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of a transverse magnetic field in different directions
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We investigate the absorption spectra for the Fg = 1 → Fe = 0 transition of the D2 line of 87Rb excited by
a linearly polarized light in the presence of a transverse magnetic field (TMF) in different directions. Using
the theoretical methods in quantum optics, we obtain the analytical expressions for the atomic density-matrix
elements and the absorption spectrum. We analyze the splitting proportional to the magnitude of the TMF in
the coherent population trapping absorption spectrum and explain its physical origin. Then, the sensitivity of
the resonance signal to the phase (in our case, to the angle between the TMF and the light polarization) is
investigated. We show and explain the splitting of the bright resonance and find the simple dependence of the
separation of this splitting on the magnitude and the direction of the TMF. Therefore, this system may provide
a possible method for the measurement of the magnetic field vector. In addition, we study the coherence of
the system based on an observable coherence measure, namely, robustness of coherence (ROC). We find that in
the case where the absorption signal becomes difficult to detect, the change of the ROC spectrum becomes more
obvious and the extreme points are well maintained. Therefore, this may provide a scheme for the measurement
of the magnetic field which is complementary to that based on the absorption signal of the laser.
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I. INTRODUCTION

Investigating the influence of a transverse magnetic field
(TMF) [1] on the coherent resonance in alkali-metal atomic
vapors is of great interest both in fundamental and application
fields. In the degenerate two-level systems (DTLSs), a TMF
drives the transition between the Zeeman sublevels, which
leads to the redistribution of population and the establishment
of coherences among the sublevels. In the so-called Hanle
configuration [2,3], it has been found experimentally and
theoretically that these processes can have significant impacts
on the resonance signals of coherent population trapping
(CPT) [1,4–10], electromagnetically induced transparency
(EIT) [11–13], and electromagnetically induced absorption
(EIA) [12–18]. The modifications of the magnitude, width,
and shape of the resonance signals show a close dependence
on the laser, ellipticity, and the magnitude of the TMF.

Some groups have reported that the coherent resonance sig-
nal can exhibit a splitting proportional to the magnitude of the
TMF under specific experimental structures and conditions
[1,4,8,13,19,20]. Margalit et al. [1] theoretically studied the
effect of the TMF on the CPT resonance in both the Hanle and
pump-probe configurations for the Fg = 1 → Fe = 0 transition
of the D2 line of 87Rb, and analytically derived the linear
relationship between the splitting in the absorption spectrum
and the TMF. For the same transition, Grewal et al. [8] showed
that the linear relationship between the splitting and the TMF
is preserved for both longitudinal and transverse scans, and
discussed the effects of changing dissipation rates on this
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resonance signal according to the numerical results. More-
over, they experimentally observed this linear relationship in
Hanle resonance for a Fg = 2 → Fe = 3 transition of 87Rb
[19].

In addition, the effect of the TMF on the sign of the
Hanle resonance is significant. It was reported that the dark
(CPT,EIT) resonance can be transformed into the bright res-
onance for the Fg → Fe � Fg transition in the presence of the
TMF [5–10]. For example, Yu et al. [6] observed a transfor-
mation from a CPT to a bright resonance with an increase of
light ellipticity for the Fg = 2 → Fe = 1 transition of 87Rb in
a buffer gas cell in the presence of a TMF. The corresponding
theoretical study was reported by Noh and Moon [7]. Grewal
et al. [8] theoretically discussed different magnetic-field scan
geometries for the Fg = 1 → Fe = 0 transition of the D2 line
of 87Rb and found that as the ellipticity increases, the sign of
the CPT resonance changes for a longitudinal scan and does
not change for a transverse scan. Taskova et al. [9,10] reported
a sign reversal of a CPT fluorescence caused by changing
the laser power under the action of the TMF. Besides, for
the Fg → Fe > Fg transition, it was also reported that the
sign of resonance can be transformed from bright (ETA) into
dark in the presence of the TMF depending on the laser
power, ellipticity, or the angle between the TMF and the laser
polarization [15–17].

Maybe due to the complexity of the realistic alkali-metal
transition system in the present of the TMF, the theoretical
analyses of most works are usually based on numerical so-
lutions of the Bloch equation [3] or the Liouville equation
[21,22] and there are very few analytical studies [1,13], so
we believe that a detailed analytical discussion of a relevant
problem is of general interest. We introduce the theoretical
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FIG. 1. (a) Atomic level configuration for the Fg = 1 → Fe = 0
transition of the D2 line of 87Rb, and (b) longitudinal field scan
configuration showing the directions of the the scanning magnetic
field Bz, laser field wave vector (k), light polarization (Ey), and
transverse magnetic field (BTMF)

methods in quantum optics to investigate the effect of the
TMF on the absorption and the ground-state coherences in
Hanle configuration. The physical origin of the splitting pro-
portional to the magnitude of the TMF in the CPT spectrum
[1,8] is explained analytically in detail. Further, we discuss
the sensitivity of the resonance signal to the angle between
the TMF and the light polarization, which leads to the sign
reversal of the CPT resonance and the new splitting of the
bright resonance.

In this paper, we investigate the absorption spectra of the
Fg = 1 → Fe = 0 transition of the D2 line of 87Rb excited by
a linearly polarized light in the presence of a TMF in different
directions. With the theoretical methods in quantum optics,
the analytical expressions for the system are obtained in some
appropriate approximations, and are in good agreement with
the exact numerical results. Based on the analytical results, the
physical origin of the splitting proportional to the magnitude
of the TMF in the CPT absorption spectrum is explained. We
demonstrate that when the TMF is perpendicular to the light
polarization, the system is in a dark state modulated by the
Zeeman splitting. Under the action of the ground-state relax-
ation processes (including the collisional and the transit pro-
cesses), a part of the population can escape from the dark state,
which leads to the absorption of the laser. Moreover, when
the dark state of the system is modulated to the maximally
coherent state [23] by scanning the longitudinal magnetic
field, the impact of the collisional population redistribution
on the dark state is minimum, which leads to the two dips
in the absorption spectrum whose separation depends on the
magnitude of the TMF. In addition, we explore the sensitivity
of the resonance signal to the phase (in our case, to the angle
between the TMF and the light polarization) originating from
the closed-loop transition [24–29] as shown in Fig. 1(a). We
find that the dark resonance can be transformed into a bright
resonance as the angle changes. Moreover, in a certain angle
range, the absorption spectrum of the bright resonance is also
split and the two peaks correspond to the maximally mixed
state in the subspace of the ground-state Zeeman sublevels.
The maximally mixed state is immune to the effect of pop-
ulation redistribution caused by the ground-state relaxation
processes, so the separation of the double peaks only de-
pends on the magnitude and the direction of the TMF. This
scheme may be used for the measurement of the magnetic
field vector. Finally, we discuss the quantum coherence of the

system based on an observable coherence measure, namely,
robustness of coherence (ROC) [30,31]. Whether decreasing
the collisional decay rates of the ground states or increasing
the magnitude of the light field, the stability of the dark state
of the system is enhanced, resulting in the absorption signal
being difficult to detect. However, the change of the ROC
spectrum becomes more obvious, and the extreme points are
well maintained. In order to determine the magnitude of the
magnetic field, one only need to find the separation of the two
maxima. Therefore, this may provide a scheme for the mea-
surement of the magnetic field which is complementary to that
based on the absorption signal of the laser.

The paper is organized as follows. In Sec. II, the theoretical
model is introduced. In Sec. III, we introduce the theoretical
methods in quantum optics to solve the system analytically.
Section IV is devoted to a discussion of the effect of the
TMF in different directions on the absorption spectrum. In
Sec. V, we explore the coherence of the system based on an
observable coherence measure. The last section is a summary.

II. THEORETICAL MODEL

We consider the Fg = 1 → Fe = 0 closed transition of the
D2 line of the 87Rb excited by a linearly polarized light, so the
system consists of a ground hyperfine state Fg = 1 composed
of three Zeeman sublevels and an excited hyperfine state Fe =
0 composed of one Zeeman sublevel. The quantization axis
(z axis) is set along the direction of propagation of the light
beam, and the light polarization is taken along the y axis. In
our system, the driving laser frequency ω is resonant with the
atomic transition. A scanning magnetic field Bz, parallel to
the direction of light propagation, causes the Zeeman splitting
of the ground state. The additional transverse magnetic field
BTMF, in an arbitrary direction perpendicular to the laser field
wave vector, is used to redistribute the population and create
the coherences among the ground-state Zeeman sublevels, and
we define the angle between the TMF and the x axis as ϕ [see
Fig. 1(b)]. Within the rotating wave approximation, the total
Hamiltonian of the system is given by

H ′ = H0 + H ′
I + HB, (1)

where H0 is the unperturbed Hamiltonian

H0 =
∑

gi

ωg

∣∣Fg, mgi

〉〈
Fg, mgi

∣∣ + ωe|Fe, me〉〈Fe, me|, (2)

and ωg and ωe represent the unperturbed energies of the
ground and excited states, respectively. H ′

I is the light-atom
interaction Hamiltonian,

H ′
I =

∑
gi

Vegi e
−iωt |Fe, me〉

〈
Fg, mgi

∣∣ + H.c. (3)

The interaction energy for the transition from level |Fg, mgi〉
to |Fe, me〉 can be evaluated using the Wigner-Eckart theorem
[32,33],

Vegi = −〈Fe, me|d
∣∣Fg, mgi

〉 · E

= (−1)Fe−me+1

(
Fe 1 Fg

−me q mgi

)
�L, (4)
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where d is the electric dipole operator, E is the electric-field
vector, and �L = 〈Fe ‖ d ‖ Fg〉E is the Rabi frequency of the
light field. HB is the total magnetic-field–atom interaction
Hamiltonian consisting of the longitudinal magnetic-field–
atom interaction Hamiltonian HBz and the TMF-atom inter-
action Hamiltonian HBTMF , that is,

HB = HBz + HBTMF , (5)

with

HBz =μBgF F · Bz

=�
∑

gi

〈
Fg, mgi

∣∣F∣∣Fg, mgi

〉 · e0

∣∣Fg, mgi

〉〈
Fg, mgi

∣∣, (6)

where μB and gF denote the Bohr magneton and the gyromag-
netic factor of the ground state, respectively, and � = μBgF Bz

is the Zeeman splitting of the ground state,

HBTMF = μBgF F · BTMF

= �T

∑
gi,g j

〈
Fg, mgi

∣∣F∣∣Fg, mgj

〉 · eT

∣∣Fg, mgi

〉〈
Fg, mgj

∣∣,
(7)

where eT = cos ϕex + sin ϕey = 1√
2
(−e−iϕe+ + eiϕe−) is the

unit vector of the TMF with e± = ∓(ex ± iey) [22], �T =
μBgF BTMF is the Larmor frequency of the TMF.

Because the driving laser field is resonant with the atomic
transition in our system, the Hamiltonian of the system in the
frame rotating at the driving laser frequency ω is then given
by

H = HI + HB, (8)

with

HI =
∑

gi

Vegi |Fe, me〉
〈
Fg, mgi

∣∣ + H.c. (9)

For later convenience we denote |Fg, mgi〉 ≡ |gi〉 and
|Fe, me〉 ≡ |e〉. The master equation of the atomic density
matrix ρ takes the form

ρ̇ = −i[H, ρ] + Leρ + Ltransferρ + Ltransitρ, (10)

where

Leρ =
1∑

i=−1

�i

2
D

[
σgie

] + �∗D[σee], (11)

Ltransferρ =
∑
gi,g j

�gig j

2
D

[
σgig j

]
. (12)

Here the D[σmn] ≡ 2σmnρσnm − ρσnmσmn − σnmσmnρ is the
Lindblad superoperator with σmn ≡ |m〉〈n|. �i represents the
decay rate from atomic excited state |e〉 to the ground state
|gi〉, and �∗ is the rate of the phase-changing collisions.
The rate of the collisional transfer from the ground-state
sublevels |gi〉 to |g j〉 is given by �gig j [34], which is uniformly
represented as �g in our system.

As we can see, the above part of the master equation is
a standard Lindblad form [35,36]. However, we also need to
consider the effect of the transit relaxation and repopulation

for the atomic vapor subject to a laser beam. These processes
can be written phenomenologically as [22]

Ltransitρ = − 1
2 {R, ρ} + 	. (13)

The first term denotes the transit relaxation due to the exit of
atoms from the laser beam and the corresponding relaxation
matrix is given by

R = γ

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎠, (14)

where γ denotes the transit decay rate due to the atoms flying
through the laser beam. The second term 	 describes the
repopulation due to the atoms arriving in the beam, and is
given by

	 = γ

⎛
⎜⎜⎝

ρ
eq
g1g1 0 0 0
0 ρ

eq
g0g0 0 0

0 0 ρ
eq
g−1g−1 0

0 0 0 ρ
eq
ee

⎞
⎟⎟⎠, (15)

where ρ
eq
ii represents the equilibrium population of state

|i〉(i = g1, g0, g−1, e) in the absence of the driving laser field.
We note that the expansion of the master equation, Eq. (10),

is equivalent to the optical Bloch equations used in Ref. [1].
Although this equation can be solved numerically under
steady-state conditions, it is difficult to obtain the analytical
solution of the system directly. Therefore, we will simplify the
master equation of the atomic density matrix based on some
appropriate approximations in the following section.

III. GENERAL SOLUTION FOR THE MASTER EQUATION

In our system, the decay rates of the excited state are much
greater than the magnitude of the laser and the dissipation
rates of the ground states, i.e., �i, �

∗ � |Vegi |, �g, γ . This
condition implies that light-atom interaction Hamiltonian HI

can be treated as a weak perturber to the system and the
degrees of freedom of the excited state can be adiabati-
cally eliminated using the second-order perturbation theory
[21,37,38]. Therefore, the motion equation for the reduced
density matrix ρg of the ground-state Zeeman sublevels can
be reexpressed as the form

ρ̇g = −i[HB, ρg] + Ltransferρg + L′
transitρg + Llaserρg, (16)

where

HB = HBz + HBTMF , (17)

L′
transitρg = −1

2
{R′, ρg} + 	′, (18)

Llaserρg =
∑
p,i, j

1

2
�p,i, j,p(2σgpgiρgσg j gp − ρgσg j gi − σg j giρg).

(19)

Here, R′ and 	′ are, respectively, the truncated form of the
transit relaxation operator R and the repopulation operator
	 in the subspace of the ground-state Zeeman sublevels.
Llaserρg denotes the effects of the laser-induced population
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redistribution and the dephasing generated by eliminating
the excited state adiabatically and consists of 12 terms,
with the corresponding equivalent dissipation rate �p,i, j,p =

4�pVegiVg j e

(�1+�0+�−1 )(�1+�0+�−1+2�∗ ) (p = 0,±1 and i, j = ±1) which
can be uniformly represented as �L in our system. In addition,
the dynamic evolution of the excited state can be obtained by

ρeg1 = −2i
(
Veg1ρg1g1 + Veg−1ρg−1g1

)
�1 + �0 + �−1 + 2�∗ ,

ρeg0 = −2i
(
Veg1ρg1g0 + Veg−1ρg−1g0

)
�1 + �0 + �−1 + 2�∗ ,

ρeg−1 = −2i
(
Veg1ρg1g−1 + Veg−1ρg−1g−1

)
�1 + �0 + �−1 + 2�∗ ,

ρee = 4
(
Veg1Vg1eρg1g1 + Veg1Vg−1eρg1g−1 + Veg−1Vg1eρg−1g1 + Veg−1Vg−1eρg−1g−1

)
(�1 + �0 + �−1)(�1 + �0 + �−1 + 2�∗)

. (20)

To explore the influence of the TMF on the Hanle ab-
sorption conveniently, we study the system in the dressed-
atomic-state representation. The dressed states, defined as the
eigenstates of the Hamiltonian HB, are given by [39]

|a〉 = 1 + ε

2
e−iϕ |g1〉 + η√

2
|g0〉 + 1 − ε

2
eiϕ |g−1〉,

|b〉 = η√
2

e−iϕ |g1〉 − ε|g0〉 − η√
2

eiϕ|g−1〉,

|c〉 = 1 − ε

2
e−iϕ |g1〉 − η√

2
|g0〉 + 1 + ε

2
eiϕ |g−1〉,

(21)

with ε = �
�

, η = �T
�

, � =
√

�2 + �2
T . In the dressed-state

representation, the Hamiltonian HB becomes the following
diagonal form:

H (D) =
⎛
⎝ωa 0 0

0 ωb 0
0 0 ωc

⎞
⎠, (22)

with ωa = �, ωb = 0, ωc = −�, where ωm denotes the en-
ergy of the dressed state |m〉. In addition, for later conve-
nience we rewrite the laser-atom interaction Hamiltonian in
the dressed-state representation as

H (D)
I = Vea|e〉〈a| + Veb|e〉〈b| + Vec|e〉〈c| + H.c., (23)

where the light-atom interaction energy of the transition from
the ground state |m〉 (m = a, b, c) to the excited state |e〉 are
given by

Vea = 1 + ε

2
Veg1 e−iϕ + 1 − ε

2
Veg−1 eiϕ,

Veb = η√
2

(
Veg1 e−iϕ − Veg−1 eiϕ

)
,

Vec = 1 − ε

2
Veg1 e−iϕ + 1 + ε

2
Veg−1 eiϕ.

(24)

When � � �g, γ , one can apply the secular approximation
[37,40] to simplify the equations of motion for the ground
states in the dressed-state representation, which reduce to the

rate-equation form:

ρ̇aa = −(Rab + Rac)ρaa + Rcaρcc + Rbaρbb − γ
(
ρaa − ρeq

aa

)
,

ρ̇bb = −(Rbc + Rba)ρbb + Rcbρcc + Rabρaa − γ
(
ρbb − ρ

eq
bb

)
,

ρ̇cc = −(Rca + Rcb)ρcc + Racρaa + Rbcρbb − γ
(
ρcc − ρeq

cc

)
.

(25)

Here Rmn(m, n = a, b, c) represents the atomic transition rate
from |m〉 to |n〉 as demonstrated in Fig. 2, and can be expressed
in the following form:

Rab = Rcb = Rin
L + Rcol

g ,

Rba = Rbc = Rout
L + Rcol

g ,

Rac = Rca = Rin
L + 1

8
�g(5 + 6ε2 − 3ε4),

(26)

with

Rin
L = 1

2�L(1 + ε2 + η2 cos 2ϕ),

Rout
L =�Lη2(1 − cos 2ϕ),

Rcol
g = 1

4�g(3 − 2ε2 + 3ε4),

(27)

where Rin
L represents the rate of the laser-induced transitions

from |a〉 to |b〉 and from |c〉 to |b〉, Rout
L represents the rate of

the laser-induced transitions from |b〉 to |a〉 and from |b〉 to
|c〉, and Rcol

g represents the rate of the collisional population
redistribution between |a〉 or |c〉 and |b〉.

FIG. 2. Diagram of atomic dressed states and dressed-state
transitions.
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By solving Eq. (25), the steady-state solutions of the
dressed-state populations are given by

ρaa = ρcc = 3Rba + γ

3(Rab + 2Rba + γ )
,

ρbb = 1 − 2ρaa.

(28)

Thus, we can obtain the population difference between the
dressed state |b〉 and |a〉 (|c〉) as

W = 3
(
Rin

L − Rout
L

)
3(Rab + 2Rba + γ )

. (29)

Obviously, we can see that the population distribution in the
dressed-state representation is completely determined by the
rates of the laser-induced transitions into and out of the state
|b〉, the collisional population redistribution, and the transit
effect. The elements of the density matrix of the ground states
in the bare-state representation are given by

ρg1g1 = ρg−1g−1 = η2

2
+ 3ε2 − 1

2
ρaa,

ρg0g0 = 1 − 2ρg1g1 ,

ρg1g0 = εη√
2

(3ρaa − 1)e−iϕ,

ρg1g−1 = η2

2
(3ρaa − 1)e−2iϕ,

ρg0g−1 = − ρg1g0 .

(30)

Therefore, according to Refs. [41,42], the Hanle absorption
spectrum can be written in the dressed-state representation as

α = 2

(� + 2�∗)�L

(
ρaaRin

L + ρbbRout
L + ρccRin

L

)
. (31)

Within the adiabatic approximation and the secular approxi-
mation, we can see that the form of the absorption spectrum
becomes compact, and the physical significance is evident.
The expression includes only three absorption components
which correspond to the three transitions driven by the laser
field [see Eq. (24)], and all cross terms vanish. In order to
facilitate the following discussion, we refer to these three
terms as a-, b-, and c-absorption channel, respectively.

IV. HANLE ABSORPTION

A. Case of ϕ = 0o

We first consider the case where the TMF is perpendicular
to the light polarization, i.e., ϕ = 0◦. In Fig. 3, we show the
numerical and analytical results for the Hanle absorption as
a function of the Zeeman splitting. We note that the CPT dip
in the presence of the TMF is widened compared with that in
the absence of the TMF. However, the most significant feature
in the figures is the splitting of the CPT dip, which results in
a double dips structure of the absorption spectrum. And with
different dissipation rates of the ground states, this structure
remains though the amplitude of the absorption changes. The
separation of the splitting is proportional to the magnitude
of the TMF, which has been pointed out and discussed for
the same transition [1,8]. In order to gain greater insight into
the physical origin of the splitting in the absorption spectrum,
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FIG. 3. Hanle absorption plotted as a function of the Zeeman
splitting, for �L = 6π × 106 s−1, BTMF = 0.1 G, �∗ = 100�, � =
2π × 6 MHz, γ = �g, and (a) �g = 10−5�, (b) �g = 0.2 × 10−5�.
The red solid line and the black solid dots represent the analytical
and numerical results, respectively.

we will explore this phenomenon according to the analytical
expressions for the system obtained in Sec. III.

For ϕ = 0◦, it is evident that H |b〉 = 0, which denotes
that the dressed state |b〉 is a so-called dark state [43,44].
According to Eqs. (26) and (27), the rates of the transitions
between |a〉 or |c〉 and |b〉 can be reduced to the following
form:

R(0)
ab = R(0)

cb = Rin(0)
L + Rcol

g ,

R(0)
ba = R(0)

bc = Rout(0)
L + Rcol

g ,
(32)

with

Rin(0)
L = �L,

Rout(0)
L = 0. (33)

Therefore, we can obtain the dress-state populations accord-
ing to Eqs. (28) and (32) as

ρ (0)
aa = ρ (0)

cc = 1

3

(
1 − �L

3Rcol
g + �L + γ

)
,

ρ
(0)
bb = 1 − 2ρ (0)

aa .

(34)

From Eq. (33), we see that the rates of the laser-induced
transitions from |a〉 to |b〉 and from |c〉 to |b〉 reach the maxi-
mum due to the completely constructive interference, and the
rates of the laser-induced transitions from |b〉 to |a〉 and from
|b〉 to |c〉 vanish due to the completely destructive interference.
Therefore, when the ground-state relaxation processes caused
by the collisional and transit terms in Eqs. (12) and (13)
are ignored, that the dark state |b〉 is completely decoupled
from the system so that all the population is trapped into |b〉
[see Eq. (34)]. In general, when the ground-state relaxation
processes are included, the population difference between the
dressed states |b〉 and |a〉 (|c〉) takes the form of

W (0) = �L

3Rcol
g + �L + γ

. (35)

It is evident that the population trapped in the dark state
|b〉 is always more than that in other states. The bare-state
populations can also be easily obtained according to Eqs. (30)
and (34). In Fig. 4, we show the dressed-state and the
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FIG. 4. The dressed-state and the bare-state populations of the
ground-state Zeeman sublevels plotted as a function of the Zeeman
splitting for (a1) and (b1) �g = 10−5�, (a2) and (b2) �g = 0.2 ×
10−5�, γ = �g, and the other parameters are the same as in Fig. 3.
The red solid line represents the populations of the state |a〉 (|c〉) in
frame (a), and |g1〉 (|g−1〉) in frame (b), respectively; the blue dashed
line represents the populations of the state |b〉 in frame (a), and |g0〉
in frame (b), respectively.

bare-state population distributions for the same parame-
ters as in Fig. 3 according to the above expressions, and
they agree perfectly with the numerical exact solutions (not
shown).

It is worth noting that for different Zeeman splittings,
the quantum state |b〉 = η√

2
e−iϕ |g1〉 − ε|g0〉 − η√

2
eiϕ |g−1〉 re-

mains a dark state, despite the change of the specific form.
In other words, we get a dark state modulated by the Zeeman
splitting �. However, under the effect of the ground-state re-
laxation processes, some of the population is transferred from
the dark state |b〉 to the bright states |a〉 and |c〉. According to
Eq. (34), the amount of the population transferred depends on
the ratio of the rates of collisional population redistribution
and the transit effect to that of the laser-induced transitions
into the dark state |b〉. Meanwhile, when scanning the Zeeman
splitting �, the change of the population distribution is com-
pletely determined by the change of the rate of the collisional
population redistribution Rcol

g .

For � = ±�T /
√

2, the dark state |b〉 = 1√
3
(|g1〉 ∓ |g0〉 −

|g−1〉) is also the maximally coherent state, in which the
three Zeeman sublevels |g1〉, |g0〉, and |g−1〉 have the equal
probability amplitudes. Therefore, the population is equally
distributed among the three Zeeman sublevels even though the
effect of the population redistribution caused by the ground-
state relaxation processes is included [see Fig. 4(b)]. And,
according to Eq. (27), the impact of the collisional population
redistribution on the dark state |b〉 is minimum at these points.
In this case, the deviation of the system from the dark state
|b〉 has minima, which causes the populations in the dressed
states |b〉 and |a〉(|c〉) to reach a maximum and minimum,
respectively, as shown in Fig. 4(a). For � = 0, the dark

state |b〉 = 1√
2
(|g1〉 − |g−1〉) does not consist of the sublevel

|m = 0〉. Therefore, the impact of the collisional population
redistribution on the dark state is maximum, which causes
the populations in the dressed states |b〉 and |a〉 (|c〉) to
reach a minimum and maximum, respectively, as shown in
Fig. 4(a).

The absorption spectrum can be found from Eq. (31) to be

α(0) = 2

�L(� + 2�∗)
Rin(0)

L

(
ρ (0)

aa + ρ (0)
cc

)
. (36)

We see that since the state |b〉 is a dark state, the b-absorption
channel is turned off and only a- and c-absorption channels
remain. Under the effect of the ground-state relaxation pro-
cesses, some of the population is transferred from the dark
state |b〉 to the bright states |a〉 and |c〉, which results in the
absorption of the laser. Due to the completely constructive
interference, the rate of the laser-induced transitions into the
dark state |b〉 reaches and remains a maximum, i.e., Rin(0)

L =
�L, so that the shape of the absorption spectrum is totally
determined by the populations in the dressed states |a〉 and |c〉
[see Eq. (36)]. Meanwhile, since the population in the ground
states is conserved, we can also think that the absorption
is determined by the population trapped in the dark state
|b〉. Therefore, a corresponding relationship is established
between the absorption signal and the specific form of the dark
state |b〉 in our system.

As we have mentioned above, at � = ±�T /
√

2, the dark
state |b〉 is also the maximally coherent state and the popula-
tion is equally distributed among the three Zeeman sublevels,
so the impact of the collisional population redistribution on
the dark state |b〉 is minimum. In this case, the populations
in the dressed states |a〉 and |c〉 reach minima, so that the
absorption has minima (see Fig. 3). This phenomenon can
be used in magnetometry as proposed by Ref. [1]. At � = 0,
the sublevel |m = 0〉 is not included in the dark state |b〉, so the
impact of the collisional population redistribution on the dark
state reaches a minimum. In this case, the populations in the
dressed states |a〉 and |c〉 reach maxima, so that the absorption
has a maximum.

Since the populations in the states |a〉 and |c〉 are de-
termined by the ratio of the rates of collisional population
redistribution and the transit effect to that of the laser-induced
transitions [see Eq. (34)], the amplitude of the absorption are
also determined by this ratio. When the magnitude of the
laser is constant, the smaller �g, γ , the weaker the absorption
(see Fig. 3). Evidently, when the population redistribution
caused by the ground-state relaxation processes disappears,
i.e., �g, γ = 0, the absorption spectrum becomes zero since
the population is completely accumulated in the dark state |b〉
modulated by the Zeeman splitting. Meanwhile, the visibility
of the splitting of the absorption spectrum depends on the ratio
of the rate of the collisional population redistribution to that of
the laser-induced transitions and the transit effect [also see
Eq. (34)]. When this ratio is small, the splitting will become
indiscernible, which limits the applicability of this scheme
to the measurement of the magnetic field. In this case how-
ever, if the coherence of the system is measured, the lim-
itation can be broken. (This point will be discuss in detail
in Sec. V.)
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FIG. 5. Hanle absorption plotted as a function of the Zeeman
splitting. For (a)–(f) ϕ = 0◦, 5◦, 10◦, 35◦, 50◦, 90◦ and the other pa-
rameters are the same as in Fig. 3(a). The red solid lines and the black
solid dots represent, respectively, the analytical and numerical results
of the total Hanle absorption. The the blue dashed line and the green
dotted line represent, respectively, the absorption components of the
a (c) and b-absorption channels.

B. Case of arbitrary ϕ

We next consider the case where the angle ϕ between the
TMF and the light polarization is changed. In our system,
the TMF and the linearly polarized light drive a closed-
loop transition [see Fig. 1(a)], where the resonance signal is
sensitive to the phase (in our case, the angle between the
TMF and the light polarization). Therefore, we investigate
the effect of changing the angle between the TMF and the
light polarization on the Hanle absorption. In Fig. 5, we show
the absorption spectra with different angles. The red solid
lines represent the analytical results according to Eq. (31),
and the black solid dots represent the exact numerical results.
Obviously, our analytical results are in good agreement with
the numerical results. It can be seen that as the angle ϕ

increases, the center peak rises and the two dips gradually
disappear, so that the CPT dark resonance is transformed into
the bright resonance. Remarkably, this transformation is not
the same as the previous one [5–10], in which the change
in the ellipticity of the laser is indispensable. Here, we only
need to change the angle ϕ between the TMF and the light

FIG. 6. The dress-state populations of the ground-state Zeeman
sublevels plotted as a function of the the Zeeman splitting. The
parameters are the same as in Fig. 5. The red solid line and the
blue dotted line, respectively, represent the populations in the dressed
states |a〉 (|c〉) and |b〉.

polarization. Furthermore, from Fig. 5 we see that the splitting
can occur in both the CPT and the bright resonance spectra.
Next, we will discuss the transformation of the absorption
spectrum in detail based on the analytical expressions for the
system obtained in Sec. III and the population distributions
showed in Fig. 6.

As the ϕ increases, it is obtained that H |b〉 
= 0, i.e., the
laser-induced transitions out of the state |b〉 turned off by the
completely destructive interference is opened. Then, under
the action of the laser, the population is transferred from the
state |b〉 to |a〉 and |c〉, resulting in the increase of the popul-
ation in |a〉 and |c〉 and the Hanle absorption near the center.
Meanwhile, Rout

L is no longer zero and increases as the ϕ

increases. Therefore, according to Eq. (31), the b-absorption
channel opens and begins to contribute to the absorption as
shown by the green dotted lines in Fig. 5, which leads to a
faster decrease of the dips and a more remarkable increase of
the central peak in the total absorption spectrum. In addition,
the points of the minima in the absorption spectrum move
away from � = ±�T /

√
2 with the increase of ϕ. According

to Eq. (31), we can conclude that the positions of the minima
satisfy

� = ±�T
√

3�L cos 4ϕ − 4(6�L + 3�g + 2γ ) cos 2ϕ + 21�L + 16�g + 8γ

2
√

(3�L + 6�g + 2γ ) cos 2ϕ − 3�L − 4�g − 2γ
. (37)
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Substituting ϕ = 0 into the above formula yields
� = ±�T /

√
2, which is consistent with the discussion in the

previous section. When the TMF deviates from the direction
perpendicular to the light polarization, we can see that the
positions of the minima become dependent on the dissipation
rates of ground states, the rate of laser-induced transitions, and
the magnitude and the direction of the TMF. Therefore, when
using the scheme introduced in Sec. IV A to the measurement
of the magnetic field, Eq. (37) can serve as a good correction.

Then, we prove that when ϕ satisfies the bounds

1

3
� cos 2ϕ � 1 − 2�g

3�L + 6�g + 2γ
, (38)

the dips disappear and the absorption spectrum exhibits a
single peak structure shown in Figs. 5(c) and 5(d), so that
the dark resonance is entirely transformed into the bright
resonance by changing the direction of the TMF.

From Fig. 6 we see that as the angle ϕ increases, the
population difference between the dressed states |b〉 and |a〉
(|c〉) gradually decreases. And when increasing the angle ϕ to
break the low bound of Eq. (38), that is,

cos 2ϕ < 1
3 , (39)

the populations in the states |a〉 and |c〉 begin to exceed that
in the state |b〉 near � = 0. It can be shown that when the
Zeeman splitting satisfies

� = ±�T

√
1 − 3 cos 2ϕ

2
, (40)

the laser-induced transition rates between the three dressed
states |a〉, |b〉, |c〉 are equal, i.e., Rin

L = Rout
L . Therefore, the

population is equally distributed among the dressed states
under the action of the laser field [see Eq. (29)] and the
system is in the maximally mixed state in the subspace of
the ground-state Zeeman sublevels [see Eq. (30)]. Under this
condition, one can see from the analytical expression Eq. (31)
for the absorption spectrum that the contributions of the three
dressed states to the absorption are equal and the strongest
absorption appears, that is,

αmax = 4

3(� + 2�∗)
, (41)

so two maximum absorption peaks appear in the spectrum of
the bright resonance [see Figs. 5(e) and 5(f)]. We note that the
difference from the CPT dips near ϕ = 0 is that the amplitude
of the peaks is independent of the ground-state relaxation
processes and their positions only depend on the magnitude
and direction of the TMF [see Eq. (40)] since the maximally
mixed state is immune to the effect of population redistribu-
tion caused by the collisional and the transit processes. These
features are suitable for the measurement of the magnetic field
vector.

In addition, when ϕ = 90◦, we can see from Eq. (27) that
at � = 0, the two channels for the laser-induced transitions
from |b〉 to |a〉 and from |b〉 to |c〉 are completely constructive,
i.e., Rout

L = 2�L, and the two channels for the laser-induced
transitions from |a〉 to |b〉 and from |c〉 to |b〉 are completely
destructive, i.e., Rin

L = 0. In this case, the population in the
state |b〉 reaches the minimum (see Fig. 6) and only the
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FIG. 7. The separation of the splitting in the absorption spectrum
plotted as the function of the angle ϕ for the same parameters as
in Fig. 3(a). The red dashed line and the blue solid line represent,
respectively, the splittings of the CPT resonance and the bright
resonance, and the black solid dots represent the exact numerical
results.

b-absorption channel remains, so that the amplitude of the
absorption reaches the minimum (see Fig. 5)

αmin = 4

3(� + 2�∗)

9�g + 4γ

16�L + 9�g + 4γ
. (42)

Meanwhile, the maximum absorption occurs at the position
where condition Eq. (39) is satisfied, so we can see both
the maximum absorption double peaks and the minimum
absorption dip in Fig. 5(f).

In order to clearly demonstrate the dependence of the
separ-
ation of the splitting in the direction of the TMF, we plot the
separation of the splitting as the function of the angle ϕ in
Fig. 7. The red dashed line and the blue solid line represent
the splittings of the CPT resonance and the bright resonance,
respectively, and they are in good agreement with the exact
numerical results indicated by the black solid dots. In the
blank regions, the absorption spectrum exhibits a single peak
structure. We note that the absorption spectrum varies as a
function of the angle ϕ with a periodicity of 180◦ and is
symmetrical about ϕ = 90◦. In practice, the direction of the
TMF can be reversed by measuring the separation of the
splitting according to Eqs. (37) and (40). In addition, one can
also take two orthogonal experiments to ensure that the signal
of the bright resonance can always be observed in all angles.
Therefore, it is possible to design a vector magnetometer
based on these effects. Moreover, in the region of the bright
resonance indicated by the blue solid line, since the peaks of
the absorption spectrum correspond to the maximally mixed
states, their positions and amplitudes are insensitive to the dis-
sipation rates of the ground states and the separation of the
splitting only depends on the magnitude and direction of the
TMF. These features can contribute to measure the magnetic
field more precisely and conveniently.
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FIG. 8. In the case of ϕ = 0◦, the ROC of the ground states in the
bare-state representation plotted as a function of the Zeeman splitting
for several different values of �g = 0 (black solid line), �g = 0.25�′

g

(red dashed line), �g = �′
g (blue dotted line), �g = 3�′

g (green dash-
dotted line) where �′

g = 10−5�, γ = �g and the other parameters are
the same as in Fig. 3(a). We can see that with the decrease of the
dissipation rates of the ground states, the curve of the ROC gradually
approaches one of the corresponding pure states and the positions of
the maxima are maintained.

V. ROBUSTNESS OF COHERENCE (ROC)

In Sec. IV A, we demonstrated that the ground-state re-
laxation processes play an important role in the absorption
of the laser. According to the discussion for ϕ = 0◦, when
these processes are so weak that they can be ignored (e.g.,
in a cold atom system), most of the population will be
trapped in the dark state modulated by the Zeeman splitting,
which will result in that the signal of the absorption is too
weak to detect. In particular, when the rate of the collisional
population redistribution is small compared to the rates of the
laser-induced transitions and the transit effect, the splitting in
the absorption spectrum will become indiscernible as noted
in Ref. [1]. Therefore, the applicability of this scheme to the
measurement of the magnetic field is limited.

On the other hand, with the rapid development of quan-
tum technologies, quantum coherence has been a renewed
emphasis as the fundamental quantum resource. Based on
a systematic resource-theory framework [23], an observable
measure of quantum coherence, named robustness of co-
herence (ROC), has been proposed recently [30,31] and its
observability of ROC has been demonstrated in different
experimental systems [45,46]. This measure is defined as

C = min
τ∈D

{
s � 0 | ρ + sτ

1 + s
= δ ∈ I

}
, (43)

which represents the minimum weight of another state τ such
that its convex mixture with ρ yields an incoherent state δ.
Here, D is the convex set of density operators acting on
a d-dimensional Hilbert space, and I is the subset of the
incoherent states.

Using the semidefinite program provided by Ref. [30],
we plot the ROC of the ground states as the function of
the scanning magnetic field in the case of ϕ = 0◦, as shown
in Fig. 8. We can see that with the same parameters as in
Fig. 3(a), the shape of the ROC spectrum is similar to that
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FIG. 9. In the case of ϕ = 0◦, the ROC of the ground states in the
bare-state representation plotted as a function of the Zeeman splitting
for �g = γ = 0 (black solid line) and several different values of
the Rabi frequencies �L = 0.25�′

L (red dashed line), �L = 0.5�′
L

(blue dotted line), �L = �′
L (green dash-dotted line), �L = 3�′

L

(magenta dash-dot-dotted line) where �′
L = 6π × 106 s−1, and the

other parameters are the same as in Fig. 3(a). We can see that with
the increase of the magnitude of the light field, the curve of the ROC
gradually approaches one of the corresponding pure states and the
positions of the maxima are maintained.

of the absorption spectrum ignoring the reversal of the sign,
and the splitting with the same separation appears near the
center. As the dissipation rates of the ground states decrease,
more population is accumulated into the dark states, so that the
curve of the ROC gradually approaches one of the correspond-
ing pure states and the splitting becomes more obvious. When
the ground-state relaxation processes vanish, the values of the
ROC at the two peaks reaches the maximum 2 for the three-
dimensional state since all the population is accumulated into
the maximally coherent states, and the contrast of the ROC
spectrum is largest. In addition, although the coherence of the
system is changed with different dissipation rates, the maxima
always appear symmetrically at � = ±�T /

√
2 in which the

corresponding dark states are the maximally coherent states.
Therefore, by constructing the corresponding optimal witness
[30,31], the ROC spectrum can be measured, and the magni-
tude of the TMF can be derived from the separation between
the two maxima.

The dissipation rates of the ground states depend on con-
ditions such as the temperature and the vapor density, which
are often difficult to control. Meanwhile, the distribution of
the population in the dark state |b〉 can also be adjusted
by changing the magnitude of the light field according to
Eq. (34). We can see from Fig. 9 that as the magnitude of the
light field increases, the curve of the ROC approaches one of
the pure states and the positions of the maxima are maintained,
which is consistent with the previous theoretical analyses.
These are similar to the effects of changing the dissipation
rates of the ground states, but it is clear that the magnitude of
the light field is easier to control. Therefore, this may provide
a scheme for the measurement of the magnetic field which is
complementary to that based on the absorption signal of the
laser.

On the other hand, considering the corresponding rela-
tionship between the absorption and the quantum state of
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the system as mentioned in Sec. IV A and the similarity
between the spectral structures of the absorption and the
ROC, the absorption of the laser is expected to be used to
estimate coherence measures of an unknown quantum states.
And compared to some previous measurement schemes of the
coherence, this scheme is easier to implement.

VI. CONCLUSION

We have analytically studied the absorption spectra of a
realistic closed transition, Fg = 1 → Fe = 0 of the D2 line of
87Rb, excited resonantly by a linearly polarized laser in the
presence of a TMF. We have found that when the TMF is
perpendicular to the light polarization, the system is in a dark
state modulated by the Zeeman splitting. Due to the effect
of population redistribution caused by the ground-state relax-
ation processes, some of population can escape from the dark
state, resulting in the absorption of the laser. When the dark
states are modulated into the maximally coherent state of the
Zeeman sublevel space, the population is equally distributed
in each ground-state sublevel. In this condition, the impact of
the collisional population redistribution is minimum, so that
the system has the minimum deviation from the dark state.
Therefore, two symmetrical dips appear in the absorption
spectrum, and the separation between them is proportional to
the magnitude of the TMF.

Further, we have studied the case where the angle between
the TMF and the light polarization is arbitrary. We have found
that by changing the direction of the TMF, the dark resonance
can be transformed into a bright resonance. Moreover, when
the angle meets certain conditions, the maximum absorption

peaks appears in pairs, which correspond to the maximally
mixed state. Since the maximally mixed state is immune to
the effect of population redistribution caused by the ground-
state relaxation processes, the amplitude of the peaks keeps
a constant independent of these processes and the separation
between the two maxima is only determined by the magnitude
and direction of the TMF. Therefore, this scheme can be used
for the measurement of the magnetic-field vector.

Whether decreasing the dissipation rates of the ground
states or increasing the magnitude of the light field, more
population will be accumulated into the dark state of the
system, which results in that the absorption signal is difficult
to detect precisely. On the contrary, we have found that the
change of the ROC spectrum is more obvious in the same
conditions, and the same extreme points are maintained well.
Therefore, in order to detect the magnitude of the magnetic
field, one only needs to find the positions of the two maxima
of the ROC spectrum. And since the maximum corresponds
to the maximally coherent state whose ROC reaches the up-
per bound, we can conveniently construct the corresponding
optimal witness to determine their positions. Therefore, this
may provide a scheme for the measurement of the magnetic
field which is complementary to that based on the absorption
signal of the laser.
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