) the medium length. From Fig. 2(a)
we obtain n = 0.92. The soliton memory efficiency will be
increased if its storage time is shortened (or L, is reduced).

The fidelity of the soliton memory can be described by the
parameter 7J2, where J? describes the degree of coincidence
of the wave shapes for the input and output solitons, defined
by the overlap integral

| 72 EQMOER @ + AT)d1|

2 _
f:f}Engfdtf:f|E§@4—AT)fdf

11

where AT is the time interval between the peak of the input
soliton pulse E' and the peak of the output soliton pulse £ ]‘,’“t.

From Fig. 2(a) we obtain J?> = 0.98 and hence 1J> = 0.90.
Thus, the memory of the slow-light soliton in the tripod
system has a nice quality due to the balance between the
dispersion and nonlinearity in the system.

Plotted in Fig. 2(c) is the result for the optical pulse
memory in a dispersion-dominant (i.e., linear) region, with
2,(0,1)to = 0.05sech(t/7p). In this case, the dispersion
length of the system Lp = 1.05cm is much smaller than the
nonlinearity length Lyy = 719.0 cm. From the figure we see
that the optical pulse is broadened significantly before and
after the storage, with the memory efficiency and fidelity
given by (1, nJ?) = (0.93, 0.75). Figure 2(d) shows the pulse
memory in a nonlinearity-dominant (i.e., strong nonlinear)
region, with €,(0,7)t9 = 5.0sech(z/7p). In this situation,
the nonlinearity length Ly;, = 0.36 cm is much smaller than
the dispersion length Lp = 1.05cm. We see that the optical
pulse has a very large distortion before and after the storage,
with (7, nJ%) = (0.79, 0.60). Consequently, the optical pulse
memory in these two regions has lower quality compared with
that of the soliton region.

B. Slow-light soliton beam splitters through two optical
excitation channels

We now turn to describe how to realize a slow-light soliton
beam splitter in the system. Similar to linear beam splitters
[22], the slow-light soliton beam splitter can be realized
through an adiabatical switching off and on of the two control
laser fields subsequently. The switching off and on of the two

control fields can be described by the following switching
functions:

2 1 1\]
1 1 r— Toffi 1 r— Tonl
ch = le() [E - 5 E tanh(T + z tanh T

(12a)

1 t—T% 1 t—T2\]
QcZ = Qc20|:l - 5 tanh (Tmtl) + E tanh (TOI) s
(12b)

where Q.o (j = 1, 2) is constant, T is the switching time, and
To]t"f,- (Tsn,) is the ith switching off (switching on) of the control
field Q2.;. The timing sequence of the switching off and on of
2.; for obtaining a slow-light soliton beam splitter is shown
in Fig. 3(a), with T01ffl = Toszl < Tolrll < Tolff2 < Toznl.

Figure 3(b) shows the result of a numerical simulation on
how to obtain a slow-light soliton beam splitter by taking
|€2,70| as a function of 7/7y and z (with 79 = 5.0 x 10~35).
The operation steps can be described as follows.

(1) A weak nonlinear probe pulse is incident at z =0
with the waveform €2,(0, #)tp = 3.3 sech(t/70). A slow-light
soliton forms via the balance between dispersion and Kerr
nonlinearity, and propagates stably to z =0.6 and 1.2 cm
(corresponding times are 5.37 and 11.019), respectively. This
is the soliton (the leftmost red pulses) before the storage.

(2) Both 2.1 and 2., are switched off att = YI)Iff] = 7:)2ff] =
157p; the (input) probe soliton is stored in the two atomic
coherences o, and o3; (which are not shown in the figure
for saving space) simultaneously.

(3) By switching on 2. at t = 7:)}11 = 307y but keeping
Q. switched off, the atomic coherence o0, is converted back
into the probe pulse, and hence a new soliton (called soliton
1) is retrieved. The figure (the middle blue pulses) shows
the propagation of the soliton to z = 2.4, 2.7, and 3.0cm
(corresponding times are t = 44.97j, 50.47), and 56.11),
respectively.

4 Attt = Tolffz = 801y, 2.1 is switched off; after time
207y, 2.2 is switched on at ¢t = Toznl = 1007y. The atomic
coherence o3, is converted back into the probe pulse, and thus
another new soliton (called soliton 2) is retrieved. The figure
(the rightmost yellow pulses) shows the propagation of the
soliton 2 to z = 2.4, 2.7, and 3.0 cm (corresponding times are
t = 114979, 120.419, and 126.07p), respectively.

In the simulation, the other system parameters are
chosen to be Ay = —27 x 15.9MHz, A, = Az = -2 X
1.9 MHz, y,; =2m x 8.0Hz, y3; =27 x 15.9Hz, yy =
2w x 2.5 MHz, and Q.10 = Qo =27 x 28.6 MHz, T, =
0.279. From the figure, we see that the input probe soliton
can indeed be stored and partially retrieved by switching on
both control fields subsequently, behaving like a soliton beam
splitter. The retrieved soliton 1 and soliton 2 are very similar to
the stored one due to the balance between the dispersion and
Kerr nonlinearity, except for a smaller amplitude and a wider
temporal width compared with the input soliton. Note that the
amplitude of each retrieved pulse has the same magnitude of
order as that of the stored soliton, thereby two retrieved pulses
are still solitons of the system. The approximated expression
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a 1 2
(a) T, 2 0 Solon 1

Soliton 2

FIG. 3. Slow-light soliton beam splitters through two optical excitation channels. (a) Timing sequence of the switching on and off of the
control fields €2, and ., for obtaining the slow-light soliton beam splitter, with Tofl;f, (T3,) the ith time of switching off and on of the control
field Q.; (j = 1, 2). (b) Soliton splitting by taking |€2,7o| as a function of # /7 (19 = 5.0 x 1078 s) and z. The leftmost three red pulses are for
the probe soliton before the storage when it propagates to z = 0.6 and 1.2 cm (corresponding times are t = 5.37y and 11.07), respectively.
The middle three blue pulses are for the retrieved new soliton (soliton 1) when it propagates to z = 2.4, 2.7, and 3.0 cm (corresponding times
are t = 44.97), 50.479, and 56.11)), respectively. The rightmost three yellow pulses are for another retrieved new soliton (soliton 2) when it
propagates to z = 2.4, 2.7, and 3.0cm (corresponding times are t = 114.97j, 120.47, and 126.07), respectively. For more details, see the
text. (c) Similar to panel (b) but for the pulse splitting in a dispersion-dominant region. (d) Similar to panel (b) but for the pulse splitting in a

nonlinearity-dominant region.

of the probe pulse during the soliton splitting is presented in
Appendix C2.

For comparison, Fig. 3(c) [Fig. 3(d)] shows the result of
numerical simulations on the pulse splitting in a dispersion-
dominant (nonlinearity-dominant) region, with the input
pulse given by €,(0,1)ty = 0.3 sech(t/79) [£2,(0,1)19 =
4.5sech(t/19)] and all other parameters the same as those
used in panel (b) but Tp =2.5 x 10735 (1 = 5.0 x 1073 s).
We see that, though one can get pulse storage and splitting,
the retrieved pulses have large deformation compared with
the input one. The reason is that in both the dispersion- and
nonlinearity-dominant regions there is no balance between the
dispersion and Kerr nonlinearity, and thereby a spreading or

J

1
Q1021 + Q031 = —Q,

Equation (14) can be rewritten as the form o7 +
(R22/82¢1)031 = —(82,/21). Thereby, 021 and o3; may ac-
quire nonzero values if the rations Q./2. and €2,/
remain finite constant values, though during the storage €2,
and Q. are switched off and €2, approaches zero; in the
retrieval process, the probe pulse can be recovered when 2.
and 2., are switched on again. This can also be understood
by the existence of the two dark-state polaritons in the system,
which read [6,8].

0

. 8021 30’31
Ti2aP+2ap \ar ’d‘“> (Qd o 952—) ~—Q). (14)

distortion of the pulse is unavoidable in the processes of the
storage and splitting.

We now give a simple explanation for the memory and
splitting of the slow-light soliton described above, based on
the Bloch Eq. (2) (its explicit expression is given in Ap-
pendix A). Since for a weak probe pulse d>1021, d31031, 2,002,
and 2,003 are small, from Eqgs. (A2a) and (A2b) one has

. 1 doag 003
- Q. Q, .3
oor ’|szd|2+|szcz|2( o TR ) Y

Substituting Eq. (13) into Eq. (A2d) and using o7; =~ 1 and
opo ~ 0, we obtain

ot

[
W = cos <, — gy/N, sinO[cos ¢ exp(ixci )oai
+ sin ¢ exp(ixc2)o31],

Z = sin ¢e'*<' oy — cos pe'* o3y,

(15a)
(15b)

where ¢ = |poi|*w,/(2e0h), cos$ = |Q1|/||, sing =
[R2:21/1€2¢1, sin 0 = g/ No/V/IQ1? + g2 Na, cosf =
1Qc1/v/1921* + &N, Xej = —iIn(Q; /125D (j = 1, 2),
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1 2 3
Ton 1 Ton1 Ton1

1 1 2
Tott,  Tofr, Tof,

FIG. 4. Slow-light soliton beam splitter via multiple optical excitation channels. (a) Excitation scheme of the N-pod system. (b) Timing
sequence for adiabatically manipulating the three control fields 2., €2.,, and .3 in a quadripod system, for obtaining a slow-light soliton
beam splitter via three optical excitation channels. (c) Numerical result on the splitting of the slow-light soliton in the quadripod system, by
taking |€2,7o| as a function of #/7y and z. (d) When the system works in a dispersion-dominant region, the retrieved (linear) optical pulse

deforms significantly. See the text for more details.

with Q.| = V/|Rc11% + |Q2e2|%. Since the nonlinear effect
under consideration is weak, and during the soliton memory
process both €. and ., are changed adiabatically, it can
be shown that the dark-state polariton functions (15a) and
(15b) satisfy equations dW/dt + ccos?9aW/dz ~ 0 and
0Z/dt ~ (0. This means that during the soliton memory
process the information of the probe soliton €2, is transferred
into the two atomic coherences o, and o3, and vice versa,
as shown in Fig. 2(b). This explanation applies also for
the storage and retrieval processes in the soliton splitting
illustrated in Fig. 3. For expressions of the probe pulse during
the soliton splitting, see Appendix C2.

C. Slow-light soliton beam splitters through multiple optical
excitation channels

The scheme proposed above can be generalized to systems
with more optical excitation channels. Shown in Fig. 4(a) are
the level diagram and excitation scheme of a N-pod system,
where one probe field (with half Rabi frequency €2,) drives
transition |1) to |0) and N — 1 control fields (with half Rabi
frequencies €2.;) drive transitions |j) to [0) (j =2,---,N).
['jo is the decay rate from |0) to |j) and A; (j # 1) is the
two-photon detuning (j = 1, --- , N). To realize a slow-light
soliton beam splitter in such system, the control fields Q;
(j=1,---,N —1) must be adiabatically manipulated in a
suitable way. For simplicity, here we consider only the case
of a quadripod system, with the timing sequence of the three
control fields 2.1, Q.2, and Q.3 shown in Fig. 4(b). Plotted
in Fig. 4(c) is the result of a numerical simulation for how
to obtain the slow-light soliton beam splitter via three optical
excitation channels, with operation steps described as follows.

(1) Initially (before the storage), the three control fields
are switched on simultaneously, so a probe soliton forms
in the system. The leftmost three red pulses in Fig. 4(c)
are the soliton profile when it propagates to z = 0, 0.6, and
1.2cm (corresponding times are t = 0, 4.5t), and 9.17),
respectively.

(2) At the time Tolffl, the three control fields are switched
off simultaneously. When €2, is switched on again at the time
slot T} <t < T, (but Q. and Q3 remain switched off),
a new soliton (called soliton 1) is retrieved from the atomic
coherence o0;;. Blue pulses in Fig. 4(c) are for the retrieved
soliton 1 when it propagates to z = 2.4, 2.7, and 3.0cm
(corresponding times are t = 41.0ty, 48.279, and 55.519),
respectively.

(3) At the time Tolffz, we switch off €2.; and hence the

soliton 1 disappears. Then, at the time Toznl, Q.o 1s switched
on again in the time slot 7, <1 < Tz (but ¢ and Q3
remain switched off), and another new soliton (called soliton
2) is retrieved from the atomic coherence o3;. Yellow pulses
in Fig. 4(c) are for the retrieved soliton 2 when it propagates
to z=2.4, 2.7, and 3.0cm (corresponding times are t =
111.079, 118.37, and 125.67), respectively.

(4) At the time Toszz, we switch off 2., and hence the

soliton 2 also disappears. Then, at the time Toi,’ Q3 18
switched on again (but . and 2., remain switched off),
and a third new soliton (called soliton 3) is retrieved from
the atomic coherence oy4;. Purple pulses in the figure are for
the retrieved soliton 3 when it propagates to z = 2.4, 2.7, and
3.0cm (corresponding times are t = 181.17, 188.37), and
195.679), respectively.

In the simulation, we use the parameters tp = 5.0 X

1078 S, Tolffl = 251, TOL] = 307, nlf& = 807y, To%n = 1007,
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O“Z = 15079, and TO?“ = 1707p. The probe pulse at the en-
trance of the medium is €2,(0, #)Tg = 3.5sech(t/7g). We see
that the slow-light soliton beam splitter can be indeed realized
through three optical excitation channels through adiabati-
cally manipulating the three control fields. We stress that the
retrieved pulses are indeed solitons because there is a balance
between the dispersion and nonlinearity in the system, thereby
these retrieved pulses are very stable during propagation. For
comparison, panel (d) shows a retrieved linear pulse with
79 = 2.5 x 10~%s (which has been stored in the system first
by switching off the three control fields simultaneously) when
.1 is switched on again. Here the probe pulse at the entrance
of the medium is €2,(0, 1)t = 0.1sech(z/7g). One sees that
the retrieved pulse (green profiles) is deformed significantly
during propagation since in this case the system works in a
dispersion-dominant region.

IV. SUMMARY

Note that a retrieval of multiple optical pulses stored in a
three-level A-type atomic system was considered in an inter-
esting work by Reim er al. [48]. We stress that our work is dif-
ferent from that reported in Ref. [48]. First, the storage and re-
trieval of the optical pulses in our work are based on a scheme
of EIT memory, while Ref. [48] is based on a Raman memory.
Second, what we have investigated here is for the storage and
retrieval of nonlinear (soliton) optical pulses, while Ref. [48]
is for those of linear optical pulses. Third, the slow-light
soliton beam splitter is hard to realize by using the three-level
A-type atomic system with the control field consisting of
several narrow subpulses in the retrieval period, proposed in
Ref. [48]. To demonstrate this, based on a three-level A-type
memory scheme we have carried out a numerical simulation
on the single-pulse storage and multiple-pulse retrieval by
using the retrieval technique described in Ref. [48]. We found
that, though a beam splitting for the input narrow probe pulse
may be obtained and the retrieved probe subpulses can be
shaped by engineering the control field, a slow-light soliton
beam splitter is not possible to realize with such scheme. The
physical reason is that with such scheme the retrieved probe
subpulses are unstable during propagation due to the loss and
the unbalanced nonlinearity and (large) dispersion that cannot
be avoided in the multiple-pulse retrieval process. In contrast,
in our four-level tripod-type scheme with multiple excitation
channels illustrated above, during the retrieval process the loss
is small and the dispersion (also small) is well balanced by
the weak nonlinearity of the system. Thus the optical solitons
obtained in our scheme are quite stable during the processes of
the propagation, storage, and retrieval, which makes the high
performance realization of the soliton beam splitters possible.

In conclusion, in this paper we have proposed a scheme
for realizing slow-light soliton beam splitters with a tripod-
type four-state atomic system. By using the method of mul-
tiple scales, we have derived the nonlinear envelope equation
governing the evolution of the probe pulse. We have shown
that optical solitons with ultraslow propagation velocity and
ultralow generation power can be produced in the system via
EIT. We have also shown that these slow-light solitons can be
stored and retrieved with high efficiency and fidelity through
two different photonic channels. Based on this, a slow-light

soliton beam splitter that splits one optical soliton into two
ones can be implemented through the switching off and on
of the two control laser fields subsequently. Furthermore, the
possibility of the soliton beam splitter that splits one optical
soliton into three or more ones via multiphotonic channels has
also been illustrated.

The results reported here can be generalized to high-
dimensional nonlinear optical pulses with orbital angular
momenta, surface polaritons in metal-metamaterial interfaces,
excitons in semiconductor quantum wells and dots, etc. Hence
our paper opens a route not only for active manipulation of
nonlinear optical pulses in multistate quantum systems but
also for potential applications in optical information process-
ing and transmission.
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APPENDIX A: BLOCH EQUATION FOR THE DENSITY
MATRIX

The explicit form of the Bloch Eq. (2) reads [36]

I'EU” - iF]OO'O() + Q;G()l - QPO'(TI = O, (Ala)
igazz — iT20000 + Q1,002 — Qe10g, =0, (Alb)
ia%a — il'30000 + 27,003 — L2043 =0, (Alc)

.0 .
ZEO-OO + ilgo00 — QZO’Ol + QPO‘& — 9:10'02 + 951652

—27,003 + Qe20g; = 0, (Ald)

for diagonal matrix elements, and
15 +dy |o21 — 00, + 27001 =0, (A2a)
1— + d';] 031 — Q 0'03 + QdUO] = O (A2b)
Q1003 + Q2500 = 0, (A20)

001 — (000 — 011) + R¢1021 + Q2031 =0,
(A2d)

i— 4dy |on —

o Qc1(o00 — 022) + Q,05; + L0203 =0,

(5 )
<l% + d32)032 —
(5 +)
(5 )

(A2e)

i +dos ooz — Qe2(000 — 033) + Q2,037 + Q103 =0,
(A2f)

for nondiagonal matrix elements, where d;; = A; — A; +

ivy. Here yj; = (T; +T)/2 + ydep is the decay rate of the
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atomic coherence o, with T'; = 3 . E Ll the spontaneous-

emission rate of the state |j) and yﬁep the dephasing rate
representing the loss of phase coherence between |j) and
|l) contributed by atomic collisions and other incoherent
processes [36].

APPENDIX B: DERIVATION OF THE NONLINEAR
ENVELOPE EQUATION AND ITS SOLITON SOLUTION

To obtain the envelope equation governing the nonlinear
evolution of the probe field based on the MB Eqgs. (2) and (3),
we take the asymptotic expansions [40,47]

o =0 +eo) +&0) +0) +--, (Bla)
Q,=eQl +2QP + Q0 + - (B1b)

with of?) = §;0d0 the steady-state solution when the probe
field is absent and € the dimensionless small parameter char-
acterizing the typical amplitude of the probe field. To have a
divergence-free expansion that is valid for the nonlinear evolu-
tion of the system, all the components on the right-hand side

J

of the expansion (B1) for o;; and €2, must be considered to
be functions of the multiscale variables z; = €'z (I =0, 1, 2),
1 =€t (1 =0,1)[40,47]. Substituting such expansion to the
MB Egs. (2) and (3), we obtain a set of expansion equations
which can be solved order by order.

At the first order of the expansion, we obtain the solution

Q) = Fexp (i), (B2a)
il = [Q7, (@ + ds))/DIF exp (i6), (B2b)
ot} = (95 (@ + da)/DIF exp (i6), (B2c)
oil = —[(@ + do1 )@ + d31)/DIF exp(i6), (B2d)

with all other 0%1) zero. Here 0 = K(w)zo — wty [38]; F is the
envelope function of the slow variables z;, 2, and #;; K(w) is
the linear dispersion relation [given by Eq. (4)]. The explicit
expression of the quantity D can be found just below Eq. (4).

At the second order of the expansion, we obtain the enve-

lope equation
[ OF n 1 oF 0 (B3)
i|—+——1]=0,
97 Vg ot

where V, = (0K/dw)™" is the group velocity of the probe pulse. Explicit expressions of the solution at this order are given by
o = i LF exp(i0) (j = 0,2.3), 0330332 = Aoaos.30)|F I exp(—2a2,), and o2 = a})|F|* exp (—2az) (j = 1,2,3,0),

Jjl "oy
w1th
1 1 1
a(()zl) = K_m<7 - ;)7 (B4a)
8
2) _ _
a; = al*(dz1 — day), (B4b)
(2)——%( +d)’ Qo+ doy + d )+Qﬁz|sz P(dar — ds1) (Bdc)
431 = T pp (@ T dn)(cw T doy T d3t Do 1etl™(dar = d31), c
—T'3X + Tyo(B — BY)
@) 30 10
ayy = Tro(A — A%) ) (B4d)
@ _ 24Tl PNV — Nag) (Bie)
A = iToP ’
— iF10 a(z) + a(z)
ap)) = (o +55) (B4f)
il'10
2) *(1) 2)
@ _ M[Q (tl"mX ta; )+031 —ay — Qe (lF]oX ta; )
ay, = N ) (B4g)
M*di 1 QR
(2)_ 32 Q- —Xx 2) *(1) clnéac2 *(2) B4h
ag3 961962[ ‘2<ir10 +a33> +ay & Gy " | (B4h)
1 .
a5 = - (Quagy” - Qagy). (B4i)
where
dEM* (1920292 Qo1 Qo [ M* 19211292,
P €211 2Nt ) — el €21 2Nt =Ny — o | (B5a)
24 p diN* P
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dyM* 1 Q.
B = 32* {ch. X 4+ ° 20 %(1)
Q% il"10

Qo (12 .\
M=————+dy )

ds dx
QL QLM — Q0|
N =dy + s
dz

P = N*MQ, Q) — NM*Qu Q.

Q = [—ilN|’Ty — P+ |2 *(N* = N)IX — il'0[Q},N*(MdS) — a5\") —c.c.],

_ (w+ dy)(w + d31) _ (w+d;1)(w+d§k1)
= D D~ .

X

With the solutions obtained above, we proceed to the third
order of the expansion and obtain the envelope equation by a
divergence-free condition

O r 1y 82F+W|F|2F ~2n _ () (B6)
i—F — -K,— e =0,
0z, 2 Car

where @ = ¢ 2o [a = Im(K)] is the absorption coefficient,

K> = 3°K/dw? is the coefficient of group-velocity dispersion,
and W is the coefficient of self-phase modulation, which
reads

*(2) *(2)
S+ ch ((1) + d31 )(102 + Q(‘Z(w + d21 )a03

W = —ko D

3

(B7)

where S = (v + db1 ) (w + d3; )(Zaﬁ) + aézz) + a%)). Combin-

ing the above two envelope Egs. (B3) and (B6), we obtain
Eq. (5) in the main text when returning to the original vari-
ables.

Because under the EIT condition the absorption of the
probe pulse is largely suppressed, the imaginary parts of K,
and W, are thus much smaller than their corresponding real
parts. Neglecting these small imaginary parts in K, and W5,
we get the dimensionless nonlinear equation

U U
i— —sg— +2|U*U = igo U, (B8)
as do?

with U = eF exp(—iaz)/Uy, s=2z/Q2Lp), o =(1—
z/Ve)/T0, Lp = 1702/ |K>| (the tilde symbol denotes taking
the real part), s; = sgn(K'z), and go=2Lp/Ly. Here
Ly = 1/Im(K) is typical absorption length; Lp is typical
dispersion length, which has been assumed to be equal
to typical nonlinearity length Lny = 1/(WU}), and hence

Up = (1/79)y/|K2|/W. Note that W has been assumed to
be positive, which is valid if both two-photon detunings
A, and Aj; are negative, the case we consider here. For
Uy =2m x 8.3MHz and the other system parameters the
same as given in the main text, we have Lp = 1.1cm,
Ly = 46.3 cm, and hence gy = 0.05. Since s; = —1 and igoU
is very small, one can get the approximated single bright

Q.10 1 1
— #[M*szcz(— +-2 ) + My —af) - _X“ (B5b)
d;zN* lFl()X lF]()P lF]()

(B5¢)

(B5d)

(B5e)

(B5f)

(B5g)

(

soliton solution of Eq. (BS8), i.e.,

U = Bsech[B(o — cos — 0p)]
xexp |ilo +i ,32—6_(2) — i (B9)
Xp 120 1 2 §—19o |.

Here B, cg, 00, and ¢ are free parameters which determine
the amplitude (temporal width), velocity, initial position, and
initial phase of the soliton, respectively. When taking 8 = 1,
co =0, op =0, and ¢y = 0, the half Rabi frequency of the
probe pulse corresponding to the solution (B9) is just that
given by Eq. (6) after returning to the original variables.

Figure 5 shows the time evolution of the slow-light soliton
by taking U as a function of 7 /7y and z/(2Lp). The boundary
condition at z = 0 is chosen to be U = 0.8 sech(0.8¢ /1) with
Ty = 1.0 x 1077 s. We see that the soliton is very stable during
propagation due to the balance between the dispersion and the
Kerr nonlinearity in the system.

APPENDIX C: EXPRESSIONS OF PROBE PULSES FOR
SOLITON MEMORY AND SPLITTING

For the problems of soliton memory and soliton splitting,
it is not possible to get exact solutions of the MB Egs. (2)
and (3), because these equations not only are nonlinear
ones (due to the coupling between light and atoms) but
also have variable coefficients (due to the time-dependent
control fields needed to implement the manipulation of the

505+ 1
2
g 2/2L
=10 0 10

vr, 20 30 4 ©

FIG. 5. Evolution of the slow-light soliton by taking U as func-
tion of /7y and z/(2Lp).

043821-10



SLOW-LIGHT SOLITON BEAM SPLITTERS

PHYSICAL REVIEW A 99, 043821 (2019)

probe solitons). However, it is possible to provide approxi-
mated analytical solutions of the probe field in different time
slots.

1. The case of soliton memory

In the case of the storage and retrieval (Sec. II.B.1 in the
main text), the two control fields €2.; and 2., are (or recover
to) constant values in the time slots before the storage and
after the retrieval of the slow-light soliton. In these time slots,
the description by the envelope Eq. (5) in the main text is
still valid. Thus one has the following solution for the probe

pulse:
2 JEE 1Kol sech[ (1 —

for t < Tos,

)]ei[KO_l/(ZLD)]Z’

Sl

Q,~ {0, for Tosr <t < Ton,

ro‘/ ‘Ié,z sech[ (

for t > Ty,

— %)]ei[Ko—l/(zLD>lz+i¢o’

where Ag and Bo are constants, ¢ is a constant phase factor,
T =Tk =Tk, and T, = T = T2.

2. The case of soliton splitting

The realization of the soliton beam splitter requires that
initially the two control fields are switched on simultaneously,
and then switched off and on in subsequent time slots [see
Fig. 3(a) in the main text]. In the time slot 1 < T , the two
control fields are constants and the envelope of the probe
pulse is described by Eq. (5), so it is a slow-light soliton
given by Eq. (6). In the time slot Tol <t < Tlcf , the control
field Q2. is switched on again but SZcz remains sw1tched off,
thus the four-level tripod system is reduced into a three-level
A-type system (with €2, and | coupling the levels [0), [1),
and |2)). In this case, due to the existence of the constant
Q.1, the envelope of the probe pulse is still described by
Eq. (5) but with Q. = 0. In the time slot Tolff2 <t<Tg;,
the control field .y is switched off but ., is switched on
again to a constant value; the four-level tripod system is thus
converted into another three-level A-type system (with €2,
and ., coupling the levels |0), [1), and |3)). In this case,
due to the constant Q.,, the envelope of the probe pulse is
still described by Eq. (5) but with . = 0. That is to say,
in the time slots of # < Ty, Ty, <t < Ty, and 1 > Toi]
the description by the envelope Eq. (5) in the main text is
valid but with different control fields. Consequently, during
the soliton splitting, the probe pulse can be written as the

form
/\Kz _z i[Ko—1/2Lp]
ro SeCh[ ( Vg)]el ol P,
for t < Tolffl,
0, for Tlcf <t<Tonl
1K oz i[K)—1/2L1 1z +igy,
o ~ | B sech(r = )] i,

for T, <t < Ty,
0, forTff <t <T?

on;’

- \/?sech[ (t - V—)] g”Ké/*l/2L£§lz+z’¢g’
0

2
for t > T3, ,

where Ao, Bé,, B, ¢y, and ¢, are constants. In the above
expression,

K'(0) = w/c + kio(w + da)/ D, (Cla)
Ky = K'()lo=0. (Clb)
V) = (3K'/dw)”", (Clc)
K, = 3*°K' /0w, (C1d)

W' = kot [Qu1dy* + (@ + do) (247 + d3y)]/D,

(Cle)
Ly =75 /1K), (C11)
D' = Q> — (@ + da)( + doy). (Clg)

and
K"(@) = o/c + kio( + d31)/D", (C2a)
Kj = K"()]o=0. (C2b)
Vv, = (0K"/dw)”", (C20)
K) = 9°K"/3e?, (C24d)

W = ko1 [Qeadsy” + (0 + d31)(2d] + d55) /D",

(C2e)
lq/; — //2/|K// (sz)
D' = |Qu)? — (0 + d31)(w + doy). (C2g)

Expressions of @'’ (a/{*’) can be obtained from that of @'’

in Sec. IV described above by taking Q2. = 0 (2.1 = 0).
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