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Controlling the intensity statistics of speckle patterns: From normal to subthermal
or superthermal distributions
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We study the propagation of speckle patterns in a tunable nonlinear medium. Starting from a spatial
pattern of photons with a normal distribution (speckle field), we characterize the evolution of the radiation to
either subthermal or superthermal distributions and demonstrate the control of this evolution through a single
parameter. Our experimental control of the local degree of coherence of the output photons is well described by
numerical simulations that consider both dispersive and absorptive nonlinear effects. Particularly, we analyze the
role of the nonlinear absorption that either enhances or competes with the dispersive effects in the evolution of
speckle fields. In some realizations, an asymptotic power law is observed in the photon spatial distribution.
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I. INTRODUCTION

Many natural and artificial systems exhibit deviations from
normal (Gaussian) statistics. Non-normal statistics have been
observed, for instance, in biological [1,2], ecological [3],
geological [4], behavioral [5,6], and economic [7] systems.
Therefore, an increasing effort has been made to explain and
eventually forecast such non-normal behaviors. Electronic [8]
and optical [9] setups have been used as proxies for studying
anomalous system properties. A large variety of issues in basic
and applied sciences may be addressed by analyzing light
propagation in different media. For example, rogue waves, an
extreme phenomenon in sea waters, have been studied in opti-
cal systems [9—12]; Anderson localization has been associated
with statistical properties of radiation, signaling conditions
in which to observe wave localization in disordered media
[13,14]; the statistical regime in random lasers is related to
the inherent disorder of their gain medium [15-17]. More
generally, photon propagation appears to be a well-adapted
framework for studies of non-normal statistical behavior, a
major signature of complex systems [5,8,18]. Moreover, there
is an intrinsic interest in the description of the propagation
of radiation in inhomogeneous media with implications in
biology [19], medicine [20], and communications [21].

Propagation of light in inhomogeneous media exhibits a
diversity of statistical behaviors because of particular spatial
geometry [22] or spectral response of the medium [23]. In
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the latter case, studies have been performed by observing the
anomalous spatial statistics [23,24] or the spectral evolution
[25] of resonant photons scattered in an atomic vapor. In
these works, the medium response was linear with the light
intensity. Here, we report on the propagation of speckle fields
in nonlinear (NL) media where propagating photons are de-
scribed as interacting particles. The nature of the interaction,
whether attractive or repulsive, as well as its strength, can
be adjusted through a single control parameter, the radiation
frequency, for instance. Changes in the spatial correlation of
the interacting photons modify the spatial distribution of the
light and, therefore, the statistics of spatial photon density.

A two-dimensional (2D) + 1 configuration is considered
where the field E (7, w) propagates along one dimension (1D)
(Oz) and is scattered on the plane perpendicular to (Oz),
following the paraxial equation:

. 0E 2 2
2ik— = —VIE — k" xE, (1)
0z

where k = w/c is the vacuum wave number, ViE represents
the transverse diffraction of the field in the medium, and y =
[Re(x) + i Im(x )] is the complex electric susceptibility of the
medium, governing its interaction with the electromagnetic
field.

The spatially random incident field is characterized
through its intensity distribution P(ly) and propagates through
the NL medium whose response depends on the (local) in-
tensity of the field, thus creating a spatial pattern of index
of refraction that determines the direction of scattering of the
field itself. These dispersive effects are produced by the real
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FIG. 1. (a) A pattern of speckles is created through scattering
of a laser beam by a diffuser (DF) and is sent through a tunable
NL medium. The outgoing pattern is recorded by a CCD camera.
(b) Doppler spectrum of the Rb D, lines. The marked frequencies
are those mostly used in this paper, exploring different regimes of
photons interaction: R repulsive, A attractive, and noninteracting
(ND. (c)—(e) The pattern is prepared with a normal distribution:
(c) image, (d) intensity probability density function (PDF), and (e)
intensity correlation function of the incident pattern.

part of the susceptibility, but an additional spatial modulation
of the field amplitude (and thus of the self-lensing effect) is
produced by the imaginary part of the susceptibility (nonlinear
absorption). The statistical properties of the spatial pattern are
analyzed at the output of the nonlinear medium, particularly
through the building of its intensity distribution P(/) and of
the 2D intensity correlation,

([ dPrI)I(r + p))
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which gives information about the photons coherence [26,27]
on the plane of the output pattern. In Eq. (2), the angular
brackets () denote averaging over many realizations.

II. EXPERIMENTAL SETUP

Experimentally, a speckle field is generated by a transpar-
ent diffuser that scatters a collimated laser beam [Fig. 1(a)].
The diffuser is designed in such a way as to yield a normal
distribution of the field components, leading to an intensity

PDF of the form [27]

Py = Lex (—I—0> 3)
=0 TP\ Ty )

where (ly) is the average value of the input intensity distribu-
tion Io(7). Images of the pattern [Fig. 1(c)] are recorded by a
CCD camera and analyzed (see Appendix B). The input light
is normally distributed [Fig. 1(d)], and its intensity correlation
function exhibits the shape expected for a normal distribu-
tion of field, varying from g®(p =0) =2 to g¥(c0) =1
[Fig. 1(e)]. Here, g®(p) is the azimuthal average of g (p) on
a ring of radius p = |p|. The width of g®(p) gives the mean
size w of the speckles. This pattern characterization allows
clear identification of subsequent modifications as due to the
interaction with the NL medium.

The NL medium is a hot vapor of rubidium atoms of elec-
tric susceptibility x (A, I), where A = w — wy is the detuning
of the light field from the center of a Rb transition and /(¥) =
|E|? is the intensity of the light at position 7 in the vapor.
The frequency of the light field can be tuned around the D,
resonant lines of Rb (A = 780 nm, more experimental details
in Appendix A). We show in Fig. 1(b) a typical absorption
spectrum of a low-intensity light through a cell filled with a
natural mixture of 3°Rb and 8’Rb atoms, exhibiting the four
Doppler-broadened transitions available in our experiment.
Both the real and the imaginary parts of x have a strong spec-
tral and intensity dependence around the central frequency of
atomic transitions [28,29].

At frequencies below line center [red spot R in Fig. 1(b)],
the dependence of the real part of the susceptibility with
intensity results in a repulsive interaction between photons as
inferred from the fact that self-defocusing spreads the light
away from the regions where the photon density is larger.
Conversely, at frequencies above line center, high-intensity
light is focused, equivalent to an attractive interaction between
photons [blue mark A in Fig. 1(b)]. Far from resonance [green
mark N1 in Fig. 1(b)], the refractive index does not depend on
the intensity and the photons do not “interact.”

III. PROPAGATION SIMULATIONS

Numerical simulations of the propagation of the speckles
field allow us to follow the evolution of the intensity statistics
all along the nonlinear medium, whereas experiments are
conducted in fixed-length samples. Simulations also allow us
to gain insight into the effects of the NL absorption as these
can be artificially suppressed or enhanced on demand.

The initial field Ey(x,y, 0) follows a normal probability
distribution [Eq. (3)] and propagates [Eq. (1)] through the
medium, assumed to be composed of two-level atoms with
the NL susceptibility:

1 +oo 2
XA = f KA L 0P gy 4
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In Egs. (4) and (5), v is the velocity in the direction of
propagation z, u is the most probable velocity, N is the atomic
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FIG. 2. Real (red-solid line) and imaginary (black-solid line) 4_\\ ]
parts of the Doppler-integrated susceptibility of the Rb vapor, cal- '
culated from Eq. (4) as a function of the intensity. The diamonds 3w 1
(squares) are the best fit of the real (imaginary) curve by the function 2 ' \ |
F in Eq. (6). (a) A = —400 MHz and (b) A = +200 MHz. ceeeet
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homogeneous linewidth, A is the wavelength of the atomic
transition, and I is its saturation intensity.

The susceptibility strongly varies with the local intensity
I(7) and explicit determination of yx(I) is essential in the
calculation of the propagation of the nonuniform field. In
other words, one cannot use a mean value of intensity to
propagate a speckle pattern through a NL medium. In order
to simplify the resolution of Eq. (1), Eq. (4) is numeri-
cally integrated beforehand for a given detuning A, and the
curves Re[x (A, I)] and Im[x (A, I)] are fitted by an analytical
expression of the form

Ak DJ
. — 6
Bi+ GJE ©

where J = I/Is, {Ak, Bk, Cy, Dy, E} is a set of constants for
a given detuning A, and the index k = r,i stands for the
real and the imaginary parts of yx, respectively. The depen-
dence of x with the intensity, for detunings A = —400 MHz
[Re(x) > 0, repulsive photon interaction] and +200 MHz
[Re(x) < 0, attractive interaction], is shown in Fig. 2 with its
corresponding fit by Eq. (6).

We solve Eq. (1) by using for x the value given by
the function F(J) of the local intensity and thus simulate
the reciprocal induction between the light and the medium
properties [x (I) = I(Re x, Im x)] along the whole length of
the resonant vapor. Experimentally, we only have access to the
distribution at the exit window of the cell.

The relatively short polarization lifetime of atoms under
high intensities and densities allows us to neglect possible
nonlocal effects, and we assume a local relationship between
the nonlinear index of refraction of the medium and the
intensity of the light.

F(J) =

IV. RESULTS

A. From normal to sub- or super-thermal

Figure 3 shows the experimentally measured and the nu-
merically calculated histogram and correlation function of
the speckles intensity in three regimes of interaction. The

FIG. 3. (a) Experimentally measured and (b) calculated PDF of
the intensity of the speckle pattern after propagation through the NL
medium. (/) is the mean intensity of the distribution. (c) Experimen-
tally measured and (d) calculated correlation function of the intensity
of the speckle pattern after propagation through the NL medium. The
actual magnitude of the experimental g® in the attractive regime
has been divided by 3.5. Noninteracting (off-resonance laser, black-
thick curve), attractive (positive detuning, blue-empty circles/dashed
curve), and repulsive (negative detuning, red crosses/dotted curve)
regimes, see Fig. 1(b).

horizontal scale of the histograms is normalized to (/), the
mean intensity of each distribution.

For noninteracting photons, the intensity PDF [thick black
curves in Figs. 3(a) and 3(b)] decays exponentially with / as
does the input field, i.e., there is no change in the intensity
statistics. This is confirmed by the intensity correlation func-
tion [black-solid lines in Figs. 3(c) and 3(d)], which assumes
the same shape as g (p) of the input field.

Attractive photon interaction favors the formation of high-
intensity speckles. This increase in the probability of high-
value events is characteristic of a superthermal distribution
[blue-circle curves in Figs. 3(a) and 3(b)]. The Gaussian-like
shape of the correlation function of the incident field evolves
to a sharper, narrower peak in the attractive regime with g (0)
becoming much larger than 2 [dashed-blue lines in Figs. 3(c)
and 3(d)].

Tuning to repulsive interactions leads to subthermal dis-
tributions [red-cross curves in Fig. 3(a) and 3(b)] with an
intensity cutoff reflecting the suppression of the highest in-
tensities from the normal distribution. On the other hand,
the probability of intermediary intensities exceeds that of the
exponential decay, which turns the overall field distribution
more uniform as can be verified by correlation measurements.
The decrease (below 2) in g?(0) in this repulsive regime
is accompanied by the increase in the mean speckle size w,
measured by the width of g®)(p) [dotted-red lines in Figs. 3(c)
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FIG. 4. Intensity histogram of the speckles pattern resulting from
propagation in a purely absorbing NL medium for the laser tuned at
the line center of two different Rb transitions. (a) and (c) Experimen-
tal and (b) and (d) calculated histograms. °Rb F =3 — F’, green
crosses; $Rb F' = 2 — F’ magenta-empty circles; noninteracting,
black-filled squares. (a) and (b) P(/); (c) and (d) the horizontal scale
is normalized to (I}, the mean intensity of each distribution.

and 3(d)] due to the larger spots as a result of a more uniform
pattern of intensities.

This general behavior was also observed with other nonlin-
ear materials [30] either in 1D + 1 or 2D + 1 configurations.
Here, using sharp resonances we are able to sweep easily
between subthermal and superthermal intensity distributions.
This ability to finely control the output pattern statistics is the
main result of this paper.

B. Role of the non-linear absorption

Studies of NL effects of propagating fields usually avoid
describing absorption. The interpretation is then performed
through the nonlinear Schrodinger equation where only dis-
persion, eventually competing with diffraction, yields NL
behaviors, such as solitons [31]. Absorption, however, may
play a non-negligible role in real systems and may, for ex-
ample, contaminate the signature of Anderson localization of
photons in three-dimensional disordered materials [13]. Our
system naturally exhibits a large absorption. Effects of the NL
absorption influence the propagation of the radiation in the
medium, modifying the intensity statistics and degree of
coherence and diverting them from normal behavior. Both
absorptive and dispersive effects are therefore at work in
the statistical behaviors exhibited in the experimental and
numerical distributions discussed in the previous session. The
NL absorption may be isolated by tuning the laser frequency
to line center where dispersion vanishes. Intensity histograms
for hyperfine transitions of Rb with different absorption co-
efficients are shown in Fig. 4 as well as the normal input

—~
o
=~
w

log, (P(D))

/<>

—~
o
~

log,(P(D))

FIG. 5. (a) and (b) Calculated intensity PDF of an initially Gaus-
sian speckles pattern after propagation in a NL medium exhibiting
both real and imaginary indices of refraction for a few incident
intensities (0.1; 1.0; 10.0; 100.0; 500.0 mW /cm?). (a) Frequency on
the red side and (b) frequency on the blue side of the 3Rb F =2 —
F' transition. (c) Calculated PDF taking into account only dispersion
for the same detuning and incident intensities as (a). (d) Calculated
PDF taking into account only dispersion for the same detuning and
incident intensities as (b). The arrows indicate increasing power.

histogram. At the line center, the probabilities of all intensities
are reduced below their normal value by absorption. As non-
linear absorption does not equally reduce all the intensities,
it enhances the contribution of the highest intensity values,
resulting in a probability distribution for the transmitted field
[Figs. 4(c) and 4(d)] that is qualitatively equivalent to the at-
tractive regime [see blue-circle curves in Figs. 3(a) and 3(b)].

In general (for frequencies close to resonance), the effects
of nonlinear absorption and dispersion combine to shape
the evolution of the field and its statistics. Experimentally,
we cannot extinguish NL absorption. Numerical simulations,
however, allow us to cancel absorption and clearly evidence
the dispersion-induced changing of the interaction regime,
from repulsive to attractive, as the frequency is swept across
the resonance center. Simulations show, as expected, that
the competition between dispersive and absorptive effects is
particularly observable in the red wing of the resonance where
dispersion leads to repulsive effects. At low nonsaturating
incident power, all intensities but the very highest ones are
equally absorbed, and the output intensity PDF reproduces
the normal input distribution with a far-range fat tail due to
high intensities being less absorbed than the others [Fig. 5(a),
black curve]. As power is increased, more intensities in the
input distribution fall in the region where dispersion is still
linear, whereas the absorption is already essentially nonlin-
ear (see Fig. 2): Low-saturated absorption of low-to-medium
intensities distorts the overall distribution by increasing the
relative contribution of high intensities [Fig. 5(a), red-empty
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FIG. 6. (a) PDF of the intensity on a log,,-log,, scale: power-law
regime. In this strongly attractive regime P(/) decays as o« = —2.4.
See the parallel line to guide the eyes. (b) Speckle pattern output
from the nonlinear medium in the very strong attractive regime. The
symmetrical spots are the areas of collapse [33].

diamond and blue-cross curves]. NL absorption makes thus
the repulsive case less subthermal than the sole dispersive ef-
fects as seen in Fig. 5(c). Finally, as power is further increased,
the input intensity distribution shifts to the high-intensity
region where dispersion overcomes absorption and the output
intensity PDF exhibits the behavior described in the prece-
dent sections where the subthermal regime was clearly evi-
denced [Fig. 5(a), green-empty-square and magenta-empty-
circle curves]. In the blue wing of the resonance, on the
contrary, absorptive effects enhance dispersive ones and make
the repulsive case more superthermal than the sole dispersive
effects, see Fig. 5(d).

C. Power-law intensity distribution

Nonlinearity associated with spatial symmetry breaking
has been shown to lead to long-tail statistics [32]. Here,
the spatial modulation of the nonlinearity is granted by the
speckle structure of the incident field and, in the attractive
regime, results in long-tail intensity PDFs (see Fig. 3 for the
attractive case). In some of the realizations with the highest
incident power (= 100 mW and beam diameter ~3 mm), and
in the attractive regime, we have observed a PDF asymptot-
ically following a power-law P(/) oc I~ as shown in Fig. 6
where the PDF graph is on a log,-log,, scale evidencing
o <3.

Moreover, in this strongly attractive regime, we observe
that the incident (normal) random pattern converges to a small
number of spots, each one presenting a rather symmetric
shape [see Fig. 6(b)], suggesting that they may be in or close
to the condition of wave collapse [33].

Our numerical simulations yield power laws with exponent
a ~ —1.5, whereas the observed power is closer to —2.5.
Further refinement of the model may improve quantitative
agreement with the measurements. Indeed, complex processes
occurring in dense atomic vapors irradiated by a resonant
radiation field have not been taken into account and may
play a non-negligible role in the redistribution of intensity.
Particularly, the two-level atom used in our model has been
proven [28] to yield underestimated values of the Kerr coeffi-
cient in relation to a model involving the hyperfine structure

of the excited state. To a lesser extent, inelastic processes,
frequency redistribution, and modulation of the saturation
intensity through interatomic collisions, radiation trapping
[25], and optical pumping, may also affect the statistics of
intensity in the NL medium.

V. CONCLUSIONS

In conclusion, we studied the propagation of a spatially
random field through a tunable nonlinear medium where the
incident field is prepared as a speckle pattern with Gaussian
distribution of intensity. The nonlinearity of the medium
creates correlations between the propagating photons that can
be turned attractive, repulsive, or neutral depending on the
frequency of the radiation. As a result, the statistical properties
of the outgoing field can be strongly modified in a controlled
way, so as to result in superthermal or subthermal statistics
or to maintain the original thermal statistics. Our findings
eventually open the way to applications, such as controlling
the degree of coherence of a field for imaging purpose [34,35]
or controlling speckle fields for particle manipulation [36,37].
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APPENDIX A: EXPERIMENTAL DETAILS

The radiation source is a cw Fabry-Pérot-type diode laser,
emitting at 780 nm in resonance with the D, transition of Rb.
The laser operates with a stable injection current (~140 mA)
and junction temperature around 22°C, delivering a total
optical power of about 100 mW in most of the experiments.
The mean diameter of the beam is 2.7 mm. The available
power is reduced by losses, mainly due to the use of an optical
isolator at the laser output and to the diffuser reflections and
absorptions. The available power after the diffuser is about
65 mW. The commercial diffuser, placed at a distance of
5 cm of the cell input window, breaks the spatial coherence
of the laser beam, scattering radiation in different directions
[Fig. 1(a)] within an angle of divergence of 1° for most of
the experiments in this paper. An example of the speckles’
pattern generated by the interference from the multiple fields
scattered by the diffuser is shown in Fig. 1(c). It has a random
Gaussian statistical distribution. The speckles’ pattern passes
through a cylindrical optical cell with 1-cm length and 1-cm
radius. A drop of Rb is deposited in the cell reservoir, whose
temperature determines the vapor pressure and the density of
atoms in the cell body. The cell is placed in an oven with
optical windows. The body and the reservoir of the cell are
heated independently, allowing control of the vapor density
and keeping a temperature gradient between the cell body
and the reservoir (temperatures around 140°C and 120°C,
respectively). The slight overheating of the cell body ensures
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that there is no condensation of the alkali atoms on the cell
windows. The reservoir temperature of 120°C corresponds
to a pressure of 8 x 107* Torr and an atomic density of
2 x 10" atoms/m?>.

APPENDIX B: DETERMINATION OF THE
INTENSITY DISTRIBUTION

The speckle pattern at the exit of the optical cell is imaged
onto the CCD through a unitary-magnification configuration
(5-cm-focal-length lens inserted between the cell exit window
and the CCD detector). The CCD sensor is constituted of
1600 x 2560 pixels of 2.2-pum side length, smaller than the
average size of the speckles, on the order of a few tens of

micrometers. Neutral filters are used, along with control of
exposure time, to ensure that the detection is performed in
the linear regime of the CCD camera. For each image we
build normalized histograms N;(Z) of the number of pixels
Ny receiving a given level Z of intensity (between zero and
255). We also calculate the correlation function of intensity
for the two-dimensional image. An azimuthal average yields
the intensity correlation as a function of the distance between
pixels. The PDF and the correlation function of the intensity
in a given configuration (incident power and frequency of the
input light) are calculated by averaging over 50 images. For
each image, the laser beam incides on a different zone of the
diffusor, which is rotated from one image to the next, i.e.,
the averaging is carried out over 50 different realizations of
random phases of the field scattered by the diffuser.
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