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We propose an efficient approach for the generation of a stable entangled state of microwave fields in circuit
quantum electrodynamics. The system under consideration consists of two linearly coupled superconducting
resonators, each of which is coupled to a superconducting flux qubit. By individually driving the qubits to
engineer the desired interactions with the resonators, we show that the energy relaxation of qubits can be
exploited to steer the two resonators into the two-mode entangled state via a dissipative dynamical process.
Since our protocol is based on quantum reservoir engineering, neither specific initialization nor unitary dynamics
is required. Moreover, the distinct advantage of our scheme is that the quantum state preparation is robust
in relation to inhomogeneous parameters, i.e., there is no need for identical qubit-field couplings, as well as
the same resonance frequencies of the resonators. These features make the present scheme pretty feasible for
experimental implementation.
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I. INTRODUCTION

Circuit quantum electrodynamics is an on-the-chip coun-
terpart of cavity QED systems, i.e., it has already become
one of the most promising platforms for studying fundamental
quantum physics and applications of quantum information
processing [1–3]. These solid-state superconducting circuits
possess the advantages of flexibility, tunability, and scalability
with nanofabrication techniques [4–6]. Due to the strong cou-
pling between superconducting elements and electromagnetic
fields, circuit QED provides robust quantum manipulation,
storage, and readout [7–9]. Up to now, significant progress
on this subject has been made in demonstrating the improved
qubit lifetimes, higher gate fidelities, and increasing circuit
complexity [10–16]. Generally, the superconducting qubit
is regarded as an artificial atom. Due to the nonlinearity
of Josephson junctions, the energy-level separation of an
artificial atom becomes nonuniform, where the two lowest
levels can be used as a qubit to encode quantum information
[17–21]. In contrast, recent experiments have demonstrated
the ultrahigh-quality factor of superconducting resonators
[22–24]. These harmonic oscillators with a theoretically in-
finite ladder of states can also be efficiently addressed and
manipulated [25–30]. Therefore, circuit QED provides an
alternative appealing way to realize quantum information
processing involving microwave photons.

For realization of quantum computation, the prerequisite
is to synthesize the various kinds of nonclassical quantum
states of superconducting resonators [31]. By utilizing the
nonlinearity of a superconducting qubit, experiments have
demonstrated the robust control of a single superconducting
resonator, including the efficient preparation of Fock states
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[32], Schrödinger cat states [33], and quantum superposition
states [34,35]. Further progress requires the efficient quantum
control of microwave photons in coupled networks of res-
onators. For this goal, coupled networks have been proposed
to interconnect the separated resonators via superconducting
qubits [36–44]. Experimentally, the implementation of NOON
states [45], entangled coherent states [46], quantum logic
gates [47], and quantum state transfer [48–50] between two
separated resonators has been achieved. However, it has been
shown that unwanted intercavity crosstalk is inevitable and
it is also difficult to guarantee the homogenous couplings
between qubit and resonators, as well as the same frequencies
of the resonators [51,52]. These fluctuations will degrade
the performance of quantum operations and affect the final
fidelity substantially.

In this paper we propose an efficient method for robust gen-
eration of stable entangled state of microwave fields in relation
to inhomogeneous parameters. We consider the system of two
directly coupled superconducting transmission line resonators
[53–55], each of which is coupled to a superconducting flux
qubit. The photon exchange can occur between two adja-
cent microwave resonators and thus avoid the uncontrolled
crosstalk interaction [56–59]. By modulating the energy gaps
of artificial atoms via external driving fields, the appropriate
qubit-resonator interactions can be engineered. We let each
of the qubits individually be coupled to one of the two
combined resonator modes via squeezing-type interactions,
but the squeezing parameters have a π phase difference. It
is shown that the qubits can play the role of a dissipative bath
and help drive the two resonators into the stable two-mode
squeezed state via the quantum interference effect. Since each
of the qubits is only coupled to one of the combined modes,
it does not require the identical qubit-resonator couplings.
Moreover, the effect of the resonance frequency difference
between resonators can be greatly inhibited. Compared with
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FIG. 1. Schematic of two directly coupled superconducting
transmission line resonators, each coupled to a gap-tunable super-
conducting flux qubit. The flux qubit is made up of four Josephson
junctions.

previous work [60], the present scheme has the distinct advan-
tage that the quantum state preparation is robust against these
inhomogeneous parameters. Therefore, it is more feasible in a
realistic experiment. The present proposal provides significant
advantages for practical feasibility and may have useful ap-
plications for realization of quantum information processing
with superconducting circuits.

II. MODEL

As sketched in Fig. 1, we consider a system composed
of two linearly coupled superconducting transmission line
resonators, each of which is magnetically coupled to a
gap-tunable superconducting flux qubit. The flux qubit
consists of four Josephson junctions, where two identical
Josephson junctions with smaller critical current form a
superconducting quantum interference device (SQUID)
loop [61–63]. The external magnetic fields threading the
SQUID loop can tune the energy levels [64]. In principle,
the generic model can also be implemented with other kinds
of Josephson-junction-based superconducting qubits, such as
charge qubits [65] or transmon qubits [66]. Operating the flux
qubit at the degeneracy point, we have the free Hamiltonian
of the system (set h̄ = 1 hereafter)

H0 =
2∑

λ=1

(
δλ

2
σ z

λ + ωλa†
λaλ

)
, (1)

where the parameter λ (λ = 1, 2) indicates the λth qubit
and superconducting resonator, δλ denotes the static qubit
energy gap between the excited state |e〉λ and ground state
|g〉λ, σ z

λ = |eλ〉〈eλ| − |gλ〉〈gλ| is the Pauli operator, ωλ is the
eigenfrequency of the superconducting resonator, and a†

λ (aλ)
is the corresponding creation (annihilation) operator. The
interaction Hamiltonian between qubits and superconducting
resonators is written as

Hqr =
2∑

λ=1

gλ(σ+
λ + σ−

λ )(a†
λ + aλ), (2)

where gλ is the coupling strength and σ+
λ = |eλ〉〈gλ| and

σ−
λ = |gλ〉〈eλ| are the spin-flip operators of qubits. The

interaction between the two resonators is given by

Hrr = J (a†
1a2 + a1a†

2), (3)

where J is the coupling constant. Experimentally, the strong
coupling between two superconducting resonators has been
achieved by connecting them with a nonlinear coupler such as
a capacitor or Josephson-junction circuits of the SQUID loop
[67–69]. The coupling strength can be dynamically tuned
by adjusting the capacitance or inductance of the coupler
[70,71]. Furthermore, we also apply a pair of σ z drivings to
each flux qubit, which is described by the Hamiltonian

Hd =
2∑

λ=1

[
ξλ

1 ωλ
d1 cos

(
ωλ

d1t
)
σ z

λ + ξλ
2 ωλ

d2 cos
(
ωλ

d2t + θλ
)
σ z

λ

]
,

(4)

where ωλ
dl (l = 1, 2) is the driving frequency, ξλ

l (l = 1, 2)
is the ratio between the amplitude and frequency, and θλ is
the phase difference between the bichromatic fields. This
Hamiltonian can be realized by penetrating the SQUID loop
of flux qubits with time-dependent magnetic fields [72–74],
which is crucial for mediating the suitable interactions
between flux qubits and superconducting resonators.

III. GENERATION OF TWO-MODE ENTANGLED STATES

In this section we will show how to create the entangled
state of two superconducting resonators in relation to inho-
mogeneous parameters. By taking into account the coupling
of the whole system with a harmonic-oscillator environment
in the Markovian approximation, the time evolution ρ of the
system is governed by the master equation

dρ

dt
= −i[H, ρ] +

2∑
λ=1


λD[σ−
λ ]ρ, (5)

where H = H0 + Hqr + Hrr + Hd is the total Hamiltonian of
whole system, D[o]ρ = 2oρo† − o†oρ − ρo†o is the standard
Lindblad operator, and 
λ represents the energy relaxation
rate of the λth qubit. Here the photon leakage of resonators
is neglected, which will be investigated in the following
numerical simulation.

To detail the process of quantum state preparation, we
introduce two normal boson modes A1 = (a1 + a2)/

√
2 and

A2 = (a1 − a2)/
√

2 . In terms of A1 and A2, the Hamiltonian
in Eq. (5) can be rewritten as

H = Hd +
2∑

λ=1

(
δλ

2
σ z

λ + �λA†
λAλ

)
+

[
�

2
A†

1A2 + g1σ
+
1√
2

(A1 + A†
1 + A2 + A†

2) + g2σ
+
2√
2

(A1 + A†
1 − A2 − A†

2) + H.c.

]
, (6)

with �1 = (ω1 + ω2)/2 + J , �2 = (ω1 + ω2)/2 − J , and � = (ω1 − ω2) the resonance frequency difference between two
resonators. We can see that the new boson modes A1 and A2 are spectrally well resolved with large enough coupling strength J .
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We now proceed to perform the unitary transformation U1(t ) = e−iH ′
0t , with H ′

0 = ∑2
λ=1( δλ

2 σ z
λ + �λA†

λAλ), to the above
equation. Then the Hamiltonian will become

HI = Hd +
[
�

2
A†

1A2ei2Jt + g1√
2
σ+

1 eiδ1t (A†
1ei�1t + A1e−i�1t + A†

2ei�2t + A2e−i�2t )

+ g2√
2
σ+

2 eiδ2t (A†
1ei�1t + A1e−i�1t − A†

2ei�2t − A2e−i�2t ) + H.c.

]
. (7)

To get the desired couplings between qubits and resonators, we perform another unitary transformation U2(t ) =
T exp[−i

∫ t
0 Hd (t ′)dt ′], where T denotes the time-ordering operator. Assuming that the parameters ξλ

l (λ, l = 1, 2) are small
enough, they can be kept only up to the first order. Then we will have

HI = �

2
A†

1A2ei2Jt + g1√
2
σ+

1 eiδ1t
[
1− ξ 1

1

(
eiω1

d1t − e−iω1
d1t

) − ξ 1
2

(
ei(ω1

d2t+θ1 ) − e−i(ω1
d2t+θ1 ))](A†

1ei�1t + A1e−i�1t + A†
2ei�2t + A2e−i�2t

)

+ g2√
2
σ+

2 eiδ2t
[
1 − ξ 2

1

(
eiω2

d1t − e−iω2
d1t

) − ξ 2
2

(
ei(ω2

d2t+θ2 ) − e−i(ω2
d2t+θ2 )

)]
(A†

1ei�1t + A1e−i�1t − A†
2ei�2t − A2e−i�2t )+H.c. (8)

If the parameters are chosen to be θ1 = 0 and θ2 = π , as
well as ωλ

d1 = δλ + �λ and ωλ
d2 = δλ − �λ (λ = 1, 2), we

can apply the rotating-wave approximation to neglect those
fast oscillating terms under the conditions {δλ, ω

λ
dl ,�λ} � gλ

(λ, l = 1, 2) and 2J � �. Thus, we will obtain the effective
Hamiltonian

Heff = σ+
1 1(A1 + εA†

1) + σ
†
2 2(A2 − εA†

2) + H.c.,

where we have set 1 = g1ξ
1
2 /

√
2, 2 = g2ξ

2
2 /

√
2, and ε =

ξ 1
1 /ξ 1

2 = ξ 2
1 /ξ 2

2 .
To make the two-mode squeezing generation mechanism

clear, we apply the transformations S = S1 ⊗ S2 to the mas-
ter equation, in which S1 = exp{ r

2 [A2
1 − (A†

1)2]} and S2 =
exp{− r

2 [A2
2 − (A†

2)2]}, where r = tanh−1(ε) is single-mode
squeezing degree. Under the squeezing representation, the
master equation will take the form

dρ̃

dt
= −i[H̃eff , ρ̃] +

2∑
λ=1


λD[σ−
λ ]ρ̃, (9)

with

H̃eff =
√

1 − ε2
2∑

λ=1

λσ
+
λ Aλ + H.c., (10)

where ρ̃ = S†
2 (r)S†

1 (r)ρS1(r)S2(r). We can see that the Hamil-
tonian H̃eff describes a pair of Jaynes-Cummings-type inter-
actions, thus it conserves the total energy excitations of the
system. However, due to the participation of energy relaxation
of qubits, they will continuously extract photons from the
modes A1 and A2 and then decay back to the ground states.
According to this dissipative dynamical process, the whole
system will eventually be cooled down to the ground state
at the stationary state, i.e., |0, 0〉1,2 ⊗ |g, g〉1,2. Reversing the
squeezing transformation S, we will obtain the unique steady
state of the system

|�S〉 = exp
[ r

2

(
A2

1 − A†
1

2 − A2
2 + A†

2
2
)]|0, 0〉1,2 ⊗ |g, g〉1,2.

(11)

If we replace the modes A1 and A2 with a1 = (A1 + A2)/
√

2
and a2 = (A1 − A2)/

√
2 in Eq. (11), the steady state of the

system will yield

|�S〉 = exp[r(a1a2 − a†
1a†

2)]|0, 0〉1,2 ⊗ |g, g〉1,2. (12)

We see that the two superconducting resonators are prepared
in the two-mode squeezed vacuum state, i.e., it is a quan-
tum interference effect. Based on a dissipative steady-state
production process, there is no need for exact control of
the time evolution and specific initialization of the system
[75–78].

Moreover, we note that the steady state of the master
equation (10) is unique, even if the parameters 1 and 2

are different from each other. Hence, the inhomogeneous
qubit-resonator couplings have no effect on the stationary
state. Additionally, our scheme allows a certain range of
fluctuation of the resonance frequency difference � be-
tween the resonators. Provided � � 2J is satisfied, the term
�
2 (A†

1A2ei2Jt + A1A†
2e−i2Jt ) in Eq. (8) appears to be trivial,

which can be safely omitted via the rotating-wave approxima-
tion. In practice, it is hardly possible to fabricate a resonator
with equal resonance frequencies. Although the eigenfre-
quency of the superconducting resonator inserted with SQUID
loops can be easily tuned within a few nanoseconds in ex-
periment [79,80], the coherence time will be considerably
reduced. Therefore, the present scheme is very resilient to
the inhomogeneous parameters, i.e., it eliminates the need
for equal couplings between qubits and resonators, and the
effect of the frequency difference � can be sufficiently sup-
pressed. In addition, because the steady state of qubits is
the ground state, our protocol is also immune to the de-
phasing effect of them. These remarkable features greatly
loosen the requirement for experimental implementation and
make our proposal quite feasible in a realistic experiment.
The engineered continuous-variable entangled state has im-
portant applications for implementing various quantum in-
formation protocols such as quantum key distribution, entan-
glement swapping, error correction, and quantum computing
[81–84].

To check the validity of our result, we numerically solve
the master equation by including the photon damping of
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（a） （b）

FIG. 2. Logarithmic negativity EN vs the dimensionless time 
t by numerically solving the master equation. The parameters are
δ1/2π = 10 GHz, δ2/2π = 9.5 GHz, ω1/2π = 6 GHz, ω2/2π = ω1/2π − �, J/2π = 0.3 GHz, g1/2π = 50 MHz, g2/2π = 60 MHz,

/2π = 
1/2π = 
2/2π = 10 MHz, ξ 1

1 = ξ 2
1 = 0.14, and ξ 1

2 = ξ 2
2 = 0.2 for (a) different quality factors Q and (b) different �.

resonators [85]

dρ

dt
= −i[Heff , ρ] +

2∑
λ=1


λD[σ−
λ ]ρ +

2∑
λ=1

κλD[aλ]ρ, (13)

where κλ = ωλ

Qλ
is the photon leakage rate, with Qλ the qual-

ity factor of the resonator. Here we exploit the logarithmic
negativity to quantify the entanglement between two super-
conducting resonators [86]. The logarithmic negativity can be
computed from the reduced 4 × 4 covariance matrix V for
the resonator modes a1 and a2, defined as Vjk = 1

2 〈�ζ j�ζk +
�ζk�ζ j〉, where �ζ j = ζ j − 〈ζ j〉 and 	ζ = {x1, p1, x2, p2},
with xλ = (aλ + a†

λ)/
√

2 and pλ = −i(aλ − a†
λ)/

√
2 (λ =

1, 2). If we write V in the form

V =
(

V1 Vc

V T
c V2

)
, (14)

in which V1, V2, and Vc are 2 × 2 subblock matrices of V , then
the logarithmic negativity EN is defined as

EN = max[0,− ln(2η)], (15)

with

η = 1√
2

[� − (�2 − 4 det V )1/2]1/2, (16)

� = det V1 + det V2 − 2 det Vc. (17)

In our simulation, the system is initially set in the ground
state |0, 0〉1,2 ⊗ |g, g〉1,2 and the parameters are given in the
caption of Fig. 2. A plot of EN versus the dimensionless time

t is shown in Fig. 2. In the ideal case of Q = Q1 = Q2 = ∞,
we can observe that, as time proceeds, the logarithmic neg-
ativity eventually converges to a constant value EN = 1.73,
which means that the steady state of two resonators is the
two-mode entangled state. Under the situation of Q = 106

and 105, it can be seen that EN has only a small divergence
from the ideal case. Actually, the superconducting resonator
with a quality factor ∼106 is the common value in the present
experiment. The transmission line resonator with Q > 107

has been fabricated [22] and a quality factor beyond 108 has
been demonstrated in the three-dimensional resonator [23,24].

Additionally, we also add the term �
2 (A†

1A2ei2Jt + A1A†
2e−i2Jt )

to the master equation (13). For �/2π = 10 and 20 MHz,
there is no obvious variation of the logarithmic negativity
EN as seen in Fig. 2(b). In the circuit QED experiment, the
heterodyne state tomography techniques can be explored to
measure the continuous-variable entanglement. It can detect
all the elements of the quadrature covariance matrix via a
two-channel heterodyne setup using amplitude detectors [87].
Thus, the full covariance matrix can be reconstructed to
quantify the entanglement between the two superconducting
resonators. Furthermore, we also calculate the purity of the
entangled state, which is defined as

μ = 1

4
√

det V
. (18)

The continuous-variable entangled state with high purity is
required for practical applications in the field of quantum
information [88]. The high purity typically corresponds to
high fidelity. As plotted in Figs. 3(a) and 3(b), we also
investigate the time evolution of purity μ with respect to the
photon decay and frequency difference. In the ideal case, the
stable value of purity μ = 1 is attained in the stationary state,
implying that the perfect two-mode squeezed vacuum state of
the microwave fields in two superconducting resonators has
been established. For the situation of Q = 106 and �/2π =
10 MHz, it is clearly shown that the imperfect factors have
negligible disturbance on the purity μ. Therefore, our scheme
can generate a strongly entangled and highly pure microwave
field in superconducting quantum circuits.

IV. CONCLUSION

We have studied a system of two directly interacting
superconducting transmission line resonators, each coupled
to a superconducting flux qubit. We proposed a method for
dissipative generation of stable entangled fields of the two su-
perconducting resonators. By means of the appropriately de-
signed interaction between qubits and resonators, we showed
that the energy relaxation of qubits plays a positive role and
assists the two resonators in evolving into an entangled state
at steady state. The remarkable feature of our scheme is that
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（a （） b）

FIG. 3. Time evolution of purity μ by numerically solving the master equation for (a) different quality factors Q and (b) different �. The
parameters are the same as in Fig. 2.

the quantum state engineering is robust against the inhomo-
geneous parameters, i.e., it does not require identical qubit-
resonator couplings, and allows a certain range of central fre-
quency difference between the resonators. By considering the
great progress in circuit quantum electrodynamics, the present
scheme can be experimentally implemented with currently
available technology.
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