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We investigate superfluidity in nonrelativistic fermionic systems in which the pairing interaction includes a
contribution from the exchange of a dynamical bosonic mode. We show that the dynamical boson exchange
(DBE), which causes a retarded pairing interaction and thus violates the Galilean invariance of the fermion
sector, generically leads to a quantum reduction of the superfluid density and hence a nonzero normal fraction
even at zero temperature. For spin-singlet pairing, the DBE also leads to a nonvanishing spin susceptibility at
zero temperature, providing a mechanism for the coexistence of pairing and magnetization. While these effects
are negligible for weak pairing, they become sizable at strong pairing. For the double superfluidity in ultracold
Fermi-Bose mixtures, the superfluid density reduction for the fermion sector induced by the DBE just gives rise
to the Andreev-Bashkin drag effect, indicating a strong entrainment between the two superfluid components. The
DBE may also provide a new source for the superfluid fraction reduction of neutron matter, which is crucial for
models of neutron star glitches based on neutron superfluidity.
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I. INTRODUCTION

It is generally believed that an attractive interaction in
a cold many-fermion system leads to superconductivity or
superfluidity, which covers a wide range of many-fermion
systems, including superconducting materials [1], superfluid
3He [2], ultracold atomic Fermi gases [3], excitonic con-
densate of electron-hole pairs [4], nuclear matter [5], and
dense quark matter [6]. Ultracold atomic gases with tunable
interatomic interaction provide clean systems to explore new
phenomena associated with fermion superfluidity at strong
coupling [7–12]. It has been demonstrated that a fermionic
superfluid can evolve from a weakly paired BCS state to a
Bose-Einstein condensate (BEC) of tightly bound pairs via
increasing the attractive strength [13–18].

According to Landau’s two-fluid theory for a single-
component superfluid [19], the superfluid density ρs and
the normal density ρn, satisfying ρs + ρn = n, with n being
the total particle density, characterize the superfluid and the
normal components, respectively. At the lowest temperature
(T = 0), Galilean invariance leads to ρs = n and hence ρn = 0
[19]. The violation of Galilean invariance naturally leads to a
quantum reduction of ρs [20–28]. At the one-body level, this
may be realized by engineering the single-particle properties
in cold atom experiments, such as optical lattice [20–22],
disorder [23,24], and spin-orbit coupling [25–27]. A quantum
reduction of ρs is yet to be explored in cold atom experiments.

In this work, we propose a more fundamental mechanism
for a quantum reduction of the superfluid density at the two-
body level. We study a nonrelativistic fermionic superfluid
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in which the pairing interaction includes a part mediated
by a dynamical bosonic mode. Due to the dynamical boson
exchange (DBE), the effective two-body interaction between
fermions is not static. The interaction retardation effect thus
violates the Galilean invariance for the fermion sector and
leads to a quantum reduction of the superfluid density. We
find that the reduction is vanishingly small in the weak pairing
limit. However, for strong pairing, the quantum reduction be-
comes sizable. The boson-mediated pairing interaction can be
realized in dilute Fermi-Bose mixtures, where the force carrier
becomes the Bogoliubov phonon mode of BEC [29–31]. In
the previous studies of fermion pairing in Fermi-Bose mix-
tures, the interaction retardation due to DBE was normally
neglected [32]. On the other hand, this two-component su-
perfluid mixture should be described by the three-fluid theory
[33,34]. We show that in this double-superfluid system, the
quantum reduction of the fermionic superfluid density also
gives rise to the Andreev-Bashkin drag effect [34], as required
by the Galilean invariance of the whole Fermi-Bose system. A
strong pairing thus leads to a strong entrainment between the
two superfluid components.

The spin susceptibility χ is another important quantity
for fermionic superfluidity. For static pairing interaction, it
vanishes at T = 0 for spin-singlet s-wave pairing, indicating
that the s-wave pairing is not compatible with a nonzero
magnetization at T = 0 [35]. In this case, the application of a
Zeeman field does not induce a magnetization in the superfluid
state, and a first-order phase transition to the normal state
occurs at the so-called Chandrasekhar-Clogston or Pauli limit
[36–38]. One route to realize a nonzero χ at T = 0 is to
turn on the spin-orbit coupling [39], which induces a spin-
triplet pairing component even though the pairing interaction
is of the s-wave nature. In this work, we show that for
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spin-singlet s-wave pairing, the DBE also leads to a nonzero
spin susceptibility even at T = 0, providing a mechanism for
the coexistence of pairing and magnetization. The application
of a Zeeman field induces a finite magnetization in the super-
fluid state.

II. FERMIONIC SUPERFLUIDITY
WITH BOSON EXCHANGE

We consider a gas of spin-1/2 nonrelativistic fermions with
bare mass mf in free space. The interaction between fermions
includes a part mediated by a bosonic mode. The Lagrangian
density of the system can be given by L = Lf + Lb + Lbf .
The fermion part reads

Lf =
∑

σ=↑,↓
ψ†

σ

(
−∂τ + ∇2

2mf

)
ψσ + Lff , (1)

where τ is the imaginary time, ψσ represents the Grassmann
field for fermion with spin σ , and Lff denotes the static two-
body interaction between the fermions. We use the units h̄ =
kB = 1 throughout. The boson part Lb and the fermion-boson
interaction Lbf are not specified here.

Formally we may integrate out the bosonic mode and
obtain an action with only fermions. The action reads
S = S0 + Sint, with the single-particle part given by S0 =∑

σ

∑
K (−iωn + ξk )ψ†

σ (K )ψσ (K ). Here K = (ωn, k) denotes
the fermion Matsubara frequency ωn = (2n + 1)πT and mo-
mentum k, and ξk = k2/(2mf ) − μf is the free fermion dis-
persion, with μf being the chemical potential. The interaction
part can be expressed as

Sint = 1

2βV
∑

σ=↑,↓

∑
Q

Vσσ ′ (Q)ρσ (Q)ρσ ′ (−Q), (2)

where ρσ (Q) =∑K ψ†
σ (K + Q)ψσ (K ), β = 1/T , V is the

volume of the system, and Q = (ql , q) denotes the boson
Matsubara frequency ql = 2lπT and momentum q. The
frequency and momentum dependent effective interaction
Vσσ ′ (Q) includes the contribution from the exchange of the
bosonic mode. Because of the contribution from DBE, the
effective interaction between the fermions is not static. The
interaction retardation thus violates the Galilean invariance of
the fermion sector.

We consider equal spin populations (n↑ = n↓) and assume
that the spin-singlet pairing dominates. We thus rewrite the
relevant pairing interaction as

Sint = 1

βV
∑

Q

∑
K,K ′

B†
K (Q)U (K − K ′)BK ′ (Q), (3)

where BK (Q) = ψ↓(Q − K )ψ↑(K ) and U (Q) ≡ V↑↓(Q). Fol-
lowing the standard field theoretical treatment, we introduce
a pairing field �K (Q) via the Stratonovich-Hubbard trans-
formation, which satisfies the equation of motion �K (Q) =
(βV )−1∑

K ′ U (K − K ′)BK ′ (Q). Integrating out the fermions,
we obtain an effective action

Seff = −βV
∑

Q

∑
K,K ′

�∗
K (Q)U −1(K − K ′)�K ′ (Q)

− Tr ln
{
G−1

K,K ′[�,�∗]
}
. (4)

Here the inverse of U is defined as
∑

P U −1(K − P)U (P −
K ′) = δKK ′ . The inverse of the fermion Green’s func-
tion G in the Nambu-Gor’kov representation �(K ) =
[ψ↑(K ), ψ†

↓(−K )]T is given by

G−1
K,K ′ =

[
(iωn − ξk )δKK ′ �K (K − K ′)
�∗

K ′ (K ′ − K ) (iωn + ξk )δKK ′

]
. (5)

At low temperature the pairing field acquires a nonzero
expectation value. We consider a static and homogeneous su-
perfluid state and write �K (Q) = �(K )δQ,0 + �̃K (Q), where
�(K ) serves as the order parameter of superfluidity. The path
integral over the fluctuation �̃ cannot be accurately evaluated.
Here we mainly consider T = 0 and hence employ the mean-
field approximation. It is believed that the mean-field theory
describes correctly the BCS-BEC crossover at T = 0 [13–18].

In the mean-field theory, the grand potential reads

�[�(K )] = −
∑
K,K ′

�∗(K )U −1(K − K ′)�(K ′)

− 1

βV
∑

K

ln det[G−1(K )], (6)

with the fermion Green’s function given by

G−1(K ) =
[

iωn − ξk �(K )
�∗(K ) iωn + ξk

]
. (7)

Minimizing �[�(K )], we obtain the gap equation

�(P) = − 1

βV
∑

K

U (P − K )
�(K )

ω2
n + W2(K )

. (8)

The total fermion density nf = n↑ + n↓ is given by

nf = − 2

βV
∑

K

(iωn + ξk )eiωn0+

ω2
n + W2(K )

. (9)

Here W2(K ) = ξ 2
k + |�(K )|2.

For static pairing interaction, U (P − K ) reduces to U (p −
k) and thus the pairing gap depends only on the momen-
tum. The Matsubara sum can be worked out analytically and
the gap and number equations reduce to the BCS-Leggett
mean-field description of the BCS-BEC crossover [14]. In
the presence of DBE, Eqs. (8) and (9) should be solved
simultaneously to determine the full frequency and momen-
tum dependence of the gap function �(ωn, k) as well as the
chemical potential μf , and thus constitute a type of Eliashberg
theory [40–43]. Here we emphasize that unlike the previous
studies, the full momentum dependence should be maintained
in order to approach strong pairing, as was considered in
[43]. For convenience, we define the Fermi momentum kF

and the Fermi energy εF via a noninteracting Fermi gas, i.e.,
kF = (3π2nf )1/3 and εF = k2

F/(2mf ). The Fermi velocity can
be defined as vF = kF/mf .

III. LINEAR RESPONSES

The superfluid density and the spin susceptibility can be
evaluated via the standard linear-response method. The super-
fluid density ρs characterizes the response of the system to
an infinitesimal uniform superfluid flow vs, which amounts
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to being equivalent to a constant U(1) vector potential A =
mfvs [44–46]. For an isotropic superfluid state, the change in
the free energy reads F (vs) − F (0) = 1

2 mfρsv2
s + O(v4

s ). For
convenience we can use the grand potential � instead of the
free energy F = � + μf nf , since the difference can be shown
to be beyond the order O(v2

s ) [44,45].
The grand potential at finite vs can be obtained by replacing

the fermion Green’s function G−1(K ) with

G−1
A (K ) =

[
iωn − ξk−A �(K )

�∗(K ) iωn + ξk+A

]
. (10)

Performing the Taylor expansion in vs, we obtain �(vs) −
�(0) = 1

2 mfρsv2
s + O(v4

s ). The superfluid density ρs can be
expressed as ρs = nf − ρn, where the reduction or the normal
density is given by

ρn = 2

V
∑

k

k2

3mf
Y (k). (11)

The function Y (k) is defined as a Matsubara sum

Y (k) = 1

β

∑
n

ω2
n − ξ 2

k − |�(ωn, k)|2[
ω2

n + ξ 2
k + |�(ωn, k)|2]2 , (12)

which cannot be analytically evaluated in the general case.
For the normal state with � = 0, we can show that ρn = nf

and thus ρs = 0. In the absence of DBE, the gap function
does not depend on the frequency, i.e., �(ωn, k) = �k. In this
case, the Matsubara sum can be evaluated to give the standard
Landau formula Y (k) = (4T )−1sech2(Ek/2T ), where Ek =√

ξ 2
k + |�k|2 is the standard BCS excitation spectrum. It is

obvious that ρn = 0 at T = 0.
In the presence of DBE, the gap function depends on

the frequency. In this case, ρn does not vanish at T = 0,
which is a direct consequence of the violation of Galilean
invariance induced by DBE. To show this, we note that the
Matsubara sum at T = 0 is converted to an integral over
an imaginary frequency, T

∑
n f (ωn) → ∫∞

−∞ dω/(2π ) f (ω).
Using the trick of integration by parts [47] shown in Appendix
A, we can show that at T = 0,

Y (k) = −
∫ ∞

−∞

dω

π

ω|�(ω, k)|
[ω2 + W2(ω, k)]2

∂|�(ω, k)|
∂ω

. (13)

This expression shows obviously that ρn is generically
nonzero with a frequency-dependent gap function. For realis-
tic boson-mediated interaction, |�(ω, k)| decreases monoton-
ically with increasing |ω| (see Appendix B). Therefore, Y (k)
is normally positive, leading to a nonvanishing ρn and hence a
quantum reduction of ρs. One the other hand, we expect that
the finite-temperature behavior of the superfluid density ρs is
regular. It drops down with increasing temperature and finally
approaches zero at the superfluid transition temperature.

The result here based on the mean-field theory captures of
the essential physics of the DBE. Inclusion of the quantum
fluctuations does not change the result qualitatively. Actually,
the quantum fluctuations bring a correction to ρn which should
not be negative [45,46]. Even though here we assume a spin-
singlet pairing, this generic result does not rely on the pairing
symmetry, e.g., it also applies to the p-wave topological

superfluid in a single-component 2D Fermi gas [48], with
interaction mediated by a 3D Bose-Einstein condensate.

However, a puzzle may appear if we consider a spin-1/2
Fermi gas with balanced spin populations with static s-wave
two-body interaction between the unlike spins. Such a sys-
tem has Galilean invariance and hence the superfluid density
should equal the total fermion density. However, a puzzle
appears if we consider dressing the interaction by using the
random-phase approximation (RPA), or consider the so-called
induced interaction [43]. In this case, the PRA improved
interaction is no longer static and hence the superfluid density
may be reduced according to our formula (13). To solve this
puzzle, we recall that the superfluid density is defined as a
linear response to an infinitesimal uniform superfluid flow.
On the other hand, the RPA improved two-body interaction is
built by using the fermion Green’s function. In the presence
of a superfluid flow, the fermion Green’s function is given
by Eq. (10). If we calculate the superfluid density with the
RPA improved two-body interaction, we also need to con-
sider the modification of the fermion Green’s function due to
the superfluid flow. Therefore, there should be an additional
contribution to the superfluid density from the RPA improved
two-body interaction. If the RPA theory is self-consistent and
compatible with the Galilean invariance, the additional con-
tribution from the RPA should compensate the reduction due
to the dynamical boson exchange effect. The total superfluid
density thus remains the total fermion density.

Next we consider the spin response. We introduce a Zee-
man term Sh = h[ρ↑(0) − ρ↓(0)] in the effective action, with
h being the Zeeman field. For an infinitesimal h, the change
in the grand potential reads �(h) − �(0) = − 1

2χh2 + O(h4)
and the induced magnetization is given by n↑ − n↓ = χh +
O(h3). The spin susceptibility χ can be expressed as

χ = 2

V
∑

k

Y (k), (14)

where Y (k) is the same function defined in (12). Without
DBE, it is obvious that χ = 0 at T = 0. The DBE thus leads
to a nonzero χ . In this case, applying a finite Zeeman field h
will induce a finite magnetization even though h is below the
Pauli limit (see Appendix E).

While the DBE generically leads to nonvanishing normal-
fluid density and spin susceptibility, a natural question is
whether they are sizable and hence can be probed experi-
mentally. From the gap equation (8), we can derive a useful
expression for ∂|�|/∂ω (see Appendix B):

∂|�(ω, k)|
∂ω

= −
∫

ν,p

∂U (K − P)

∂ω

|�(ν, p)|
ν2 + W2(ν, p)

. (15)

Together with Eq. (13), we expect that sizable values of ρn

and χ require a large magnitude of the gap function, i.e.,
strong pairing. Therefore, in the weak pairing limit, |�| 
 εF,
ρn and χ become vanishingly small. On the other hand, for
very strong pairing, the system becomes a Bose condensate of
bound pairs. In this regime, we have μf < 0 and |μf | � |�|,
indicating that ρn and χ are also rather small.

One should not conflate the superfluid density with
the condensate density. The condensate number of
fermion pairs can be evaluated by using its definition
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FIG. 1. Results for the toy Yukawa model. (a) The dependence of ρn (scaled by nf ) and χ (scaled by χ0) on vφ/vF at mφ = 0.1εF.
(b) The dependence of ρn and χ on mφ/εF at vφ/vF = 0. (c) The frequency dependence of the gap function at vφ/vF = 0, for mφ/εF =
0.1, 0.15, 0.2, 0.25 (from top to bottom). The Yukawa coupling is fixed at g2/v3

F = 0.1.

N0 = ∫ dr
∫

dr′|ψ↓(r)ψ↑(r′)|2. In the mean-field theory, the
condensate density n0 at T = 0 reads

n0 = 1

V
∑

k

[∫ ∞

−∞

dω

2π

|�(ω, k)|
ω2 + W2(ω, k)

]2

. (16)

The behavior of n0 is thus quite different from the superfluid
density ρs. In the weak pairing limit, we have n0 → 0 while
ρs → nf . With increasing pairing strength, the condensate
density gets enhanced but the superfluid density is suppressed
due to the DBE, leading to opposite behavior of condensation
and superfluidity.

IV. SINGLE-COMPONENT SUPERFLUID:
A TOY YUKAWA MODEL

We first consider a system in which only the fermion
component is a superfluid and the bosons play the role of force
carriers. We study a toy model, fermions attracting each other
via a real scalar mode φ, of which the Lagrangian density
reads

Lb = 1
2

[
(∂τφ)2 + v2

φ (∇φ)2 + m2
φφ2]. (17)

The fermions and bosons interact via a Yukawa coupling
Lbf = gφ

∑
σ ψ†

σψσ . Integrating out the scalar mode, we ob-
tain the pairing interaction

U (ql , q) = − g2

q2
l + v2

φq2 + m2
φ

. (18)

The velocity parameter vφ [49] and the mass parameter
mφ control the interaction retardation and also the pairing
strength. In the static approximation, i.e., discarding q2

l , the
pairing interaction reduces to a static Yukawa-type potential.

For s-wave pairing, the gap function depends only on k =
|k| and can be set to be real. We solve the gap and number
equations for s-wave pairing at T = 0 (see Appendixes B and
C). In Fig. 1(a), we show the dependence of ρn/nf and χ/χ0

on the velocity parameter vφ , where χ0 = 3nf/(2εF) is the
spin susceptibility of a noninteracting Fermi gas. With de-
creasing values of vφ/vF, the interaction retardation becomes
more pronounced and hence ρn and χ become enhanced.
Figure 1(b) shows the dependence of ρn and χ on the mass
parameter mφ at vanishingly small velocity vφ/vF → 0. In
this case, the gap function depends only on the frequency ω.
With increasing values of mφ , the pairing becomes weaker

[Fig. 1(c)], and hence the derivative ∂�/∂ω gets smaller.
Accordingly, we find that ρn and χ become vanishingly small
at large mφ .

In a single fermion superfluid, the speed of the second
sound is given by [50,51]

c2 =
√

1

mf

s2

(∂s/∂T )nf

ρs

ρn
. (19)

In the absence of DBE, c2 approaches a nonzero constant
when T → 0 [50,51], because of the cooperative low-T be-
havior of the entropy per fermion s and ρn. However, the DBE
leads to c2 ∼ T 2 for T → 0 due to the nonvanishing ρn at
T = 0.

Next we study the system at finite Zeeman field h at T =
0 (see Appendix E). With increasing h, the superfluid state
persists up to the Pauli limit determined by the sign change of
the grand potential difference �S − �N. In Fig. 2, we show
that the spin imbalance is nonzero in the superfluid phase. At
small h, the spin imbalance is well given by n↑ − n↓ 
 χh.
Thus the nonzero spin imbalance generated in the superfluid
phase is caused by the DBE. For static pairing interaction, the
spin imbalance keeps vanishing in the superfluid phase below
the Pauli limit.
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0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

(n
↑
−

n
↓)

/n
f

FIG. 2. The spin imbalance (n↑ − n↓)/nf as a function of the
Zeeman field h (scaled by εF) for vφ/vF = 0 and mφ/εF = 0.1 in the
toy Yukawa model. The Pauli limit is located at h 
 0.145εF. The
thin red line denotes the linear approximation n↑ − n↓ 
 χh.
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V. DOUBLE SUPERFLUIDITY: FERMI-BOSE MIXTURES

A possible cold atom system to test our predictions is a
dilute Fermi-Bose mixture which has been realized in re-
cent cold atom experiments [52–60]. We consider a mixture
composed of two-component fermions and weakly interacting
bosons of mass mb. With a boson-fermion interaction, an
effective interaction between fermions can be induced by the
Bogoliubov phonon mode of the BEC [29–31]. The bosons
are described by a complex scalar field φ and its Lagrangian
density reads

Lb = φ†

(
−∂τ + ∇2

2mb

)
φ − 2πabb

mb
|φ|4, (20)

where abb is the boson-boson scattering length. The boson-
fermion interaction is given by

Lbf = gbf |φ|2
∑

σ

ψ†
σψσ , (21)

where gbf = 4πabf/mbf is the boson-fermion coupling, with
the boson-fermion scattering length abf and the reduced mass
mbf = 2mbmf/(mb + mf ).

Within the Bogoliubov theory, the action for the BEC reads
Sb =∑Q[−iql + Eb(q)]ϕ∗(Q)ϕ(Q), where ϕ(Q) is phonon

field and Eb(q) =
√

v2
Bq2 + ε2

b (q) is the Bogoliubov spec-

trum, with εb(q) = q2/(2mb) and the phonon velocity vB =√
4πabbnb/m2

b. Here the boson condensate density nb equals
the boson number density at T = 0. In terms of the phonon
field, the boson-fermion interaction can be expressed as Sbf =
V−1/2∑

σ

∑
Q M(q)[ϕ∗(Q) + ϕ(−Q)]ρσ (Q), where M(q) =

gbf
√

nbεb(q)/Eb(q). Integrating out the phonon mode, we
obtain the pairing interaction U (ql , q) = uff (q) + Uind(ql , q),
where uff (q) is the direct instantaneous interaction. The in-
duced interaction mediated by the Bogoliubov phonon is
given by [29–31]

Uind(ql , q) = − 2g2
bf nbεb(q)

q2
l + [Eb(q)]2

. (22)

While the Galilean invariance of the fermion sector is
violated due to the phonon exchange, the whole system is
Galilean invariant. We note that the boson component is also a
superfluid and hence this double-superfluid system should be
described by the three-fluid theory [33,34]. We thus introduce
two superfluid flow velocities, vf and vb, for the fermion and
boson parts respectively. The change in the free energy is now
given by [61]

F (vf , vb) − F (0, 0) = 1

2

∑
i,j=f,b

Dijvi · vj + O
(
v4

i

)
. (23)

The diagonal term for the fermionic part has been calculated,
Dff = mf (nf − ρd ), where the reduction ρd is just given by
the expression of ρn in Eq. (11). The off-diagonal terms,
Dfb = Dbf , represent the Andreev-Bashkin drag effect [34].
The Galilean invariance of the whole system requires Dff +
Dfb = mf nf [62]. Thus we obtain

Dfb = Dbf = mfρd. (24)
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FIG. 3. Results for the Fermi-Bose mixture. (a),(b) The depen-
dence of ρd and χ on the mass ratio mf/mb at (nba3

bb)1/3 = 0.001.
(c),(d) The dependence of ρd and χ on the boson-boson interaction
parameter (nba3

bb)1/3 at mf/mb = 6/133 (6Li-133Cs mixture). The
boson-fermion coupling is chosen as (nba3

bf )1/3 = 0.1 (solid lines)
and 0.15 (dotted lines). The fermion density is nf = 0.1nb.

Therefore, the quantum reduction ρd of the fermion sector
just gives rise to the Andreev-Bashkin drag effect. To prove
Eq. (24), we note that the bosonic flow vb leads to a shift
iql → iql − q · vb in the induced interaction (22), which fur-
ther induces a change in the gap function �(K ). To the
leading order in vb, the change at T = 0 reads ik · vb∂�/∂ω.
Collecting the terms proportional to vf · vb and using Eq. (13),
we find that the off-diagonal coefficients just equal mfρd. This
proof also shows that the mean-field theory for the fermionic
superfluidity is compatible with the Galilean invariance and
hence is qualitatively reliable for the predictions of the super-
fluid and normal densities.

We solve the gap and number equations for s-wave pairing
for uff = 0 at T = 0 (see Appendixes B and C). The result de-
pends on the interaction parameters (nba3

bb)1/3 and (nba3
bf )1/3,

the density ratio nf/nb, and the mass ratio mf/mb. The inter-
action retardation can be characterized by the velocity ratio

vB

vF
= 2

√
π

(3π2)1/3

mf

mb

(
nba3

bb

)1/6

(nf/nb)1/3
. (25)

For small vB/vF, we expect that the retardation is significant
and hence ρd and χ reach sizable values. In Fig. 3 we show
the results of ρd and χ for nf/nb = 0.1 and two values of
the boson-fermion coupling (nba3

bf )1/3 (0.1 and 0.15). From
Figs. 3(a) and 3(b), we find that a small mass ratio mf/mb

enhances ρd and χ due to strong interaction retardation ef-
fect. Figures 3(c) and 3(d) show that a smaller boson-boson
interaction parameter (nba3

bb)1/3 leads to larger ρd and χ , also
consistent with the interaction retardation picture.

We expect that the recently realized 6Li-174Yb [59] and
6Li-133Cs [60] mixtures are good candidates to test our the-
oretical predictions and explore the Andreev-Bashkin drag
effect. Our simple calculation shows that ρd/nf can reach the
order 10% in the 6Li-133Cs mixture [63]. Note that here we
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have neglected the direct pairing interaction uff which can
be tuned by using the method of Feshbach resonance [64].
Turning on this resonant interaction will greatly enhance the
magnitude of the gap function � and hence the derivative
∂�/∂ω (see Appendix D), leading to a much stronger cou-
pling between the two superfluid components. On the other
hand, for realistic experimental systems, we need to consider
the trapping potential. In this case, we can use the local
density approximation to calculate the local superfluid density
or the superfluid density profile. Within the local density
approximation, our theoretical predictions are still valid for
the local superfluid density. The total superfluid fraction can
also be computed and could be compared with the future
experimental measurements.

VI. SUMMARY

We have shown that the interaction retardation due to DBE
in a fermionic superfluid leads to a quantum reduction of
the superfluid density. For s-wave pairing, it also leads to a
nonzero spin susceptibility at T = 0 and hence allows spin-
imbalanced pairing when a Zeeman field is applied. For the
double-superfluid system in ultracold Fermi-Bose mixtures,
the quantum reduction also gives rise to the Andreev-Bashkin
drag effect. These effects become sizable at strong pairing and
hence can be probed in cold atom experiments. The superfluid
or normal fraction can be probed by measuring the moment of
inertia in the presence of a slow rotation [65–69] and can be

extracted by measuring the second sound [70]. On the other
hand, the superfluid fraction can be computed by using the
quantum Monte Carlo method [71,72].

Other possible candidate systems to explore the effect of
DBE on fermion superfluidity may include an ultracold Fermi
gas with an effective interaction mediated by the cavity modes
[73] and the exciton-polariton mediated superconductivity in
two-dimensional electron gases [74]. Since the nuclear force
includes contributions from meson exchange [75], the DBE
may also provide a mechanism to reduce the superfluid den-
sity of neutron matter, which is crucial for models of neutron
star glitches based on neutron superfluidity [22,76].
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APPENDIX A: TRICK OF INTEGRATION BY PARTS

We prove Eq. (13) by using a simple trick of integration by
parts. We consider the integral

Y =
∫ ∞

−∞

dω

2π

ω2 − ξ 2 − |�(ω)|2
[ω2 + ξ 2 + |�(ω)|2]2

, (A1)

which can be written in an alternative form,

Y =
∫ ∞

−∞

dω

2π

{
2ω2

[ω2 + ξ 2 + |�(ω)|2]2
− 1

ω2 + ξ 2 + |�(ω)|2
}
. (A2)

Using the identity

2ω2

[ω2 + ξ 2 + |�(ω)|2]2
= −ω

∂

∂ω

1

ω2 + ξ 2 + |�(ω)|2 − ω

[ω2 + ξ 2 + |�(ω)|2]2

∂|�(ω)|2
∂ω

(A3)

and performing integration by parts, we obtain

Y = −
∫ ∞

−∞

dω

π

ω|�(ω)|
[ω2 + ξ 2 + |�(ω)|2]2

∂|�(ω)|
∂ω

. (A4)

Note that in this proof, we do not require |�(ω)| → 0 for ω → ±∞.

APPENDIX B: GAP EQUATION FOR s-WAVE PAIRING

For s-wave pairing, the gap function depends only on k = |k| and can be set to be real without loss of generality. The s-wave
gap equation can be expressed as

�(ν, p) =
∫ ∞

0

dω

π

∫ ∞

0

k2dk

2π2
Ks(ν, p; ω, k)

�(ω, k)

ω2 + ξ 2
k + �2(ω, k)

, (B1)

where we have used the fact �(ω, k) = �(−ω, k). The s-wave kernel function Ks(ν, p; ω, k) is given by

Ks(ν, p; ω, k) = 1
2 [Us(ν − ω; p, k) + Us(ν + ω; p, k)]. (B2)

Here Us(ν − ω; p, k) is the s-wave interaction obtained by performing the angle integration,

Us(ν − ω; p, k) = −1

2

∫ π

0
sin θdθU (ν − ω, p − k), (B3)
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where θ is the angle between p and k. For the Yukawa model, we have

Us(ν − ω; p, k) = g2

4v2
φ pk

ln

[
(ν − ω)2 + v2

φ (p + k)2 + m2
φ

(ν − ω)2 + v2
φ (p − k)2 + m2

φ

]
. (B4)

For the dilute Fermi-Bose mixture with uff = 0, Us(ν − ω; p, k) is given by

Us(ν − ω; p, k) = g2
bf nbmb

2pk

⎧⎨
⎩ln

⎡
⎣ (ν − ω)2 + 2gbbnb

(p+k)2

2mb
+ (p+k)4

4m2
b

(ν − ω)2 + 2gbbnb
(p−k)2

2mb
+ (p−k)4

4m2
b

⎤
⎦

+ 2gbbnb√
(ν − ω)2 − (gbbnb)2

⎡
⎣arctan

gbbnb + (p−k)2

2mb√
(ν − ω)2 − (gbbnb)2

− arctan
gbbnb + (p+k)2

2mb√
(ν − ω)2 − (gbbnb)2

⎤
⎦
⎫⎬
⎭. (B5)

Note that for (ν − ω)2 < (gbbnb)2, the inverse tangent function is understood as arctan(ix) = ln[(1 + x)/(1 − x)]/(2i).
On the other hand, from the gap equation (B1), we obtain

∂�(ω, k)

∂ω
=
∫ ∞

0

dν

π

∫ ∞

0

p2d p

2π2

∂Ks(ω, k; ν, p)

∂ω

�(ν, p)

ν2 + ξ 2
p + �2(ν, p)

. (B6)

Thus we estimate that the magnitude of the derivative ∂�/∂ω depends on two components: the derivative ∂Ks/∂ω representing
the DBE effect and the magnitude of the gap function. For the Yukawa model, we have

∂Ks(ω, k; ν, p)

∂ω
= −g2

{
ω − ν[

(ω − ν)2 + v2
φ (k2 + p2) + m2

φ

]2 + 4v4
φk2 p2

+ (ν → −ν)

}
. (B7)

Thus ∂�/∂ω is zero at ω = 0 and is negative for ω > 0.
Using the dimensionless quantities,

x = ω

εF
, x′ = ν

εF
, y = k

kF
, y′ = p

kF
, �̃ = �

εF
, μ̃ = μ

εF
, (B8)

we can express the gap equation as

�̃(x′, y′) =
∫ ∞

0
dx
∫ ∞

0
y2dyK̃s(x

′, y′; x, y)
�̃(x, y)

x2 + (y2 − μ̃)2 + �̃2(x, y)
. (B9)

For the Yukawa model, the dimensionless kernel function K̃s(x′, y′; x, y) is given by

K̃s(x
′, y′; x, y) = g2

8π3v3
F

1

γ 2yy′ ln

[
(x′ − x)2 + 4γ 2(y + y′)2 + m̃2

φ

(x′ − x)2 + 4γ 2(y − y′)2 + m̃2
φ

]
+ (x → −x), (B10)

where γ = vφ/vF and m̃φ = mφ/εF. For the Fermi-Bose mixture with uff = 0, we have

K̃s(x
′, y′; x, y) = (1 + α)2

απyy′ λ1

{
ln

[
(x′ − x)2 + 2α2λ2(y + y′)2 + α2(y + y′)4

(x′ − x)2 + 2α2λ2(y − y′)2 + α2(y − y′)4

]

+ αλ2√
(x′ − x)2 − α2λ2

2

⎡
⎣arctan

αλ2 + α(y − y′)2√
(x′ − x)2 − α2λ2

2

− arctan
αλ2 + α(y + y′)2√

(x′ − x)2 − α2λ2
2

⎤
⎦
⎫⎬
⎭+ (x → −x), (B11)

where

α = mf

mb
, λ1 =

(
nba3

bf

)2/3

(3π2nf/nb)1/3
, λ2 = 8π

(
nba3

bb

)1/3

(3π2nf/nb)2/3
. (B12)

The solution thus depends on four quantities: (nba3
bf )1/3, (nba3

bb)1/3, α, and nf/nb.
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Meanwhile, the number equation becomes∫ ∞

0
y2dy

[
1 − 2

π

∫ ∞

0
dx

y2 − μ̃

x2 + (y2 − μ̃)2 + �̃2(x, y)

]
= 2

3
. (B13)

The normal density ρn and the spin susceptibility χ can be expressed as

ρn

nf
= − 4

π

∫ ∞

0
xdx

∫ ∞

0
y4dy

�̃(x, y)

[x2 + (y2 − μ̃)2 + �̃2(x, y)]2

∂�̃(x, y)

∂x
,

χ

χ0
= − 4

π

∫ ∞

0
xdx

∫ ∞

0
y2dy

�̃(x, y)

[x2 + (y2 − μ̃)2 + �̃2(x, y)]2

∂�̃(x, y)

∂x
. (B14)

APPENDIX C: TREATMENT OF THE NUMBER EQUATION

For balanced spin populations, the number equation can be expressed as nf = (2/V )
∑

k nk, where the fermion momentum
distribution nk is formally given by

nk = − 1

β

∑
n

(iωn + ξk )eiωn0+

ω2
n + ξ 2

k + |�(ωn, k)|2 . (C1)

The convergent factor eiωn0+
is not convenient for a numerical calculation. Here we provide a useful treatment at T = 0 and it

can be easily generalized to T �= 0. At T = 0, we have

nk = −
∫ ∞

−∞

dω

2π

(iω + ξk )eiω0+

ω2 + ξ 2
k + |�(ω, k)|2 . (C2)

Noting that the gap function becomes vanishingly small at large |ω|, we introduce a large cutoff ωc and divide the integration
into three parts,

nk = I1 + I2 + I3, (C3)

where

I1 = −
∫ ωc

−ωc

dω

2π

(iω + ξk )eiω0+

ω2 + ξ 2
k + |�(ω, k)|2 , I2 = −

∫ ∞

ωc

dω

2π

(iω + ξk )eiω0+

ω2 + ξ 2
k + |�(ω, k)|2 ,

I3 = −
∫ −ωc

−∞

dω

2π

(iω + ξk )eiω0+

ω2 + ξ 2
k + |�(ω, k)|2 . (C4)

The convergent factor only guarantees the convergence for |ω| → ∞. Therefore, we can get rid of it in I1 and obtain

I1 = −
∫ ωc

0

dω

π

ξk

ω2 + ξ 2
k + |�(ω, k)|2 . (C5)

Here we have use the fact �(ω, k) = �(−ω, k). Since the cutoff ωc is large, we can neglect �(ω, k) in I2 and I3. It becomes
exact when we set ωc → ∞ finally. Thus we have

I2 

∫ ∞

ωc

dω

2π

eiω0+

iω − ξk
, I3 


∫ −ωc

−∞

dω

2π

eiω0+

iω − ξk
. (C6)

They can be evaluated by using a contour integration. We obtain

I2 = −
∫ ∞

0

idy

2π

e−y0+

y + ξk − iωc
, I3 =

∫ ∞

0

idy

2π

e−y0+

y + ξk + iωc
. (C7)

The convergent factor can be dropped when summing I2 and I3. We obtain

I2 + I3 = ωc

π

∫ ∞

0

dy

(y + ξk )2 + ω2
c

= 1

2
− 1

π
arctan

ξk

ωc
. (C8)

Finally, setting ωc → ∞, we obtain

nk = 1

2
−
∫ ∞

0

dω

π

ξk

ω2 + ξ 2
k + |�(ω, k)|2 . (C9)
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If the gap function depends only on the momentum, i.e., �(ω, k) = �k, we recover the known result

nk = 1

2

⎛
⎝1 − ξk√

ξ 2
k + |�k|2

⎞
⎠. (C10)

APPENDIX D: EFFECT OF AN INSTANTANEOUS PAIRING INTERACTION

With an additional instantaneous pairing interaction, the gap equation reads

�(P) = − 1

βV
∑

K

[uff (p − k) + Uind(P − K )]
�(K )

ω2
n + ξ 2

k + |�(K )|2 . (D1)

Here uff (p − k) denotes the instantaneous interaction and Uind(P − K ) is the boson-mediated interaction. For s-wave pairing and
at T = 0, the gap equation can be expressed as

�(ν, p) =
∫ ∞

0

dω

π

∫ ∞

0

k2dk

2π2
[Kff (p; k) + Kind(ν, p; ω, k)]

�(ω, k)

ω2 + ξ 2
k + �2(ω, k)

, (D2)

with the s-wave kernel functions Kind(ν, p; ω, k) from the boson-mediated interaction and Kff (p; k) from the instantaneous
interaction. It is easy to show that

∂�(ω, k)

∂ω
=
∫ ∞

0

dν

π

∫ ∞

0

p2d p

2π2

∂Kind(ω, k; ν, p)

∂ω

�(ν, p)

ν2 + ξ 2
p + �2(ν, p)

. (D3)

Note that the right-hand side does not depend explicitly on the kernel function Kff (p; k). Thus if the magnitude of the gap
function is enhanced by the additional instantaneous pairing interaction, the derivative ∂�/∂ω is also enhanced.

APPENDIX E: RESULTS FOR FINITE ZEEMAN FIELD

For finite Zeeman field h, the mean-field grand potential is still given by

� = −
∑
K,K ′

�∗(K )U −1(K − K ′)�(K ′) − 1

βV
∑

K

ln det
[
G−1

h (K )
]
, (E1)

with the fermion Green’s function replaced with

G−1
h (K ) =

[
iωn + h − ξk �(K )

�∗(K ) iωn + h + ξk

]
. (E2)

Minimizing the grand potential, we obtain the gap equation

�(P) = − 1

βV
∑

K

U (P − K )
�(K )

(ωn − ih)2 + ξ 2
k + |�(K )|2 . (E3)

The density for each spin component is given by

n↑ = 1

V
∑

k

nk↑, n↓ = 1

V
∑

k

nk↓, (E4)

with the momentum distributions

nk↑ = 1

β

∑
n

(iωn + h + ξk )eiωn0+

(iωn + h)2 − ξ 2
k − |�(K )|2 , nk↓ = − 1

β

∑
n

(iωn + h − ξk )eiωn0−

(iωn + h)2 − ξ 2
k − |�(K )|2 = 1

β

∑
n

(iωn − h + ξk )eiωn0+

(iωn − h)2 − ξ 2
k − |�(K )|2 .

(E5)

For a solution of the gap equation, the grand potential can be expressed as

�S − �N = 1

βV
∑

K

|�(K )|2
(ωn − ih)2 + ξ 2

k + |�(K )|2 − 1

βV
∑

K

ln

[
1 + |�(K )|2

(ωn − ih)2 + ξ 2
k

]
, (E6)

At T = 0, the gap equation for s-wave pairing becomes

�(ν, p) =
∫ ∞

−∞

dω

2π

∫ ∞

0

k2dk

2π2
Us(ν − ω; p, k)

�(ω, k)

(ω − ih)2 + ξ 2
k + �2(ω, k)

. (E7)

033620-9



ZIYUE WANG AND LIANYI HE PHYSICAL REVIEW A 99, 033620 (2019)

We can show that �(ω, k) = �(−ω, k) still holds for h �= 0. Thus the gap equation can be written in a symmetrical form

�(ν, p) =
∫ ∞

0

dω

2π

∫ ∞

0

k2dk

2π2
Ks(ν, p; ω, k)

[
�(ω, k)

(ω − ih)2 + ξ 2
k + �2(ω, k)

+ (h → −h)

]
. (E8)

Using the same trick of contour integral, the momentum distributions can be evaluated as

nk↑ = 1

2
−
∫ ∞

0

dω

π

[
ω2 + ξ 2

k + �2(ω, k) − h2
]
(ξk + h) − 2hω2[

ω2 + ξ 2
k + �2(ω, k) − h2

]2 + 4h2ω2
,

nk↓ = 1

2
−
∫ ∞

0

dω

π

[
ω2 + ξ 2

k + �2(ω, k) − h2
]
(ξk − h) + 2hω2[

ω2 + ξ 2
k + �2(ω, k) − h2

]2 + 4h2ω2
. (E9)

Thus the total density and the spin imbalance are given by

nf =
∫ ∞

0

k2dk

2π2

{
1 − 2

∫ ∞

0

dω

π

[
ω2 + ξ 2

k + �2(ω, k) − h2
]
ξk[

ω2 + ξ 2
k + �2(ω, k) − h2

]2 + 4h2ω2

}
,

n↑ − n↓ = 2h
∫ ∞

0

k2dk

2π2

∫ ∞

0

dω

π

ω2 − ξ 2
k − �2(ω, k) + h2[

ω2 + ξ 2
k + �2(ω, k) − h2

]2 + 4h2ω2
. (E10)

If the gap is frequency independent, i.e., �(ω, k) = �k , a direct integration shows that

n↑ − n↓ =
∫ ∞

0

k2dk

2π2
�
(
h −

√
ξ 2

k + �2
k

)
. (E11)

Therefore, below the Pauli limit the spin polarization is zero. However, for a frequency-dependent gap, the spin polarization
becomes nonzero once a Zeeman field is turned on. At small h, the spin imbalance is well given by n↑ − n↓ 
 χh.
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