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Swapping intraphoton entanglement to interphoton entanglement using linear optical devices
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We propose a curious protocol for swapping the intraphoton entanglement between path and polarization
degrees of freedom of a single photon to interphoton entanglement between two distance photons that have
never interacted. This is accomplished by using an experimental setup consisting of three suitable Mach-Zehnder
interferometers along with number of beam splitters, polarization rotators, and detectors. Using the same setup,
we have also demonstrated an interesting quantum state transfer protocol, symmetric between Alice and Bob.
Importantly, the Bell-basis discrimination is not required in both the swapping and state transfer protocols. Our

proposal can be implemented using linear optical devices.

DOI: 10.1103/PhysRevA.99.032118

I. INTRODUCTION

Quantum physics emerged as a surprising yet natural out-
growth of the revolutionary discoveries in the field of physics
during the first decade of the 20th century, and it has resulted
in an extraordinary revision of our understanding of the
microscopic world. Some quantum features can be exploited
for information-processing tasks. In recent decades, a flurry
of work has been performed, which includes storage and
distribution of information between noninteracting systems
(for reviews, see [1]). Quantum entanglement is a fundamental
resource for performing many information-processing tasks,
including secret key distribution [2] and dense coding [3]. In
1993, Bennett and colleagues [4] put forward a path-breaking
protocol for transporting an unknown quantum state from
one location to a spatially separated one—a protocol now
widely known as quantum teleportation. Shared entangled
states between the two parties and a classical communication
channel are required to perform quantum teleportation. Right
after this proposal, Bouwmeester ez al. [5] and Boschi et al. [6]
experimentally implemented the teleportation protocol using
a photonic entangled state. Later, various other systems, such
as atoms [7-9], ions [10], electrons [11], and superconducting
circuits [12—14], were used for experimentally demonstrating
teleportation, and interesting extensions were subsequently
proposed, especially those regarding the teleportation of more
than one qubit [15].

By exploiting the notion of quantum teleportation, a fas-
cinating consequence emerges known as entanglement swap-
ping [16,18]. In a swapping protocol, the entanglement can
be generated between two photons that have never interacted.
If photon A entangled with photon B and C entangled with
photon D, then entanglement could be created between A and
D, even if they never interacted in the past. However, photons
B and C need to interact with each other. The swapping
of entanglement has been studied extensively both theoret-
ically [16,17] and experimentally [18-21]. It is worthwhile
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to mention here that both the teleportation and entanglement
swapping protocols require the Bell basis discrimination,
which is a difficult task to achieve in practice using linear
optical instruments. A number of experiment have recently
been conducted to perform the Bell basis analysis using linear
optical devices [22-28].

The primary aim of the present paper is to demonstrate
an interesting entanglement swapping protocol so that the
intraphoton entanglement between the two degrees of freedom
of a single photon is swapped to the intraphoton entangle-
ment between two spatially separated photons. Note that the
interphoton entanglement is relatively more fragile than the
intraphoton entanglement because the former is more prone to
decoherence. In an interesting work [29], a swapping of this
kind was proposed. In this work, we use a different and more
elegant setup than that used in [29] but similar to [30] to pro-
pose our entanglement swapping protocol. The same setup can
be used to perform quantum state transfer, which is technically
different from the usual teleportation protocol. Both of our
swapping and state transfer protocols do not require Bell-basis
discrimination. Our protocol is quite close in terms of the
spirit of the original swapping protocol [16,18], but instead
of using four photons, we use two photons and the inter-
photon entanglement between path and polarization degrees
of freedom of each of the photons. A suitable experimental
setup involving three Mach-Zehnder interferometers (MZIs)
and a few other linear optical devices is used to accomplish
this task. Curiously, the photons have never interacted with
each other during the whole process of swapping and state
transfer.

The paper is organized as follows. In Sec. II, we propose an
experimental setup of the entanglement swapping protocol by
using simple linear optical devices, which allows us to swap a
path-polarization intraphoton entanglement of a single photon
onto the polarization-polarization or path-path intraphoton
entanglement between two spatially separated photons. Using
the same setup, we demonstrate a curious quantum state
transfer protocol in Sec. III. We provide a brief summary of
our results in Sec. IV.
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FIG. 1. The setup for implementing the swapping of intrapho-
ton path-polarization entanglement of each of the photons in MZ,;
and MZ; to interphoton polarization—polarization entanglement
between the photons in MZ; and MZ; and for transferring the
polarization state of the photon in MZ, to the photon in MZ; (details
are given in the text).

II. ENTANGLEMENT SWAPPING PROTOCOL

Our experimental setup consists of three suitable MZIs
where MZ; and MZ; belong to Alice and Bob, respectively,
and the third interferometer MZ, is shared by both, as shown
in Fig. 1. The entire setup consists of five 50 : 50 beam
splitters, five polarizing beam splitters, five polarization ro-
tators, eight detectors, and two mirrors, denoted by BS; (i =
1,2,...,5),PBS; (j=1,2,...,5), PRy (k=1,2,3,4,5),
D (l=1,2,...,8),and M, (m = 1, 2), respectively.

This arrangement can be considered as a chained Hardy
setup [31]. The well-known Hardy setup was originally pro-
posed for demonstrating nonlocality without inequalities. It
uses two MZIs, one with an electron and the other with
a positron, coupled through a common beam splitter. The
positron and electron annihilate if they simultaneously pass
through that common beam splitter. This is crucial to produce
the nonmaximally entangled state required for demonstrating
Hardy nonlocality. Our setup (Fig. 1) is a chained Hardy
setup in the sense that MZ; and MZ, share BS;, and MZ,
and MZ; share BS,. If electrons pass through MZ; and MZ3

and positrons pass through MZ,, then electrons and positrons
annihilate at BS; and BS,.

In our setup, we use three indistinguishable photons for
the implementation of our protocol in which an effect similar
to annihilation at BS; and BS, is necessary for producing
a suitable entangled state required for our purpose. For the
case of photons, a similar effect of annihilation of a positron
and an electron can be achieved through the bunching of
indistinguishable photons at BS; and BS,. This effect has
been extensively discussed in the literature (see, for example,
Refs. [32-34]). In particular, in [34] the Hardy paradox is ex-
perimentally tested by using the two indistinguishable photons
and their bunching effect. Here in Fig. 1 we assume that three
photons which are indistinguishable. One may also consider
that they come from same source and incident on PBS;, PBS,,
and PBS;.

We note here that experiments [35,36] have also been
performed for testing Bell’s theorem and the EPR paradox
by using independent particles. In [35], the violation of local
realism is demonstrated using the particles from independent
sources, and knowledge of their generation can be ignored
if they are indistinguishable. The indistinguishability of par-
ticles was then used as a resource for demonstrating the
violation of local realism. In contrast, in our scheme two
indistinguishable photons incident on MZ; and MZ, bunch
at BS|, which in turn produces nonmaximal entanglement
between the degrees of freedom of photons incident on MZ,;
and MZ,. Similarly, arguments can be made for photons on
MZ, and MZ;. In our protocol, the intraphoton entanglements
of a photon in MZ; and a photon in MZ; are swapped to
the interphoton entanglement between polarization degrees of
freedom of the photons incident on MZ; and MZj3. Impor-
tantly, the photons in MZ; and MZ; have never interacted
(in contrast to [35,36]) during the whole process of entan-
glement swapping and state transfer. The indistinguishability
of photons plays an important role, but the swapping of
entanglement protocol demonstrated here cannot be described
as the use of indistinguishability of photons as a resource.

The task of our protocol is to generate a polarization-
polarization entangled state between the photons entering
MZ,; and MZ3, respectively, while ensuring that they never
interact. Further, our goal is to transfer the polarization state
of Alice to Bob or the polarization state of Bob to Alice. Let
a, b, and ¢ be input modes of photons incident on MZ;, MZ,,
and MZs, respectively. Then the initial states of three photons
are given by |y11) = a};10), [y2) = b};10), and |y3) = &};10),
respectively, where |0) is the vacuum state. For our purpose,
we rotate the polarization by using two polarization rotators
(PR and PR;) along the modes a and ¢ before MZ; and MZ;,
respectively. The action of PR, transforms a,|0) to (aa; +
Baj,)|0). Similarly, the action of PR, transforms EL|0) to
(yé}; +8¢,,)|0). Here H and V represent the horizontal and
vertical polarization mode, and «, 8, ¥, and § are the constants
satisfying the normalization condition |a|?> + |8]> =1 and
PP+ 1817 = 1.

Now, if a and p are the output modes of the beam split-
ters PBS;, the state of the photon in MZ; after passing
through PBS; transformed to intraphoton entanglement be-
tween the spatial mode, and polarization can be written as
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(a&jq + 1,3 v)10). Similarly, the state of the photon in MZ,
transformed to ﬁa}}, + icﬂ,)|0) after passing through PBS,
having output modes b and g. The state of the photon in
MZ; after passing through PBS; transformed to intraphoton
entanglement (y + 18rv)|0) where ¢ and r are the output
modes of PBS;.

Hence, the total state of the three photons emerging from
PBS;, PBS,, and PBS3 is given by

1 .
V) = —=I[(aa v)(by + 4

/2

S iBpY D(yel +is8)|0)].

6]

Next, for understanding the operations of M;, BS;, BS,,
and M, on photons, let us rearrange Eq. (1) in the following
way:

v =7[ BPyay (v ey + isH) (2a)
+y(adf, +ipp )13T &l (2b)
+i8(adj; + iBplbY (2¢)
+id, gl (yel, + is#)110). (2d)

In Eq. (2a), the special modes p and g coming from PBS;
and PBS,, respectively, serve as input modes of BS; (central
beam splitter of MZ; and MZ,) with the same polarization
V, resulting in the bunching effect at BS; (similar to the
annihilation in the case of an electron and a positron in
Hardy’s original paper). If s and ¢ are the output modes of
BS;, then we have
B} 10) — 3G, + it} + i)10).

Since photons are bosons and bosonic creation operators
commute, i.e., §{f; = 7,8}, then the bunching effect at BS;
gives

By dy10) — 7(@'& +)10). (3)
Similarly in Eq. (2b) the special modes b and ¢ coming from
PBS, and PBS;3, respectively, serve as input modes of BS,
with the same polarization mode H resulting in the bunching
effect at BS,. If # and v are the output modes of BS,, then the
bunching effect provides

bier — ( + idf, )i, + 0;,)10)

Aiz
— \/5(

Hence, the bunching effect excludes the possibility of
detecting photons leaving each interferometer simultaneously,
and consequently coincidence clicks for the terms in Egs. (2a)
and (2b) are absent

Next, the term a b' 17y 10) in Eq. (2¢) got a phase shift of
—i due to three reﬂections at M, BS,, and M,, respectively.
Due to the transmission of a photon in spatial mode b at
BS,, the amplitude gets reduced by the factor of 1/ V2. On
the other hand, the term p},b},7/|0) in Eq. (2c) got a phase
shift of —i due to three reflections at BS;, BS,, and M,,

+ 9;7)10). 4)

and the amplitude gets reduced by the factor of 1/2 due to
transmissions of photons in spatial modes p and b at BS; and
BS,, respectively. Hence the terms in Eq. (2¢) evolve to

is(aaj, + ippy, )by, 10)

- g[«/éaa;,um + iBS) ), 75 110). (5)
Similarly, the term &Ldg,ch,w) in Eq. (2d) got a phase shift
of —i after three reflections at M;, BS;, and BS,. Due to
transmissions of photons in spatial modes ¢ and c¢ at BS,
and BS,, respectively, the overall amplitude gets reduced by
the factor of 1/2. On the other hand, the term &}, 4}, 7))|0) in
Eq. (2d) shifted by the phase of —i due to three reflections at
M, BS;, and M, and the amplitude of this term is reduced by
1/+/2 due to transmission of a photon with the spatial mode ¢

at BS;. The terms of Eq. (2d) after passing through M;, BS|,
BS,, and M, evolve to

iadl, gl (yel + is))|0)
—[yaHtva + iv/28a],757110). (6)

Finally, the state of the three photons after the operation at M,
BSi, BS;, and M; is given by

W) = N, [V2adal,al, 7 + ipsshal, il
+aya o), + z\/_aaa;,eré |0y,

where N; = (a?y? + 4a28% 4 B26%)~1/2 is the normalization
constant. Using the polarization rotator PR3 before BS4, we
flip polarization of photons as shown in Fig. 1. The final state
is given by

W) = Ny [V2ada),al, 7 + ipsshal, il
—|—ayaHtHvH + l«/_otSaHf;?‘T,HO). 7

Let us now consider two cases:

(i) If d5 and d, are the output modes of BS,, the state of the
photon after BSy, 4HlO) =(— tuH + tH)|0 )/+/2, results in a
detection in Dj.

(ii) The state of the photon after BS;, di,[0) =
(iﬁ tAT )|0)/+/2, results in a different detector at Dj.

In case (i), we end up with a four-qubit GHZ-type en-
tangled state of a spatial mode, and the polarization of the
photons involving MZ; and MZ; can then be written as

|Wa) = No(BSS) ) + ayal,b))110), (8)

where N, = (a?y? 4+ g28%)~1/2.

We thus prepared an entangled state between the four
degrees of freedoms between spatial modes and polarizations
corresponding to the photons in MZ; and MZ3 by introducing
constraints in spatial modes and using a suitable projective
measurement on the final output modes d3 and dy of MZ,. It
should be noted that during the whole process, the photons in
MZ, and MZ; have never interacted with each other.

Similarly, for case (ii), the resulting reduced state of the
photons in MZ; and MZ3 can be written as

|W3) = Nlay ay vfy — BOSy Py + 2/ 2ieesay; 7110). (9)
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where N, = (a?y? + B28% + 8a28%)~'/2. We make no further
use of the state in Eq. (9) in this paper.

To achieve the polarization-polarization entanglement be-
tween the photons in MZ; and MZs;, we need to invoke a
suitable disentangling process, which again requires no direct
interaction between the photons in MZ; and MZj. For this,
we consider relations of the input-output creation operator at
the beam splitter BS3 as &L = (QTH + iﬁ;H)/«/i and §‘T, =
(ic?fv + 57;‘,)/\/5. The state [Eq. (8)] after BS; can then be
written as

Noopoiiat o 5t 5t
|[W3) = —[,88(1011 + dzv) + ozy(d + ldzy) 110).
V2
(10)

Similarly, if at the beam splitter BS5 the relation between
the input output creation-operator is f)H = (C?STH +id] )N 2 V2
and 7 "v = (zdgv +d V)/ /2, then the joint state of the photons
in MZ, and MZ; after BS; and BS5 becomes

Bsd,,di,)
+ l(adeHdSTH + ,3867;,(?;,)
+iayd), di, + Bsdl,d,)
Bdy, di)1(0). (11)

Depending on a suitable joint path measurement chosen by
Alice and Bob, the polarization-polarization interphoton en-
tangled state

|Wpp) = — Béd;,di,)o) (12)

can be generated, where N3 = (a?y? + B26%)"!/2. When Al-
ice and Bob choose d, and ds, respectively, an additional
gate operation &, is required for obtaining the entangled state
|W4p). This is also the case when Alice and Bob choose d;
and d, respectively. If we take o = B =y = 8 = 1/+/2, the
state |W4p) becomes maximally entangled.

Hence, using our setup we have generated a polarization-
polarization entanglement between the photons in MZ; and
MZ; even when they have never interacted with each other.
It is important to note that both photons contain intraphoton
path-polarization entanglement that is swapped to interphoton
entanglement between them. Thus, the protocol differs from
the usual swapping protocols in the literature and also from
[29].

The same setup can also be used to create path-path and
path-polarization hybrid entanglement between the two pho-
tons. For this, a few small changes need to be adequately
incorporated in the setup. The sketch of this is as follows:
If one wants the path-path or path-polarization intraphoton
entanglement by performing small changes from the current
setup, one can start from Eq. (11). For example, by blocking
d, and dj, one gets a state (unnormalized) (aydT dT
,B(SleVd ). Now, introduce a PBS along the path d;, which
transmits horizontal and reflects vertical polarization. The
states of the photon along the output mode of PBS are dj,
and dj,,, and a polarization flipper is used along the path
dy. This provides a path-polarization hybrid entanglement

Y1, = Ng(ayﬁ’-{HﬁgH — ,BBdA”i-Hc?;V), where Nj is the nor-

[\Wy) = [(Ol)/d déH

- (O‘Vd;H A7-H

Ng(ayle

malization constant. Similar to operations taken along path
di, if one suitably does those operations along path ds, then
path-path intraphoton entanglement can be produced that is
given by |/,) = Ns(ayd’,d's, — Bsd",,d"%,,), where dl
and d are output modes of PBS along ds.

III. QUANTUM STATE TRANSFER

As mentioned before, our setup can also be used for
demonstrating the teleportation of an unknown quantum state.
One may say that it is an obvious fact that once we have
generated the entangled state |W4p), the teleportation is one
more step. For this, one more qubit needs to be brought
either by Alice or Bob followed by a relevant Bell-basis
measurement. However, it seems interesting if the polarization
state belonging to Alice to Bob can be teleportated without
introducing another qubit state and Bell-basis analysis. We
provide such a scheme of state transfer.

To demonstrate such a state transfer protocol, let us use two
polarization rotators PR4 and PRs along the spatial modes d5
and d7, respectively. In this way, the creation operators dSH

and dsv are transformed as dsTH [(d;H +d V) and dSTV
\/LE(QSTH — 3;,) and similarly for (27TH and d7v- After these two
rotations, the state given by Eq. (11) can be written as
N 5t t \ 5t
|Ws) = —={(aydy — Bdd}y,)dsy, +
5 o Yag v /%sH
+il(aydy, + Bddyy,)ds, + (aydly, —

(“Vafﬂ + ﬁ‘s‘?;rv )aSTV

Bsd;,)dl, ]

+ z[(ayd + :Badlv)dm + (O‘lelH :‘%dlv)dﬂ/]
— ey dyy, — B33, )d5,+(aydy,+B3d;, )d5, 1}10).
(13)

After PRy and PRs operations, Bob uses two polarizing beam
splitters, PBS4 and PBSs, along the modes ds and d7, and
detects the photons in four detectors Ds, D¢, D7, and Dg. Four
outcomes of Bob yield eight different possibilities at Alice’s
end. The states of Bob’s photon corresponding to the detectors
Ds, Dg, D7, and Dy are dl,|0), d2,10), di,10), and dJ,|0),
respectively. The measurements at Bob’s end thus produce the
following states unnormalized at Alice’s end:

— B8d],) + (aydly, + B3d;,)1I0),
(14a)

|Wps) = [(ayd),

W) = [(ayd)y + B8dl,) + (aydyy, — Bsdy,)110),

(14b)

|Wp7) = [(ayd]y, + B8dl,) + (aydy, — Bddi,NI0),

(14c)

— B8d},) + (aydyy, + Béd;,)110).
(144d)

|Wps) = [(ayd),
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TABLE 1. Alice’s unitary rotation along the path modes d; and
d, upon receiving instructions from Bob.

Alice’s operation

Bob’s detection on d, ond,
Ds Gz i
Ds f 6y
D; i 87
Dy Gz i

Note here that |Vp,) = |Wp,) and |Wp,) = |¥p,). Let us
now assume that ¢« = 8 =1/ \/5 After the detection of a
photon in four different detectors (Ds, Dg, D7, and Dg), Bob
needs to send the information through a classical communi-
cation channel. Following Bob’s instruction, Alice performs
suitable gate operations to obtain the desired polarization
state |y5) = (yc?rH + 8317‘,)|O) of Bob, as given in Table I.
Whenever Bob detects a photon in Ds or in Dg, he asks Alice
to use a Pauli gate &, in mode d;. If he gets the photon in Dg or
in D7, Alice has to use &, in mode d,. Hence, we demonstrated
a state transfer protocol from Bob to Alice without any direct
interaction between photons in two interferometers MZ; and
MZ;. Note that the probability of successful teleportation in
this case is 1/8, i.e., the cost of the state transfer is larger than

the original teleportation protocol. Importantly, no Bell-basis
measurement is required in the whole process.

IV. DISCUSSION

We have demonstrated an interesting swapping protocol
using simple linear optical devices where the intraphoton en-
tanglement between path and polarization degrees of freedom
of a single photon is swapped to polarization-polarization
entanglement of two spatially separated photons. Note that
those photons have never interacted during the whole process.
We have further shown how the same setup can be used for the
purpose of a curious quantum state transfer. Both protocols
avoid Bell basis discrimination, which is accomplished by
exploiting the actions of the spatial modes in MZ; and MZ;.
We believe that the proposed setup can be experimentally
implemented with existing technology that uses linear optical
devices.
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