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Isotope effects on the ionization of hydrogen molecular ions in strong laser fields are studied by numerically
simulating the time-dependent Schrödinger equation. Though the isotopes of hydrogen molecular ions have
identical Born-Oppenheimer potential curves, the distinct ionization scenarios are observed for single-photon,
multiphoton, and tunneling ionization. For multiphoton and tunneling ionization, the ionization rate of H2

+

is larger than that of D2
+ and T2

+. The ratio of the intensity-dependent tunneling ionization probabilities of
H2

+ (D2
+) and T2

+ can be qualitatively explained by the adiabatic tunneling theories if a few-femtosecond
ultrashort pulse is used. For tens of femtosecond laser pulses, the nuclear movement is unavoidable and the
time-dependent Schrödinger equation simulation is necessary in order to calculate the ionization probability
accurately. For single-photon ionization, the electron-nuclei joint energy spectra are distinct though the total
ionization probabilities are similar. The elastic constant of potential curves can be retrieved by comparing the
single-photon-induced electron-nuclei joint energy spectra of different isotopic molecular ions, which offers a
potential technique to image molecules.
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I. INTRODUCTION

As the simplest molecule in nature, H2
+ and its isotopic

molecules serve as important prototypes for understanding the
ultrafast dynamics in molecules [1–3]. Among all the ultrafast
phenomena, ionization and dissociation are overwhelmingly
important and have attracted a great deal of attention [4,5].
For dissociation, several mechanisms have been explored,
such as bond softening [6], bond hardening [7], and above-
threshold dissociation [8,9]. During dissociation, the behavior
of the unique electron in the system can be controlled by
external fields. The isotope effect plays an important role in
the electron localization during the dissociation of hydrogen
molecular ions. For H2

+, D2
+, and T2

+, the nuclei will spend
different times reaching the critical internuclear distance,
where laser-induced resonant coupling between the 1sσg and
2pσu states occurs. Therefore, the isotopical hydrogen molec-
ular ions will see a different phase of the steering laser field
when the resonant coupling happens, which results in dif-
ferent electron localization for different isotopical molecules
[10–12]. The nuclear wave packets also have distinct collapse
and revival times for H2

+, D2
+, and T2

+ ions [13,14].
It is accepted that the isotope effects play important roles

in molecular dissociation. Similarly, in the dissociative ion-
ization of hydrogen molecules, the isotope effects are also
believed to be important. Due to the different relaxation of
molecular bonds with different nuclear masses, high harmonic
generation (HHG) has different efficiencies in H2 and D2

[15–17]. For heteronuclear molecular ions such as HT+, the
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asymmetric movement of the two nuclei may also produce
different HHG when the carrier envelope phase (CEP) of the
driving laser field shifts by π [18]. The isotope effects should
also be important in the redshift and blueshift of the HHG
[19] and in increasing HHG efficiency and extending cutoff
simultaneously by using chirped driving pulses [20].

In contrast, for the ionization of molecules, it is believed
that the nuclei are frozen during the release of the electron
and thus the fixed-nuclei approximation is widely adopted
[21–23]. Such an approximation is reasonable since the elec-
tron inertia and nucleus inertia differ by three orders of
magnitude. The fixed-nuclei approximation greatly simplifies
the theoretical study of molecules in strong laser fields since
the electron dynamics and nuclear dynamics can be separated
from each other. According to the fixed-nuclei approximation,
H2, D2, and T2 are expected to have the same ionization proba-
bilities since they have identical Born-Oppenheimer potential
curves. However, recently, Tolstikhin et al. predicted theoret-
ically that H2 should be more easily ionized than the other
two isotopic molecules in the adiabatic tunneling ionization
[24–26]. Such a prediction has been confirmed in experiment
by Wang et al. by measuring the ionization probabilities using
mixed H2 and D2 gases [27]. The different nuclear movements
of isotopic molecules during the ionization were suggested to
explain the physics behind the observation.

In this paper we numerically study the electron-nuclear
joint energy spectra (JESs) in the single-photon, multiphoton,
and tunneling ionization of the hydrogen molecular ion and its
isotopic molecular ions in strong laser fields. In single-photon
ionization, compared to H2

+, the ionization fragments of T2
+

have a larger proportion of higher-nuclear-energy components
but a lower proportion of lower-nuclear-energy components,
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whereas the total ionization probabilities of H2
+ and T2

+ are
similar. In tunneling ionization, the ionization rate of H2

+ is
larger than that of T2

+ (D2
+) and the ratio of the ionization

probabilities of H2
+ (D2

+) and T2
+ decreases monotonically

with an increase of the laser intensity. We compare the results
of the time-dependent Schrödinger equation (TDSE) and the
established tunneling theories over a wide range of laser
parameters. The influence of the nuclear motion on ionization
probability is also studied systematically.

The rest of the paper is organized as follows. In Sec. II
we present the details of the numerical method. Section III
discusses the electron-nuclear JESs of the single-photon ion-
ization (Sec. IIIA), multiphoton ionization (Sec. IIIB), and
tunneling ionization (Sec. IIIC). A summary is provided in
Sec. IV.

II. NUMERICAL METHODS

To preserve the coherence of electron and nuclei during
the ultrafast ionization, we numerically simulate the TDSE
by treating nuclear and electronic motions on equal footing
(atomic units are used unless stated otherwise)

i
∂

∂t
ψ (z, R; t ) = [H0 + VL(z, t )]ψ (z, R; t ), (1)

where H0 is the field-free Hamiltonian

H0 = p2
R

2M
+ p2

z

2m
+ V (z, R). (2)

In Eq. (2), R and z are the internuclear distance and elec-
tronic displacement, respectively, pR and pz are the nuclear
and electronic momentum operators, respectively, and M =
Mn/2 and m = 2Mn/(2Mn + 1) are the reduced nuclear and
electronic mass, respectively, where Mn is the nuclear mass
of the homonuclear diatomic molecule. Such a reduced-
dimensionality model is able to capture the main picture qual-
itatively since the electron wave-packet expansion perpendic-
ular to the molecular axis does not result in extra dynamics. To
better reproduce the molecular potential curves, the Coulomb
potential V (z, R) is written as

V (z, R) = 1

R
− 1√

(z + R/2)2 + (
β(R)

5

)2 + 1
β(R) − β(R)

5

− 1√
(z − R/2)2 + (

β(R)
5

)2 + 1
β(R) − β(R)

5

, (3)

where β(R) is the R-dependent soft-core parameter [28]. By
choosing proper β(R), not only is the 1sσg potential curve
accurately produced, but also the 2pσu potential curve is
comparable to the real case. After the initial state is obtained
in the imaginary-time propagation [29], we propagate the
wave function in real time using the Crank-Nicolson method
[30]. The laser-electron interaction is expressed in the dipole
approximation

VL(z, R; t ) = zE (t ). (4)

The linearly polarized laser field is described as E (t ) =
E0sin2(πt/τ )sin(ωt + φ). The laser parameters, such as the
intensity I (or the amplitude E0), the frequency ω, the pulse

duration τ , and the CEP φ, are variable in the following
simulations. The spatial and time steps are 
R = 0.02 a.u.,

z = 0.05 a.u., and 
t = 0.1 a.u. The R × z two-dimensional
simulation box is sampled by 800 × 40 000 grids, which is
big enough to keep the entire ionized wave packet. Therefore,
no absorbers in boundaries are necessary. The convergence of
the calculations is tested by using finer spatial and time grids
whereby almost identical results are obtained.

After the laser-molecule interaction, we use the resolvent
technique to calculate the electron-nuclear JES [31–33]. By
applying the electronic and nuclear resolvent operators suc-
cessively to the wave function at the terminal time t f , we
obtain a temporary function

|� ′〉 = Rn
εμ

(Eμ)Rn
εe

(Ee)|�(t f )〉, (5)

from which the differential probability density ρ with the
asymptotic kinetic energies Ee and Eμ is given as

ρ(Ee, Eμ) = 〈� ′|� ′〉
αeαμ

, (6)

where the denominators αe = εe
π
n csc( π

2n ) and αμ =
εμ

π
n csc( π

2n ). Here εn
e and εn

μ are the electronic and nuclear
energy resolutions, respectively. In the following calculations,
n = 2, εn

μ = 0.02, and εn
e varies for the different ionization

cases.

III. RESULTS

According to the Keldysh parameter γ = √
Ip/2Up

[34,35], molecular ionization can be understood with different
pictures. Here Ip is the ionization potential and Up is the
ponderomotive energy. When γ � 1, the electron experiences
a field-dressed Coulomb potential, through which the electron
has enough time to tunnel. Conversely, when γ � 1, the elec-
tron experiences a fast oscillation of the laser field and thus
absorbs multiple photons and escapes from the nuclei. If the
single-photon energy is larger than the ionization potential,
the single-photon ionization will dominate. In the following,
we look into the isotope effects on the one-photon ionization,
multiphoton ionization, and tunneling ionization.

A. One-photon ionization

We used a 45-optical-cycle laser pulse with the frequency
ω = 1.82 a.u. (λ = 25 nm) and intensity 1.0 × 1014 W/cm2

to irradiate H2
+ and its isotopes. The JESs for H2

+, D2
+,

and T2
+ are shown in Figs. 1(a), 1(b), and 1(c), respectively.

The slope of the JES in each panel clearly indicates that the
electron and nuclei in the molecule share the single-photon
energy. Though three panels present similar structures, the
difference can be clearly seen by subtracting the JES of T2

+

from that of H2
+. Figure 1(d) presents the absolute difference

|ρH2
+ − ρT2

+|, which distinctly shows that the one-photon
ionization of different isotopes results in different JESs.

The nuclear energy spectra can be obtained by integrating
the JESs along the axis of the electron energy. According
to the rule that the nuclear asymptotic kinetic energy is
EN = 1/R, where R is the internuclear distance for photon
absorption and electron transition, the nuclear energy spectra
can be transferred to the ionization probability as a function
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FIG. 1. The JESs for (a) H2
+, (b) D2

+, and (c) T2
+ in the

one-photon ionization process. (d) Difference of JESs for H2
+ and

T2
+. The laser intensity is I = 1.0 × 1014 W/cm2, the wavelength

is 25 nm, and the energy resolutions are εe = 0.006 and εμ = 0.02.
The red dashed lines with the slope −1 indicate the energy sharing
between the electron and nuclei.

of the internuclear distance, as shown in Fig. 2(b). Around the
equilibrium internuclear distance, T2

+ has a larger ionization
probability than H2

+. The two curves for T2
+ and H2

+ cross
at R = 1.81 and 2.19 a.u. The mechanism charged for the
physics shown in Fig. 2(b) can be retrospected from the initial
nuclear wave-packet distribution, as presented in Fig. 2(a).
Due to the different masses of the nuclei for H2

+ and T2
+,

the nuclear wave packets of these two isotopes have different
spatial distributions, though the Born-Oppenheimer potential
curves are almost identical. Compared to T2

+, the nuclear
wave-packet distribution of H2

+ is broader. Thus, around the
equilibrium internuclear distance, the nuclear wave packet
of T2

+ has a larger proportion. For the ionization triggered
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FIG. 2. (a) Initial nuclear wave-packet distributions of H2
+ and

T2
+. (b) Ionization probability as a function of the internuclear

distance. The vertical dash-dotted lines mark the locations of the
two crossings (R1 and R2) of the two curves for H2

+ and T2
+.

The locations of the crossings in (a) and (b) are same. The laser
parameters are same as those in Fig. 1.

by the extreme ultraviolet pulse, the broad energy spectrum
of the ultrashort pulse induces the single-photon ionization
of the hydrogen molecular ion in a relative wide range of
internuclear distance. The larger background of the nuclear
wave packet of T2

+ around R = 2.0 a.u. directly induces the
larger ionization probability.

The locations of the crossing points in Figs. 2(a) and 2(b)
are same, as indicated by the vertical dash-dotted lines. Based
on this, the nuclear kinetic energy spectra of different isotopes
can be used to extract the information of potential curves. As
is well known, the potential around the equilibrium internu-
clear distance can be approximated as a harmonic potential
[36] and different isotopic diatomic molecules have similar
potential curves. Thus, the coefficient of elasticity of the
potential curve can be extracted according to the following
analysis. Using H2

+ and T2
+ as the prototypes, in experiment,

we can obtain the crossing points of two nuclear energy
spectra as R1 and R2, as shown in Fig. 2(b). The ground state
of the harmonic potential is a Gaussian wave packet

ψ (R) ∝ √
αe[−α2(R−R0 )2/2], (7)

where α = √
Mω0 is a dimensionless parameter and ω0 =√

K/M is the harmonic vibrational angular frequency. Here K
is the to-be-retrieved coefficient of elasticity of the potential.
In addition, R1 and R2 are symmetric with respect to the
equilibrium internuclear distance R0 = (R1 + R2)/2 (R0 ≈
2.0 a.u.). At the crossing point R1 (or R2), H2

+ and T2
+ have

the same initial probability density, i.e.,
√

αHe[−α2
H(R1−R0 )2/2] =√

αTe[−α2
T(R1−R0 )2/2]. After some algebraic derivation, K can be

written as

K =
[

2 ln 8
√

MH/MT

(R1 − R0)2(
√

MH − √
MT)

]2

. (8)

According to this equation, for H2
+ and T2

+ ions, the re-
trieved elastic constant K of the 1sσg potential curve is about
0.096 a.u. Thereby, we can further obtain the vibrational
angular frequencies of H2

+ and T2
+, respectively, ωH ≈

0.01 a.u. and ωT ≈ 0.006 a.u., which are almost identical to
the data in Refs. [37,38]. Therefore, with the crossing point R1

or R2 from future experiments, one may extract information
of molecular potential curves, which is a method of molecular
imaging. In real experiments, the isotopic molecules may have
different densities and thus the total ionization events in the
same laser condition will be different. In this case, to get R1

and R2 correctly, one needs to normalize the photoelectron
energy spectra by their own total ionization yields before
making the comparison. Note that this method can only image
the potential around the equilibrium internuclear distance and
it does not work for the edge of the potential. Compared to
traditional spectroscopic methods, this method does not need
the frequency sweeping and is easy to apply.

B. Multiphoton ionization

When the single-photon energy is less than the ionization
potential and the laser intensity is not very strong, multipho-
ton ionization takes place. Figure 3 shows the JESs for the
multiphoton ionization of H2

+, D2
+, and T2

+ irradiated by
the 400-nm laser pulse. Visibly, the H2

+ ion has a greater
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FIG. 3. The JESs for the multiphoton ionization of (a) H2
+,

(b) D2
+, and (c) T2

+. The laser pulse has an intensity I = 1.0 ×
1014 W/cm2, a wavelength of 400 nm, and a pulse duration of
12 optical periods with a CEP φ = 0. The energy resolutions are
εe = 0.004 and εμ = 0.02.

ionization probability than the other two molecules. The
multiple stripes with the same slope in each panel represent
the above-threshold ionization (ATI) structure, demonstrating
the absorption of multiple photons. While the electron energy
spectra in three panels are similar, the nuclear energy spectra
differ from each other. The nuclear energy spectrum of the
ionization of H2

+ has a broader distribution than that of T2
+.

Moreover, Fig. 3(a) shows a significantly larger proportion
of the low-energy components than that in Fig. 3(c). These
scenarios can be explained based on the initial distribution
of the nuclear wave packet. For multiphoton ionization, the
ionization is prone to occur at a larger internuclear distance
where the ionization potential is smaller. The broad distribu-
tion of the initial nuclear wave packet of H2

+ results in the
broad distribution of the nuclear energy spectrum. The smaller
ionization potential at a larger internuclear distance together
with a larger background distribution of H2

+ induces a much
larger proportion of the low-nuclear-energy components.

C. Tunneling ionization

When the Keldysh parameter γ � 1, tunneling ionization
happens. Figure 4 shows the JESs for the tunneling ion-
ization of H2

+, D2
+, and T2

+ ions. The laser pulse has a
frequency ω = 0.057 a.u. (λ = 800 nm), an intensity I =
4.0 × 1014 W/cm2, and a pulse duration of two optical cycles
with a CEP φ = π/2. In this case, the energy sharing between
the electron and nuclei is blurred and the R-independent
horizontal peaks separated by the single-photon energy appear
[39]. The horizontal ATI peaks are not conspicuous because of
the ponderomotive energy shift and broad frequency spectrum
of the ultrashort pulse. The three isotopes present similar
JESs except that the nuclear energy spectrum of H2

+ is still
broader than those of two other isotopes. More importantly,
the ionization probabilities for the three isotopes are distinct
under the same laser radiation.

Figure 5 shows the ratios of the total ionization probability
for the isotopes as a function of the laser intensity for different
wavelengths. Among the three isotopes, H2

+ has the largest

FIG. 4. The JESs for the tunneling ionization of (a) H2
+, (b) D2

+,
and (c) T2

+. The laser pulse has an intensity I = 4.0 × 1014 W/cm2,
a wavelength of 800 nm, and a pulse duration of two optical periods
with a CEP φ = π/2. The energy resolutions are εe = 0.01 and
εμ = 0.02.

ionization probability, and the ratio decreases monotonically
and approaches one with the increase of the laser intensity
in each panel. This scenario can be qualitatively explained
based on the following two aspects. First, the ratios of the
initial nuclear wave-packet distribution |ψ (R)|2H/|ψ (R)|2T and
|ψ (R)|2D/|ψ (R)|2T are larger for larger R as R > 2.2. At a
certain internuclear distance R > 2.2, the ionization rate of
H2

+ is larger than the other two isotopes. For tunneling
ionization, the electron is released mainly from the range
where the internuclear distance is large and the ionization
potential is small. Second, in the tunneling range, if the
laser intensity is weaker, the ionization events from larger
internuclear distances have larger proportions in the whole
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FIG. 5. Ratios of the ionization probabilities for H2
+ and T2

+ as
well as D2

+ and T2
+ when the laser wavelength is (a) 400 nm, (b)

800 nm, and (c) 1200 nm. In each panel, the laser pulse duration has
two optical cycles. For reference, the ratios calculated by the ADK
theory and WFAT theory also are presented.

033420-4



ISOTOPE EFFECTS ON THE IONIZATION OF HYDROGEN … PHYSICAL REVIEW A 99, 033420 (2019)

ionization probability. Thus, the ratios are larger if the driving
laser intensity is weaker.

To see the importance of the nuclear movement during the
ionization, we compare the ratios calculated by the TDSE,
shown in Figs. 5(a)–5(c) for different laser wavelengths, with
other theoretical analysis, in which the nuclear movement
is not taken into account. For example, the R-dependent
tunneling ionization rate �(R) can be approximately described
by the Ammosov-Delone-Krainov (ADK) theory [40,41],

�(R) = 4[2Ip(R)]5/2

E
exp

(
−2[2Ip(R)]3/2

3E

)
, (9)

where Ip(R) is the R-dependent ionization potential and E is
the laser electric field. The total ionization probability can be
calculated as

W =
∫ ∞

0
�(R)|�(R)|2dR. (10)

Alternatively, the ionization probability can be calculated
using the weak-field asymptotic theory (WFAT) [24–26]

W ∝ eηLν (−2η), (11)

where η = 2α2
e (R0 )Ip(R0 )
Mω0E2 , Lν (−2η) is a Laguerre polynomial

with the dimensionless parameter η, and αe(R0) is the first
derivative of the electron energy at the equilibrium molecular
bond length R0. One may clearly see that the ADK theory
and WFAT results share quite similar tendencies with the
TDSE simulation results on the whole. The larger ionization
probability of H2

+ is mainly due to the broad distribution
of the initial nuclear wave packet. In detail, the distinct
disagreement for 400 nm between the TDSE and ADK or
WFAT may be due to the nonadiabatic tunneling processes.
The good agreement appears for 800 nm when the laser
intensity exceeds 4.0 × 1014 W/cm2. For the case of 1200 nm,
the results of the TDSE do not match those expected for the
ADK or WFAT as well as for the case of 800 nm.

To see in what sense the ADK theory and WFAT can de-
scribe the ionization reasonably well, we look into the ioniza-
tion for the laser pulse with different pulse durations. Figure 6
shows the ratios of the ionization probabilities for different
isotopes when the 800-nm laser pulse durations are different.
The ADK theory and WFAT results are also presented as
reference. When the pulse duration is longer and longer, the
ratios calculated by TDSE simulations deviate from the ADK
theory and WFAT results more severely, which means that
the ADK theory and WFAT do not work well. The differ-
ence between TDSE simulations and the analytical methods
originates fundamentally from the nuclear movement. When
the laser pulse duration is comparable to the timescale for
nuclear movement, which is about 10 fs, the fixed-nuclei
approximation does not hold any longer. For H2

+, the lighter
nucleus moves faster and approaches the larger internuclear
distance quicker. Thus, H2

+ has a much larger population in
the area of the relatively large internuclear distance than D2

+,
which leads to even larger ratios of the ionization probabilities
of H2

+ and T2
+, as presented in Fig. 6(a).

For longer wavelengths, the interaction is closer to the adi-
abatic ionization regime and thus the ADK theory and WFAT
work better. However, the pulse having longer wavelengths
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FIG. 6. Ratios of the ionization probabilities for (a) H2
+ and T2

+

and (b) D2
+ and T2

+ when the driving laser field has different optical
cycles. The ratios predicted by the ADK theory and the WFAT are
shown by the black solid and red dashed curves, respectively. The
laser wavelength is 800 nm. For the lines using 7T and 10T, the lines
are truncated when the ionization depletion is important.

also offers a longer time for nuclear relaxation. As shown in
Fig. 7, when the laser field is 800 or 1200 nm with the same
intensity, it is easier to populate the 1200-nm laser with more
excited vibrational states, leading to faster nuclear movement.
Here the time-dependent probabilities of vibrational states are
obtained by projecting the time-dependent molecular wave
function to each vibrational eigenstate. Therefore, we believe
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FIG. 7. Time-evolved probabilities of different vibrational states
when the laser wavelength is (a) 800 nm and (c) 1200 nm. Also
shown is the time-dependent internuclear distance of H2

+ when the
laser wavelength is (b) 800 nm and (d) 1200 nm. The black dotted
curves represent the two-cycle laser electric field.
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that the ADK theory and WFAT work better in the tunneling
regime but with a sufficiently short pulse duration.

IV. CONCLUSION

Our study has shown that H2
+, D2

+, and T2
+ ions have

clearly different behaviors in different ionization regimes.
The ionization enhancement of H2

+ in the tunneling regime
is not necessarily due to the nuclear movement. In single-
photon ionization, the crossing points R1 and R2 shown in
Fig. 2(b) are the same as those in Fig. 2(a), which confirms
that the nuclear movement during the one-photon ionization is
negligible and thus justifies the fixed-nuclei approximation in
the one-photon ionization. In tunneling ionization, the overall
agreement among the ADK theory, WFAT, and TDSE results
also supports the negligible nuclear movement during the
ionization for a short pulse duration. The multiphoton and
tunneling ionization enhancement of H2

+ is fundamentally
due to the broader spatial distribution of the nuclear wave
packet, which is further determined by nuclear mass.

To summarize, the ionization of H2
+ and its isotopic

molecules in strong laser fields has been studied using the

time-dependent Schrödinger equation. Due to the different
nuclear masses of H2

+, D2
+, and T2

+, the initial nuclear
wave-packet distributions are different. For H2

+, the nuclear
distribution on the potential curve with a larger internuclear
distance and smaller ionization potential has larger propor-
tions, which makes H2

+ have a larger tunneling ionization
probability than its heavier isotopic molecules. The nuclear
energy spectra from the single-photon ionization of isotopic
molecules can be used to extract the elastic constants of
molecular potential curves, which is a different perspective to
image molecules.
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