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A fundamental task in any physical theory is to quantify a certain physical quantity in a meaningful way.
In this paper, we show that both fidelity distance and affinity distance satisfy the strong contractibility, and the
corresponding resource quantifiers can be used to characterize a large class of resource theories. Under two
assumptions, namely, convexity of “free states” and closure of free states under “selective free operations,” our
general framework of resource theory includes quantum resource theories of entanglement, coherence, partial
coherence, and superposition. In partial coherence theory, we show that fidelity of partial coherence of a bipartite
state is equal to the minimal error probability of a mixed quantum state discrimination task and vice versa, which
complements the main result in Xiong and Wu [J. Phys. A: Math. Theor. 51, 414005 (2018)]. We also compute
the analytic expression of fidelity of partial coherence for (2, n) bipartite X states. At last, we study the correlated
coherence in the framework of partial coherence theory. We show that partial coherence of a bipartite state, with
respect to the eigenbasis of a subsystem, is actually a measure of discord-type quantum correlation.
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I. INTRODUCTION

Quantum correlations [1,2] have been shown to be an
important resource in quantum information theory (QIT) [3]
since they often offer a remarkable advantage in information
processing tasks over classical theory. It has been argued
that there may be several independent resources that pro-
vide a quantum advantage, including quantum entanglement
[1], quantum coherence [4-7], asymmetry [8,9], athermality
[10,11], and quantum superposition [12], etc. Every resource
theory puts certain restrictions on quantum states and quantum
operations in the sense that what states and operations are
accessible “free of cost” and what are “assets” or resource.
This, however, does not mean that free states and free oper-
ations of a resource theory do not incur costs of preparation
and implementation.

Thus, any resource theory begins with the identification
of “free states” that do not possess resource, and “free op-
erations” that do not generate resource. We will denote the
set of free states by FS and the set of free operations by
FO. By definition, a state outside 7S and an operation out-
side FO are regarded as resources. Quantifying the resource
for a given state is a fundamental problem in the resource
theory. Particularly, geometric entanglement and geometric
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coherence which characterize the minimal distance of the
state to the free states, have been proposed as measures of
entanglement and coherence, respectively [4—7,13]. Recently,
a common framework for characterization and quantification
of the convex quantum resources was proposed in [14]. It was
shown that, for generic resource theories, one can establish the
strong monotonicity of a family of resource quantifiers such as
robustness monotones and norm-based quantifiers, etc.

In this paper, we first prove that both fidelity distance and
affinity distance satisfy the strong contractibility condition
and can be used to characterize generic resource theories,
including entanglement, coherence, partial coherence, and
superposition.

Next, we focus on partial coherence theory which is an
extension of coherence theory [15,16]. From the viewpoint
of partial coherence, quantum discord can be regarded as
the minimal partial coherence over all local orthogonal basis
[17]. In Ref. [18], the authors linked quantum discord with
quantum state discrimination (QSD) for the first time. An
equivalence between pure state QSD task and coherence
theory was established in Ref. [19]. It is a difficult problem
to obtain this equivalence for general mixed states. However,
by constructing a QSD state for each QSD task, we will show
that the QSD task for mixed states just corresponds to partial
coherence. In this way, we offer the operational meaning for
both fidelity- and affinity-based partial coherence measures.
Our results thus establish a useful connection between partial
coherence theory and QSD. Finally, we compute the analytic
expression of fidelity of partial coherence for bipartite X
states.

In Sec. II, we provide a few definitions and notations.
Fidelity and affinity and the corresponding distance measures
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are defined in Secs. III A and III B, and prove the strong con-
tractibility of the distance measures in the latter. In Sec. III C,
we quantify resource based on fidelity and affinity, and prove
some of their properties. The formalism developed in these
sections is employed in Sec. IV to study the quantification of
partial coherence with fidelity distance and its connection with
QSD. The connection between affinity of partial coherence
and QSD is discussed in Sec. V. In Sec. VI, we study the
correlated coherence in the framework of partial coherence
theory. We present a conclusion in Sec. VII.

II. SETTING THE STAGE

In this paper, we consider a general framework of resource
theory for finite-dimensional quantum systems which is built
on two postulates: convexity of free states and closure of free
states under “selective” free operations.

Let p,o0 € FS and p € (0, 1). Then it is natural to ask
whether pp + (1 — p)o € FS. We adopt the following pos-
tulate for free states.

Postulate 1. FS is convex, meaning that linear convex
combinations of free states are also free states.

Free operations will transform free states to free states. In
practice, one may also demand that selective measurements
(measurements whose outcomes are separately accessible)
map free states to free ones. In such a case, there exists some
Kraus decomposition {K,} of a free operation ® € FO such
that K,0 K € FS for each n and o € FS. This means that
we have adopted the following postulate for free operations.

Postulate 2. Each free operation ® € FO admits a
Kraus representation ®(-) =Y ®,(-) =) K,(-)K;, such
that K, FSK; C FS for each n.

Remark 1. These two requirements are natural and prac-
tical, and resource theories satisfying these two postulates
include entanglement, quantum coherence, and superposition.
In case of Postulate 1, one may additionally demand that 7S
is closed, i.e., it contains all its limit points.

A good resource quantifier must vanish for free states since
these states are regarded as no-resource states. Moreover, as
free operations can be executed generously, the resource of a
state should not increase under free operations. As a result,
these two conditions are fundamental for a resource quantifier
R and can be expressed mathematically as follows:

(R1) Faithfulness. R(p) > 0 and equality holds if and only
if p € FS.

(R1") Non-negativity. R(p) > 0 and R(p) = 0 for every
peFS.

Remark 2. Note that (R1") is a weaker condition than
(R1). According to (R1"), resource measures must vanish, by
definition, for each state in FS. In addition, these resource
measures might also vanish for certain states that do not
belong to FS. This leaves room for operational measures like
distillable entanglement [20,21] which vanishes for certain
entangled states [1]. On the other hand, (R1) says that resource
measures will vanish only for states in FS.

(R2) Monotonicity. R(p) = R(®(p)) for any p and
P e FO.

Parallel to Postulate 2, we may also require that the
resource of a state does not increase under selective

measurements. This translates into the strong monotonicity
condition below.

(R3) Strong monotonicity. R(p) = Y, paR(p,), where
P = tr(K,pK) and p, = K’pﬂ, for a free operation ® =
{K,} € FO suchthat }_ KK, = I and K, FSK| C FS.

Implicit to the structure of a resource theory, there are two
natural ways to quantify resource. If the resource theory has a
“unit resource,” such as an ebit in entanglement theory [20]
and the maximally coherent pure state in coherence theory
[6], distillable resource and cost of resource can be considered
[22,23]. Irrespective of such possibilities of defining resources
via rates, distances in state space also provide excellent av-
enues to quantify resource. Supposing d is some distance in
the state space, the resource measure can be defined as

Ra(p) := min d(p, o). (D

It is clear that R, satisfies (R1), provided FS is closed.
Moreover, if the distance is contractive, i.e., d(p,0) >
d(W(p), V(o)) for any completely positive and trace-
preserving (CPTP) map W, then R, satisfies (R2) also. We
say a distance d satisfies strong contractibility if

Y pid(pi, o) < d(p, o), 2)

for any pair of density matrices p and o, a set of Kraus
operators {K;} and p; = Tr(KipKiT), qi = Tr(K,-oKlT), pi =

KipK, KoK, . . .
25 o = ‘q— Supposing distance d satisfies strong con-

Di
tractibility, we have

Eq.(2) Eq.(D)
Ra(p)=d(p,0*) = Y pad(pn,03) = Y puRa(pn),
n n

where o* is the free state for which minimum is achieved in
Eq. (1), 0} = K,0*K] /tr(K,0*K)') € FS and other notations
are as defined above. While the first inequality is due to
the strong contractibility of d, the second inequality follows
from the definition of R;. We may also demand the resource
quantifier to obey convexity. That is, resource should not
increase under convex combination of quantum states.

(R4) Convexity. If the system is in state p; with probability
pi» then R(Y"; pipi) < D, piR(p:).

Similar to entanglement, a quantifier R in this general
resource theory is called (strong) resource monotone if it
satisfies (strong) monotonicity and faithfulness. In addition, if
R satisfies convexity also, we call it convex (strong) resource
monotone. A convex strong resource monotone is called a
resource measure.

III. QUANTIFYING RESOURCE

In this section, we review two distance measures using
which we can establish bona fide measures to quantify a
general resource.

A. Fidelity and affinity

Let H be an n-dimensional Hilbert space and £(H) be the
set of density matrices on . For any p, o € £(H), the fidelity
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between p and o is defined as [3]

F(p,0):=|l/pvolli = Try/Jopo. 3)

Similarly, quantum affinity is defined as follows [24]:

A(p, o) = Tr(/p/o). 4)

This definition is similar to the Bhattacharyya coefficient [25]
between two probability distributions (discrete or continuous)
in classical probability theory. Both fidelity and affinity char-
acterize the closeness of two quantum states in the state space.

As F(p, o) = maxy |[TrU ./p+/o|, with the maximization
being over all unitary operators on H, we have A(p,0) <
F(p, o). Moreover, since Tr(ﬁﬁ) =Tr(p*c2p!/%),
we have 0 < A(p,0) < 1, and A(p,0) =1 if and only if
p=o0.

Let X be fidelity or affinity. Then, X satisfies the following
properties:

PH X(p,0) €[0,1]withX(p,0)=1iff p = 0.

(P2) X (£, %) = *22 with p, g € (0, 1).

(P3) X (p, o) obeys monotonicity under CPTP maps.

(P4 X (X, P.pPi. Y, PoP) = 3, X(P,pP;, PioP;) for mu-
tually orthogonal projectors {P;}.

(P5) For a CPTP map ¢ = {K}},

X(p,0) <Y X(pipi,qio)) = )_X(KipK], KioK]), (5)

KipK!
where p; = % and 0; =

tion with probabilities p; = Tr(K,-piI(i'I') and ¢; = Tr(KiaiKlfi'),
respectively.
Proof. (P4) Since {P;} are mutually orthogonal projectors,

we have /3", P.pP, = Y, «/P.,pP; and
A(ZH;J&ZHGB) =Tr \/ZP,»pP,» \/ZP,aP,
i i i j
= Trzmzm
i J
S NN
i

KoK,

are the states after subselec-

= D _A(PipP. PioP).

Similarly, we can show that (P4) holds for fidelity F'.
Property (P5) can be proven using the method in Ref. [26]
and exploiting properties (P3) and (P4) (see Ref. [27]). |

B. Distance measures using fidelity and affinity

Assuming X to be a function in £(H) ® E(H) satisfying
(P1)—(PS5), the distance given by

dy(p,0):=1—X*(p,0) (6)

has the following two properties:

(D1) dx(p, o) > 0 with equality iff p = o.

(D2) dx(p, o) is contractive, that is, dy(P(p), ®(0)) <
dx(p, o) for any CPTP map &.

With this, we arrive at our first main result in this paper:
dx (p, o) satisfies the strong contractibility. To prove this we
need the following lemma.

Lemma 1. For a probability vector {p;}’_, and a vector of
positive real numbers {x;}"

=1’

2 2
Z’;— > (Zx) . (7)

Proof. Suppose {p;}i_, is a probability vector and {x;}}_,
are n positive real numbers. Then,

2 .
ZF:Z+ZZ%

i j#i
=Y+ X (B4 L)
i iy \Pi pj
2
> ¥ +2 Y = (Ta).
i i<j i

|
Theorem 1. dx(p, o) satisfies the strong contractibility
[see Eq. (2)]

> pidx (pi, 01) < dx(p, o) ®)

for any pair of density matrices p and o, a set of Kraus
operators {K;} and p; = Tr(KipK,), qi = Tr(Kio K, p; =
KipK! o — Kiok]

» Of —

i qi
Proof. We have
Y pidx(pi o) = 1= piX*(pi, 07)
®2)

1= 7' X*(KipK], KioK])

1

2
Eq.(7) .
< 1= (ZX(K,-pK;,I@oI@))

1

(PS) 5
< 1-X%(p,0)

= dx(p,0), €))

where the second equality is due to property (P2), the first
inequality follows from Lemma 1, and the second inequality
is due to property (P5). |

It is not difficult to show that dx is also symmetric, i.e.,
Eq. (9) holds if we replace {p;} with {g;} (this statement will
not hold true for “asymmetric distances” like relative entropy
[28,29]). dx is also bounded.

We can choose X to be either fidelity and affinity, and
define fidelity distance

dr(p,0):=1—F*p,0)
and affinity distance
di(p,0):=1—A%p,0).

Both dr and dj satisfy the strong contractibility condition.
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Remark 3. Relative entropy is a useful “distance” with sev-
eral nice properties including strong contractibility [26] and
joint convexity [30], which means that the corresponding re-
source quantifier will satisfy properties (R1)—(R4). In fact, as
a distance-based quantifier, relative entropy has been proven
to be a bona fide resource measure of entanglement, quantum
correlations beyond entanglement, quantum coherence, and
superposition, and the operational meanings associated with
them have been explored [6,31]. These resource theories can
be studied from a unified perspective when relative entropy is
employed to define a resource measure [32,33].

C. Quantifying resource with fidelity and affinity

We now employ the fidelity and affinity distances to define
the corresponding resource quantifiers as follows: (i) fidelity
of resource, also called geometric resource, based on fidelity
distance

R := min d ; 10
r(p) = min dr(p. o) (10)
(ii) affinity of resource based on affinity distance

Ra(p) := min da(p, 0). 1D

Since both fidelity and affinity distances observe the strong
monotonicity condition, the above resource quantifiers are
strong resource monotones.

Theorem 2. Fidelity of resource Ry satisfies (R1)—(R4).

Proof. Ry inherits properties (R1)—(R3) from dr. Hence,
we need to prove only convexity (R4) here. As the maximum
of square fidelity between a state p and a convex state set is
equal to the maximum over mixture of p over the state set
[34], i.e.,

2
max F 0) = max
max (p,0)

i max F(p;,00),  (12)
=D DiPi Z P oieFS (o

1
where the first maximization on the right-hand side is over all

p = >, pipi, fidelity of resource can be expressed as follows
(see Ref. [35]):

Rp(p) = min iRr (pi). (13)

e P=)_; Pipi Xi:P r
Suppose p; = Y, ¢';p} is the optimal state decomposition
for each p; in the sense that Eq. (13) is satisfied. Then, for an

arbitrary mixed quantum state p = Y=, pipi(= Y, ; Piq0})s
we have

H(2r) -

Eq.(13) o
< ) pidiRe(0))
i.j

Eq.(13)
=T piRe (o)

Re(p)=Re | Y pidip}
iJ

In conclusion, fidelity of resource Ry satisfies (R1)-(R4). W
Remark 4. Affinity of resource R4 also satisfies (R1)—(R3)
because of d4. But, since affinity does not satisfy Eq. (12)

and d, is not jointly convex, R4 may not fulfill (R4). How-
ever, in coherence theory, the measure based on affinity dis-
tance satisfies convexity [36]. On the other hand, denoting
Rea(p) := ming,, .y _; PiRa(1;)) with the minimum over
all pure state decompositions of p = )", p; [¥;) (], it can be
shown that Rcy satisfies (R1)—(R4). Fidelity and affinity dis-
tances based resource measures have been proved to be bona
fide resource measures in entanglement [13] and coherence
[36-38] resource theories.

IV. FIDELITY OF PARTIAL COHERENCE AND QUANTUM
STATE DISCRIMINATION

A. Partial coherence theory

Consider a bipartite quantum system “ab” with Hilbert
space H = H, ® H,, where H, and H, are the Hilbert spaces
of the subsystems “a” and “b” having finite dimensions n, and
nyp, respectively. Let {|i)} be a fixed orthogonal basis of party
a, then T, = {|i) (i| ® I} is the Liiders measurement and the
notions for partial coherence respect to I1; are as follows:

(1) The set of partial “incoherent” or free states are defined

by
If ={o : T (o) = o},

where T (o)=Y ,(IT¢ ® I’)o(11¢ ® I). Denoting p; =
tr(ilo]i) and o; = pi’1 (ijo |i) [here (i|o i) = {i|®I)
o (]i) ® 1) for brevity; we observe similar notation elsewhere
also], each partial incoherent state can be written as

o= piliil®oa. (14)

(2) A CPTP map ®“ with Kraus operators {K,} is called
partial incoherent if K,I4K,| € I8, and the set of partial inco-
herent operations is denoted as O%.

A functional C* on the bipartite system, satisfying the
conditions (C1)—(C4) below, is called a measure of partial
coherence with respect to I1j:

(C1) Non-negativity: C*(p®) > 0, and the equality holds
if and only if o € I.

(C2) Monotonicity under partial incoherent operations:
CH (D (p™)) < C4(p™) for all ®* € O4.

(C3) Monotonicity under selective partial incoherent op-
erations on average: ) . piC"(pi_ll(ip“hI(iT) < C4p™) with
probabilities p; = tr(Kip””K;) and partial incoherent Kraus
operators K;.

(C4) Convexity: C4(Y_; pipf®) < X, piC*(p£?) for any en-
semble {p;, pf*} with p; > 0and Y, p; = 1.

Based on (10) and (11), we define fidelity (geometric)
partial coherence by

Ci(p™") = mindp (p®, o), (15)
o€lp
and affinity of partial coherence by

Ci(p™) := minds (p™, o), (16)

respectively. Theorem 2 ensures that Cf. is a partial coherence
measure and C{ is a strong partial coherence monotone.
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B. Quantum state discrimination

In QSD task, the sender chooses a state randomly from the
ensemble {p;, ;} and sends it to the receiver, whose job is
to determine the received state with maximal probability. To
do so, he performs a positive-operator-valued measurement
(POVM) {M; : M; > 0,) . M; = I} on each p; and declares
the state is p; when the measurement reads as j. As the
probability to get the result j is p;; = Tr(M;p;) when the
system is in the state p;, the maximal success probablhty to
identify {p;, n;} is

P (i, mi}) = max > niTe(Mip),
Yo

where the maximization is performed over all POVM {M;},
and the minimal error probability is

P (i mid) = 1 = max 3 niTr(Mip).

For an ensemble consisting of two states, the analytic for-
mula of maximal success probability is given by the Helstrom
formula [39]

P (i, miYiey) = 3(1 — A, (17)

where A =nmipr —mp2 (= D4 10 (D AL =3, |l
|7) (i|, and the corresponding optimal measurement is a von
Neumann measurement {IT1\", 7 — [1{™'} with I1{™ being the
projector onto the support of Ay = (A + |Al])/2. However,
no solution is known for the general case except some
symmetric cases [40-42].

As a suboptimal choice, the least-square measurement
(LSM) is an alternative to discriminate quantum states
[43—49]. In comparison to the optimal measurement, the LSM
has several nice properties. First, its construction is relatively
simple as it can be determined directly from the given ensem-
ble. Second, it is very close to the optimal measurement when
the states to be distinguished are almost orthogonal [45,50].
The construction of LSM is as follows.

For the ensemble {p;, n;}i_,, the least-square measure-
ments are given by

M[LSM —12 12

= NiPou’ Pibow’ » 1=1,2,....n (18)

where poue = D _; Aip;. As aresult, the minimal error probabil-
ity of this measurement is

PEM({pr i) =1 =) nTr(MMp).  (19)

i

C. Fidelity of partial coherence

Assuming p; = Z;" Aij |Wij) (Y] is the spectral decom-
position for each i, the density matrices {p;, | < i < n} are
called linearly independent if {|Y;;), 1 <i<n,1<j<m}

are linearly independent.

It is well known that POVMs can outperform von Neumann
measurements in quantum state discrimination task [48,51].
However, the von Neumann measurement has proved to be
the optimal one so far in discriminating a collection of linearly
independent states, both pure [52] and mixed [53]. With this
observation, we can establish the relation between fidelity of
partial coherence and QSD.

Theorem 3. For any bipartite state p
tial coherence is given by

CL(p™) = PPN ({wr, i} )), (20)

where ; = n7'/p® |i) (i| ® 1"/ p® with n; = tr (i] p® i)
and POPK(”N)({w,, n;}i<,) is the minimal error probability to
discriminate {w;, n,}li] with von Neumann measurement. As
a result, fidelity of partial coherence provides an upper bound
for the minimum error probability to discriminate {w;, 1;}/“:

PP (i nie,)- 1)

In particular, if {w;}}, are linearly independent, then C§: (p™)
is exactly the minimum error probability.
Proof. First, we evaluate fidelity of partial coherence of
@ Based on Theorem 3 in Ref. [18], the fidelity between
0’ and the partial incoherent states is

, the fidelity of par-

Ca(p™) >

F(p™): = maxF(p®, o)
o€l
= max \/Z i/ 0% i) (il @ 1/ p]
i :
l
= VB (w1 i),

where w; = n; '/ p |i) (i| ® I’/ p® with n; = tr (i| p® |i)
and {m};’;l is a von Neumann measurement on H,. Moreover,
the closest partial incoherent state (CPIS) of p is given by

Zn (il ® (il v pr ™V p® iy,  (22)

Op = Fz( ab)

where { "'}
system a.
We denote {w;, n;} as the QSD task of bipartite quantum

state p*. Since PSP ™ ({1, n:}) < P ({wr, 1)), we have
Ca(p™) = 1 — F2(p™)
=1— PPV (o, n})
> 1 — P ({n, ni) = P ({on, ).

Next, we consider the ensemble {w;, n;};<,. If n; # 0, for all
i, this means the ensemble contains n, states. If {a),}”“1 are
linearly independent, then the optimal measurement is the von
Neumann measurement [53], that is,

Opl({a),, T)z}n" ) — PEOPt(”N)({a),, nl}m, )

If s number of 7; are zero then the ensemble is {w;, 0 ).,
As above, if {w; )}’ are linearly independent,

—1 is the optlmal von Neumann measurement on

= Ci(p™).

Ng
C%(p™) = 1 — max tr(miw;
7 (o) na ;m (icor)

Ng—S§

=1 — max it (my wy
na gln (mr o)

t(uN —
= PPN ({wp, )i,
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we have
Ch (o) = PP ((or )

|
Remark 5. We have the QSD task w; = 17" v/p |i) (i| ®
17/ p with n; = tr (i| p® |i). If dim(H,) = 1 (that is, p re-
duces to a single quantum system p¢), then the corresponding
ensemble constitutes a pure state discrimination task, which
is consistent with coherence theory [19]. In this sense, partial
coherence theory is a more general framework to investigate
QSD.
Corollary. If p® > 0, the fidelity of partial coherence
is equal to the minimum error probability to discriminate
{w;, ni}ie, [18], that is,

Ca(p™) = P ({or, ni}ie)). (23)

Proof. If p > 0, then each w; is full rank and n; > 0. Sup-
posing every Hermitian matrix R; := (i| p® |i) has spectral
decomposition R; = Zj Aijni|&;) (€i;] where |&;;) € Hp, it is
easy to check that

18j) := m) ™'V e i) ® 1) (24)

is an eigenvector of w; with eigenvalue A;; > 0. Hence, for

Y o yelg) | =0 @5
Aijni

i

> xijleis) =V p
ij

the invertibility of p and orthogonality of {|i)}, {|§;;)} indicate

that x;; = 0 for each i, j. As a result, {w;, i=1,...,n,}
are linearly independent and we obtain the result (23) using
Theorem 3. ]

D. Quantum state discrimination and partial coherence

We show that estimating fidelity of partial coherence of
a bipartite quantum state can be regarded as a QSD task. In
this connection we ask whether for a given QSD ensemble
there exists a quantum state whose fidelity of partial coherence
provides an upper bound for the minimum error probability of
QSD?

Let us consider a state discrimination task {p;, n;}7_, where
each p; is an m x m density matrix. Then, we consider an
mn X mn matrix p whose (i, j)th entry is a block which reads

as p;; = /MipiJ/Mjpj. 1 <i, j < n,thatis,

NP1 VNP1 N202 M P1A/ M Pn
V12024/M1P1 1n202 1202/ MnPn
o= : : :
NP /N1PL S MnPus/T2P2 - NnPn
(26)

Proposition 1. The matrix p is a density matrix.
Proof. Consider an m x mn matrix

AZ(\/nlpla \/n2p27-"7\/nn1011)5 (27)

then p = ATA is positive semidefinite. As trp = >otr(nip) =
> :ni = 1, we conclude that p is a density matrix. ]

Therefore, we call state (26) the QSD state of {p;, n;}7_,.
Based on Theorem 3, the corresponding QSD ensemble of p
is {w;, pi}}_,, where

pi = t0y/p [i) (il ® /s @i = p; /B i) (il ® Lu/P.
Using polar decomposition theorem, one can find an m x
mn unitary matrix U such that A = U ,/p. As aresult, for each
1<i<n,
pi =tr/p i) il ® Inv/p

=tuU"(Ai) (i| ® I,AHU
= (U pU) = n;,
and w; = U p;U. Moreover,

PP (pi, midy) = {IAE}E}{IX Z nitr(M; p;)
Hi=1 i
= max trM;U ;U
s St
= max Z ni Tr(Niw;)
=

= P{™ ({or, mi}y).

The last equality is due to the fact that if {M;}7, is a
POVM on H 4, then {UM;UT}._, is a POVM on H, ® Hp.
Therefore, {UM;™U}"_, is an optimal measurement for QSD
task {w;, n;}7_, when {M™}"_ is optimal to discriminate
{oi> i}z,

Thus, we have the following result.

Theorem 4. Let H, and H,;, are Hilbert spaces of systems
a and b with dim(#,) = n and dim(#,) = m. For a set of
quantum states p;, i = 1,...,n, of system a, the minimal
error probability to discriminate {p;, ;}’_, is upper bounded
by the fidelity of partial coherence with respect to {|i) (i| ®
Ly, i=1,...,n} of the corresponding QSD state p, that is,

PP ({pi miYey) < Ci(p), (28)

where {|i)}!_, is the computational basis of H,. The bound is
saturated when these states are linearly independent.
Proof. Using Theorem 3, we have

Ci(p) = ngt(vN)({wi» piYisi),

where w; = n;l\/ﬁﬁ) (i ®Im\/ﬁ and p; = n;. Since
w; = U p;U" for a unitary matrix U, then
PP ({pi niYiey) = P ({or miiey).
Therefore, we have
Ci(p) = PP (o iy

and the equality holds for linearly independent states
{loi) iz u

E. Fidelity of partial coherence for (2, n) bipartite X states

In this section, we compute the analytic expression of
fidelity of partial coherence for X states. In the two-qubit case,
X states including Bell-diagonal states constitute an important
class of states which play a crucial role in the quantification
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and dynamics of entanglement, quantum correlations, and
coherence [54-59].

First, we consider the two-qubit case. The density ma-
trix of a two-qubit X state in the standard orthogonal basis
{100), |01), |10}, |11)} is of the general form

a 0 0 vy
0 b x O
=10 x ¢ 0 (29)
y 0 0 d
Therefore,
A =mnp1 —mpe2 = /pxo, @ 1/px, (30)

where o, = |0) (0] — |1) (1] is the Pauli matrix. A has the
same eigenvalues as o, ® I px, whose eigenvalues and corre-
sponding eigenvectors are

M) = 3lb—c F V(b +c)? —4x?], (31
My = sla—d F+/(a+d)* -4y, (32)

and
Y1) = (0, (b+c)F
[V3@4)) = ((a+d)F

respectively. Hence, we have

(b+c)? —4|x|2, —2%,0),
(a+d)? —4]y?2,0,0, -2y,

P ({winmi}) = 3(1 + tr|A])
=1+ V(b + ) —4fxP?
++/(a+d)?* —4y|2].
If be # |x)?, ad # |y|?, that is, px > 0, one has
Ci(px) = P ({wi, mi))
= P" ({wi, ni})

= 1=/ (b+ )2 —4x2 — (a+ d)* — 4]yP.

And the closest partial incoherent state is given by Eq. (22)
with optimal projectors

7 = ox (1¥2) (W2l + 1) (Yal)/ox

opt __ g __ _opt
s =1—m",

where [,4)) are the normalized eigenvectors.

Next, we consider (2, n) bipartite quantum systems. Any
2n x 2n quantum state p is called X state if it can be repre-
sented as an X matrix in a fixed orthogonal basis {|i )}%21 as

P11 0 . 0 P1,2n
0 022 P2,2n—1 0
) R (Y
0 P11 P2n—1,2n—1 0
P2n,1 0 cee 0 P2n,2n

Similar to the n = 2 case, the fidelity of partial coherence of
invertible p is

1 n
a — — E .. . )2 iy
CF(p)— ) |:1 p \/(pzz + p2n+1—l,2n+l—z) 4|p2n+l—t.t| ]

V. AFFINITY OF PARTIAL COHERENCE AND QUANTUM
STATE DISCRIMINATION

In this section, first we evaluate affinity of partial coherence
for a bipartite quantum state p“> € H, ® Hy,. Since each
partial incoherent state can be written as

o= pijli) (il ® 1Y) (Yl (34)
ij
affinity between p® and partial incoherent states o € I is
given by

A(p®) : = max A(p®, o) = max try/ p® /o
o€lp o€ly

= max

(1Y)} =
L

S {I?/fa)?}\/ Wil Bl
jli E
i

= ZtrBiz,
V7

where B; = (i| ® I,+/ p® |i) ® I,. While the inequality is due
to the Cauchy-Schwarz inequality, the last equality holds
when [ ;) is the eigenvector of B; for each i. As a result,

Cie™) =1=) w(il @ I/p® ) @ 1), (35)

P ® Vil Vo i @ ¥jp)

and the corresponding CPIS is
o= q;li) il @ B} (Bl (36)

iJ

with

. . 2

(i ® Bjiil Vo™ li ® Bji)

. . 2

> (i@ Bl Vo li ® Bjji)
and |B;);) is the optimal eigenvector of B; for each i.

Theorem 5. C{ is a partial coherence measure.

Proof. Earlier, at the end of Sec. IV A, we have seen that C§
is a strong partial coherence monotone. Here, we just need to
prove the convexity of C{. Let us consider the quantification

of partial coherence using Wigner-Yanase skew information
(17]

qgij =

Ci(p™) =Y I(p. ) (i1 ® D), (37)

where I(p, K) := —%tr[ﬁ, K71?. Since

Ch(p™) =Y tr(p |i) (11 @ 1 = /P 1) (il @ /P | (il @ 1)

= 1= (/o i) (il @ I/p i) (il ® ) = C;(p™).
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and I(p, K) is convex in p [60,61], one has

Ci <Z pipf? ) Ch (Z pm‘”’)
<Y o piCh(p") =Y piCi(p)

]
Now, we consider the quantum state discrimination of the
ensemble {w;, n;}1 . As Y, miw; = p*, the LSM are given by

MM = (0w (p®) V2 = iy (i ® 1Y,

—1/2.

i=1,...,n

where p =), ki_l/ P; for the spectral decomposition
p = Y. AP, Hence, the success probability to discriminate
{w;, n;} with LSM is

PeM o, i) = Z nitr (MM ;)
=Y IV i) (il @ IV p i) ®
=D B =A™,

Thus, we have the following theorem.

Theorem 6. For a bipartite quantum state p® € H, ® H,
with {[i)}7_, being a reference basis of H,, the affinity of
partial coherence of p® is equal to the error probability
to discriminate {w;, n;}?_, with least-square measurement.
That is,

Ci(p™) = PP ({wi, mi}y), (38)

where n; = tr (i| p® |i) and w; = ;' p |i) (i| ® I°y/ p?.
On the other hand, for a state discrimination task {p;, n;}7_;
with QSD state p, one can find a unitary matrix U such that

Di :Ua),-UT, i=1,...,n
where 7;, w; are the same as above. Therefore, the LSM for
{pi, miti_, are
Ni=U"[i) (il ® IV,
and the error probability to discriminate this task with LSM is
PEM{pr, nih) = 1= nite(UT |i) (il @ IU py)

= 1= nitr(|i) (il @ o)

= PeM{wr, 1)) = C4(p).

Hence, we arrive at the following result.

Theorem 7. Let H, be an n-dimensional Hilbert space and
{li)}_, be the computational basis, that is, the ith entry of
Vector |i) is 1 and rest are zero. For the ensemble {p;, n;}’_,
in the Hilbert space H,;, the error probability to discriminate
{pi}?_, with LSM is equal to the affinity of partial coherence
of the corresponding QSD state p, that is,

PEM({pi mity) = C4(p), (39)

where the fixed Liiders measurements are {|i) (i| ® 1°}"_,

VI. CORRELATED COHERENCE AND
QUANTUM CORRELATION

Let X be either fidelity or affinity below. We can define
quantum entanglement, quantum discord, coherence, and par-
tial coherence from a unified perspective as follows:

Ex(p®) := mindx (p®, o),
oeS

D (p®) == mindx (p™, o),
oeC,

Cx(p) :=mindx(p, o),

oel

Cx(p®) := mindx (o™, o),
oelg

where S, Z, and C,, respectively, are the sets of separable
states, incoherent states, and classical states on party a [18].
Using Theorem 2 and Remark 4, E, is a strong entanglement
monotone and Er (geometric entanglement) is a entanglement
measure [13].

We know that coherence is a more fundamental quantum
correlation than entanglement and discord [33]. Moreover,
partial coherence in a bipartite system may contain both
local coherence and correlated coherence. To characterize the
correlation between parties @ and b, we define generalized
correlated coherence, following Refs. [62,63], as

Cst ec(P™) 1= C(p™) — Cx (p*). (40)

Remark 6. Similarly, we can define Cy,..(p®):=

C}l} (p®) — Cx(p"). However, the generalized correlated co-
herence is asymmetric, i.e., C§ gcc Cy. e TO see this,
consider a two-qubit state p = 411(1 ® I +to, ®o;) (in the
standard orthogonal basis {|00), |01), |10}, |11)}) for which
pt=pb = lI are both incoherent states. Moreover, since
p® =313 I +10)®10) (0] + (31 —10:) ®10) (O] is a par-

tlal 1ncoherent state in part b and not in part a, we conclude
that Cg. ga(p“b) > Cx gcc(p“b) fort #£ 0.

Theorem 8. The generalized correlated coherence C§
non-negative.

Proof. Since

Ci(p™) = min dy ( “, Z pili) (il ® a,~>

gcc

Pi0i}

dy | t t
/{1;}1;1 x(rbp rb<2plll ll®m>)

1

_mmdx( “ Zp,h z|)

= Cx(p™),

where the inequality is due to the contractibility of dy,
the generalized correlated coherence C)‘;,gcc(,o“b) is non-
negative. |

Our definition of correlated coherence is basis dependent.
However, we can also define basis-independent correlated
coherence in a natural way. For bipartite state p®°, the re-
duced density matrix p* has eigenvectors {|¢;)}. Choosing the
local basis p“ has zero (local) coherence, and the correlated
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coherence reduces to the partial coherence with respect to the
eigenbasis of the corresponding reduced density matrix. In
this way, the partial coherence in the system is stored entirely
within the correlations.

Therefore, we define the correlated coherence as

i ee(p™) = min Cy (0°) = Cx ("), @1

where the minimization is performed over all the local bases
B, satisfying Cx (p%) =0
Theorem 9. For a bipartite quantum state p®

Cs . (p™) = DG (p™). 42)

The equality holds if either p¢ is a completely mixed state or
p° is a pure state.

Proof. As D% (p®) is the minimal partial coherence of p®
[17], we have C)‘} c(p“b) = D% (p®™). Now, if p* = —1“ then
the eigenbasis of p“ can be any set of orthogonal basis in H,.
As aresult,

Ci(p™) = min Cy (0"

= min dy (,Oab, ZP[ la;) (il ® 0:')

{pilai),oi}
= D% (p™).
And, for a pure bipartite state |1) with the Schmidt decompo-
sition
= Z Vi ) @ i) 43)
py =ty [Y) (Y] = > Ailx) (x;]. Note that when some

Schmidt coefficients are equal, the Schmidt decomposition
in Eq. (43) is not unique. Without loss of generalization, we
assume that A; > A, > -+ > A, and the Schmidt decomposi-
tion in Eq. (43) satisfies C§ ..(0*”) = C§(p*) (with respect to
{Ixi)}). Then,

max A(|¥) , o) = max Zﬁmm () (il ® 00) [¥)

= max Zﬂx (il o lyi)

{pi,oi}

=max)_Voki < ) A
R i

The third equality holds when we choose each o; = |y;) (y;l-
The “ <” is due to the Cauchy-Schwartz inequality and the

maximum is reached for p; = Hence,

5
Ci (N =1-) "2

with A;’s being the Schmidt coefficients of |ir) and the closest
a classical state is

o—ZZ 3 b ® ) G ® il (44)

On the other hand, if we assume that the Schmidt decompo-
sition in Eq. (43) satisfies C,?’a.(p“b) = C4(p®) (with respect

to {|x;)}), then

?E%?F(w/ o)—maX\/sz i il oi lyi)

zn{r;a}x /Zpi)\i <V
' i

C?u(llﬁ)) =1- )Lmax~

If the maximal Schmidt coefficient is unity, the closest a

and

classical state is a pure state |x; @ y;). If A; = --- = X, then
the closest a classical states are infinite, say
m
oy =Y pilxi®y) (i ® il (45)
i=1
with p; € [0, 1]and ), p; = 1. [ ]

As we know today, there are quantum correlations beyond
quantum discord [33,64]. In the following theorem, we prove
that C .. is a measure of discord-type quantum correlation in
a bipartite quantum system. We call it “discord type” because
of its connection established in Theorem 9.

Theorem 10. Cy . is a measure of discord-type quantum
correlation for a bipartite quantum state p®. That is,

(1) C§ .(p™) >0; “=" holds if and only if p® =
> pilag) (il ® 0.

2) Cf},cc(,o“b ) is invariant under local unitary transforma-
tion.

(3) Ci..
operations on b, i.e., C&. (/¢
quantum operation b,

(4) Cx . reduces to an entanglement monotone for pure
states.

Proof. (1) Non-negativity is obvious, so we just need to
prove the second part. C¢ .(p®) =0 indicates that p =
>, piley) (ol ® o; with {|e;)} being the eigenbasis of p“.
On the other hand, if p» =Y. p;|e;) (| ® oy, then p¢ =
> i pilag) {oi]. As a result, the eigenbasis of p° is {|a;)} and
Ci (0™ =0.

(2) Suppose the referred eigenbasis of p? is {|x;)}.
As tr,(U, @ Upp™U] @ U)) = U,p°U, the corresponding
eigenbasis is {U, |x;)}. Hence,

is monotonically nonincreasing under quantum
® ®P(p™)) < C(p) for any

Ci (U, ® Upp™U} @ U))

= min dy (Ua ® UppUS @ U}, Y~ pillalxi) (6i|U © m)
i

{pi,oi}

= min dy (,Oab, Zpilxi)<xi| ® C7i> = C;,cc(Pab).

{pi,oi}
(3) Assuming that * € C, is the CPIS of p“*, we have
C oo (p™) = dx (p*, o)
> dy(I°® D" (p™), 1 @ "(a™))
> Cf (1 ® D (p™)),
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where the first “ > is due to the contractibility of dy and the
second “ =" follows from I* @ ®’(c*) € C,. In fact, if we
suppose that o* = Y, p; ;) (| ® 07, then I¢ @ db(c*) =
>, piley) (o] ® PP(0y) is also an a classical state.

(4) Let A;’s and p;’s be the Schmidt coefficients of bipartite
pure states |) and |¢), respectively, where Ay > Xp = -+ - >
Anand wi > o > -+ > wy. Denote X = (Aq, ..., A,)T and
= (i1, ..., uy)T. If there is an LOCC channel which
maps |{) to |¢) then x < £ [65], and there exists a
doubly stochastic matrix A = (a;j)uxn» such that x =AM.
Hence,

£H-E

i

Y aim,
j

R

Z al‘zj:u'? +2 Z @Ak j [k
Jj j<k

< Z Za,zjui + Zaijaik(ﬂi + M/%)
L J

i Jj<k

-3 (St + Sasans;
i J

J#k

SV ES DI
J i

ik#E)

=2 m| oai| @+ Y an | | =3 w3
J i k#j J

Moreover, based on Eq. (44), one has C{ . .(1¥)) = C§ ..(|9)),
which means that Cy . is also an entanglement monotone.

Also, since Cg ..(|¥)) = Er(|¢)), we conclude that Cy .
reduces to an entanglement monotone for pure states. |

VII. CONCLUSION

In summary, we prove that fidelity distance and affinity
distance satisfy the strong contractibility condition. Moreover,
under two assumptions, namely, convexity of free states and
closure of free states under selective free operations, we show
that resource quantifiers based on these distances are valid
resource measures for a generic resource theory including en-
tanglement, coherence, partial coherence, and superposition,
providing thereby a unified framework for different quantum
resources.

Next, we employ these two resource quantifiers to par-
tial coherence theory. By linking them to quantum mixed
state discrimination task, we offer operational interpretation
for these two partial coherence measures. Our results thus
establish a useful connection between partial coherence and
quantum mixed state discrimination task.

We also study correlated coherence under the framework of
partial coherence theory. We show that correlated coherence
is a kind of quantum discord. Our result, thus, reveals an
interesting relation between partial coherence and quantum
discord.
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