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We theoretically investigate the scattering of multiple Rayleigh nanoparticles in a microspheroid resonator
which supports multiple polar whispering gallery modes. Different from a standard microsphere resonator
in which polar modes with the same radial and angular mode numbers are degenerate, a spheroid resonator
supports spectrally nondegenerate polar modes. The mode splitting, mode shift, and linewidth broadening
of polar modes are deduced at the presence of multiple Rayleigh scatterers following the Weisskopf-Wigner
semi-QED treatment. It is found that the radial, polar, and azimuthal coordinates of the nanoparticle can be
inferred from the transmission spectra of the polar modes. In particular, the changes of both the mode shift and
linewidth broadening show cosinoidal dependence on the azimuthal angle. Our scheme provides an efficient
platform to locate the three-dimensional positions of multiple nanoparticles in a microcavity, which may push

the microcavity sensing to sizing and further quantitative measurements.
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I. INTRODUCTION

Optical whispering-gallery-mode (WGM) microcavities
have drawn increasing attention due to their ultrahigh Q
factors and small mode volumes. Notably, the light-matter
interaction in the WGM microcavity is strongly enhanced,
showing great potential in both fundamental and applied
physics [1-4]. As a prominent optical device, WGM micro-
cavity has found wide applications in the multidisciplinary
fields such as cavity quantum electrodynamics [5,6], quantum
optomechanics [7,8], nonlinear optics [9,10], classical and
wave chaos [4,11,12], optical frequency comb [13], low-
threshold microlasing [2,14,15], and ultrasensitive sensing
[16-20]. Over the past few years, WGM microcavity has also
witnessed many interesting phenomena, including symmetry
breaking [21-24], exceptional points [25-27], and nonrecip-
rocal light transmission [28,29].

Single nanoparticle induced scattering in a WGM mi-
crocavity has been studied intensively as it provides a ba-
sis for exploring modal coupling [30-33] and implementing
nanoparticle detection [19,20,34]. The nanoparticles which
appear in the evanescent field of the WGM microresonator
will notably affect the mode spectra in the form of resonant
frequency shift [35-40], mode splitting [34,41,42], or mode
linewidth broadening [43-45]. It is also found that even
a single nanoparticle can significantly modify the far-field
distribution of the cavity mode [46—48]. Multiple nanoparticle
induced scattering in WGM microcavities is attracting much
research concern because there is more than one scatterer in
most realistic physical processes [49]. For example, Zhu et al.
have experimentally realized the controlled mode splitting
using two nanofiber tips [50]. Therein, a two-scatterer model
is developed in which the two standing-wave modes (SWMs)
distribute themselves to obtain the maximum mode splitting.
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Later, Yi et al. have proposed a theoretical model to analyze
the mode splitting induced by multiple Rayleigh scatterers
[51]. The key idea is that the phase information should be
considered for the clockwise (CW) and counterclockwise
(CCW) traveling WGMs. Furthermore, Wiersig has found
that multiparticle scattering in a microdisk is asymmetric,
forming nonorthogonal copropagating modes rather than the
standard SWMs [52]. This finding triggers the studies on
exceptional points and their applications in ultrahigh-Q WGM
microcavities [25,26].

However, all the aforementioned studies on nanoparticle
scattering in WGM microcavities are performed in cavities
with circular symmetry. Typically, the WGMs are labeled
by three mode numbers: the radial mode number ¢, the
angular mode number /, and the azimuthal mode number m.
For given ¢ and [, there are 2/ + 1 modes with m ranging
from —/ to /. The modes with different m are called polar
modes. In a microcavity with circular symmetry such as a
standard microsphere, these polar modes are degenerate and
indistinguishable in the frequency domain. Nonetheless, for a
slightly prolate microspheroid, this degeneracy is lifted, and
a recent experiment shows the latitude angle detection of a
Rayleigh scatterer through the shifts of two polar modes in
a spheroidal microcavity [53]. Angular position detection of
a single nanoparticle is realized through the split modes in an
asymmetric rolled-up optical microcavity [54,55]. In addition,
theoretical study on the frequency shift induced by a single
nanoparticle in a spheroidal resonator has been proposed [56].
These experimental demonstrations and theoretical study rep-
resent an important step towards quantitative measurements
by using optical microcavities.

In this paper, we propose a theoretical model to com-
prehensively study the multinanoparticle scattering in a mi-
crospheroid resonator which supports multiple nondegenerate
polar modes. Due to the different electromagnetic field distri-
butions, the polar modes in a microspheroid respond discrim-
inatively to the binding of nanoparticles, which provides an
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FIG. 1. (a) Schematic of the proposed system: multiple Rayleigh
nanoparticles are located in the evanescent field of a slightly prolate
WGM microspheroid. The microcavity is coupled by a tapered
fiber. (r,, 6,,, ¢,) are the radial, polar, and azimuthal positions of the
nth scatterer. al, denotes the input field of the clockwise mode,
while ay, and a2y, are the output fields of the clockwise and
counterclockwise modes. (b),(c) Typical transmission spectra of the
polar modes with m = [ and m = [ — 2 upon the attachment of one
nanoparticle (black solid curve) and two nanoparticles (red dotted
curve) to the microcavity. The radii of the first and second scatterers
are 100 nm and 40 nm, respectively.

efficient way for implementing three-dimensional positioning
as well as sizing of multiple nanoparticles. The paper is
organized as follows. In Sec. II, we build a general model
to analyze the scattering induced by multiple Rayleigh scat-
terers in a slightly prolate microspheroid. The mode splitting,
mode shift, and linewidth broadening of split polar modes are
achieved following the Weisskopf-Wigner semi-QED treat-
ment. In Sec. III, we discuss the three-dimensional positioning
of a single nanoparticle as well as multiple Rayleigh nanopar-
ticles through the transmission spectra of split polar modes.
The azimuthal angle can be extracted combining the shifts of
three neighboring split polar modes, while the single mode
is sufficient for achieving the radial position. The upper limit
of the number of scatterers that can be detected through this
method is calculated. In Sec. 1V, sizing of nanoparticles is
proposed. A summary is presented in Sec. V.

II. THEORETICAL MODEL

The interacting system is illustrated in Fig. 1(a). A slightly
prolate microspheroid is evanescently coupled to a tapered
fiber. Subwavelength Rayleigh nanoparticles appear in the
evanescent fields of the microcavity modes. Since the cavity
modes that we are concern with have the same radial mode
number ¢ and angular mode number /, it is convenient to
denote them using just the polar mode number m in the
following analysis. Because all the scatterers are much smaller

than the wavelength, the Weisskopf-Wigner semi-QED treat-
ment is appropriate for solving the interaction between the
microcavity and multiple scatterers [30]. The microcavity
supports pairs of degenerate traveling modes, i.e., the CW
and CCW modes. Under dipole approximation, the electric
fields of the WGMs polarize the nanoparticles. Assuming
that the distances between the nanoparticles are large enough,
the interaction between them can be omitted. Thus the total
Hamiltonian of the system consists of three parts: the free
Hamiltonian Hj of the WGMs and the reservoir, the scattering
into the same or counterpropagating cavity modes described
by the Hamiltonian Hj, and the scattering into the reservoir
modes described by H,. Supposing there are N + 1 nanopar-
ticles; the system Hamiltonian can be written as

H=Hy+H +H,, (1a)
l
Ho= ) ) houal, an,+ Y hoblb.  (1b)
m==lp J
l N
Hi= ) ) ) 08, (1¢)
m=—[ n=0 p,p’

l N
H, = Z Z Z hgn.m,j‘p(bj‘am,p + ajn,pbj)’ (1d)

m=—1 n=0 j,p

+

where /i = h/27 is the reduced Planck constant; a (a,, >

m.p
b;) and a,,, (any, bj) are the creation and annihilation
operators of the (m, p) cavity mode (the m, p’ cavity mode,
the jth reservoir mode), with p, p’ = CW or CCW denot-
ing clockwise or counterclockwise cavity modes; w, and
w; represent the resonant frequencies of the m cavity mode
and the jth reservoir mode, respectively. It is noted that
each pair of CW and CCW cavity modes are degenerate in
their resonant frequencies. The coupling coefficient g
describes the scattering between the p and p’ cavity modes
due to the scattering of the nth nanoparticle and g, , ., gives
their side scattering to the jth reservoir mode, both of which
can be calculated within the dipole approximation.

The quantized electric field of the m cavity mode at
the position of the nth scatterer can be expressed by
75)n,m,CCW(CW) = fu(Ta)eE ™ /iy [ (26Vin), Where f,(T7)
is the cavity mode function at the scatterer position 7, , @,
is the azimuthal angle of the nth scatterer, g is the electric
permittivity of vacuum, and V,, is the mode volume of the m
cavity mode. Different from the single scatterer case where the
quantized electric field is assumed to be real, here the complex
phase factors e*"¢" have been included for the traveling CCW
and CW modes. As a result, the coupling coefficients can be
expressed by

2 —>
g g = (i )om (2a)
.m,CW, CW(CCW.CCW) nm 2V, ’
2

8umew.cow = 8nm€ e, (2b)

—Dimgy,
8umcew.cw = 8um€ e, (2¢)

2 —>

anfm( T )W +img,

8nmjcowew, — e (Zd)

2V, V. ’
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where «, denotes the polarizability of the nth scatterer and
V. is the mode volume of the reservoir mode. Note that
Eq. (2a) gives the forward scattering coefficient, Egs. (2b) and
(2c) describe the backscattering coefficients, while Eq. (2d)
represents the side scattering coefficient.

From Egs. (1a)-(1d) and (2a)—(2d), the Heisenberg equa-
tions of motion for the system coupled to a tapered fiber can
be obtained:

N
day, cwcew) Kim
A = —ilwon + E Zom — i— |a
dt m yard n,m B m,CW(CCW)

N
. +2im

—1 E Zn,m€ 2 G, cOW(CW)
n=0

in
— V/KLm%y cwcew) (3)

where Zn,m = 8nm — éyn,m with Ynm = [agf,i(ﬁ )a)ﬁn]/
(6w v3V,,) being the damping rate induced by the nth
scatterer and v the speed of light in the surrounding

J

environment, K, = Ko, + k1,,» With g, describing the
intrinsic damping rate of the m cavity mode and « ,, denoting
the coupling rate to the taper, and ain'j’cw(ccw) represents
the CW (CCW) input field. We define a coefficient 7,, =

\/ SN o Znme2men ] \/ SN o Znme?men, and correspondingly
two new eigenmodes of the system can be defined as
A+ = ENpam.cw + am,ccw. Separating the time-dependent
operators a, , in Eq. (3) into slowly varying parts and
oscillatory parts @, , = dy e, we can obtain the
steady-state equation

5 Gt + /K mdy + =0,
4

. Km + l_‘m ~
|:l(_Am + gm,i) + —’i:|

where A, = v — w,, denotes the frequency detuning between
the carrier and the m mode, and g, .+ and I', + are the
shifts and broadenings of the “m, +” modes compared to the
originally degenerate modes, with

N N N
8m,+ = Re Z Zn,m j: (Z Zn,meZim(p"> (Z Zn,me_Zim(p") ) (5)
n=0

n=0

n=0

N N N
Fm,i =—21Im Zzn.m + (Z Zn,mezimw”> (Z Zn,mezim(ﬂ”) . (6)
n=0 n=0 n=0

The complex eigenfrequencies of the “m, +” and the “m, —”
modes are

. N
iKm
Wy, + = Wy — + E Zn,m

2
n=0

N N
+ (Z Zn,m eZilmp,,) (Z Zn,m e—2im(p,,> . (D
n=0 n=0

From Egs. (5)—(7), it is not difficult to find that the spectra
of the multiple polar modes contain information on the three-
dimensional position of the scatterers. In detail, the azimuthal
angle ¢, is apparent. At the same time, z, , depends on the
factor £2(7,) which relies on the radial position 7, and the
polar angle 6,. As a result, the three-dimensional position of
the nth scatterer (r,, 6,, ¢,) could be inferred from the spectra
of the multiple polar modes.

III. THREE-DIMENSIONAL POSITIONING
OF NANOPARTICLES

As an important application, in this section we discuss
the three-dimensional positioning of nanoparticles from the
transmission spectra of multiple polar modes. Under certain
conditions, the expressions of the mode shift, mode broaden-
ing, and eigenfrequencies can be simplified. For example, if
the coupling induced by the first nanoparticle (n = 0) is much
stronger than that induced by the succeeding nanoparticles,

(

that is
N

E :Zne:I:Zim(p,,

n=1

2ol > , ®)

Eqgs. (5)—(7) can be further reduced through the Taylor expan-
sion as

N
8mx = 8om E gom+ Y gumll £ cos2mep,)]l, (9

n=1

N
Tt = Yo & Yom + Y, vamll £ cos Qme,)],  (10)

n=1

N
Wy, + = Wy + 20,m + 20,m + Zzn,m[l + COS(Zm%)]
n=1
iKm

- 7 + 0(|Zn,m|/|Z0,m|)' (1 1)

Note that the criterion Eq. (8) can routinely be satisfied by
preattatching a Rayleigh scatterer which is much larger than
the other scatterers to the cavity surface. In the following, we
call the first scatterer which is relatively larger the “preset
scatterer,” while the other scatterers are called the “target
scatterers.”

A. Positioning of a single nanoparticle

In this subsection, for simplicity, we will first discuss the
positioning of a single target scatterer. The preset scatterer
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induces the original splitting. Each pair of degenerate CW
and CCW modes with polar number m splits into two new
modes: the “m, 4+” mode and the “m, —” mode. Upon the
entrance of the target nanoparticle, the transmission spectrum
changes accordingly. Comparing the results of one target with
that of no target, the relative changes of the frequency shifts
and linewidths of the m, + mode and the m, — mode caused
by the single target scatterer are

Agm+ = g1m[1 £ cosZmey)], (12)
ATy 1+ = y1,m[1 £ cos(2me)]. (13)

According to Egs. (12) and (13), the changes of spectra are
discriminable for different polar modes. The radial position
r1, the azimuthal angle ¢, as well as the polar angle 6; can be
achieved from the transmission spectra. Polar angle detection
has been experimentally realized by monitoring the ratio of
shifts from two different polar modes without splitting in a
spheroidal microcavity with modest quality factor [53]. In
what follows, we focus our study on the azimuthal angle as
well as the radial position instead.

1. Azimuthal angle

The azimuthal angle of the target nanoparticle ¢; can be
derived through the changes of the frequency shifts Ag,, 1
of the splitted neighboring m, + and m, — polar modes.
Explicitly,

Agm,-‘r B Agm,—

. (14)
Agm,vL + Agm,f

cos(2my;) =

Combining the trigonometric formula

cos2gy) = cos[2(m + lz)ii)]S;g::;[)z(m — 1)(p1], (15)

the azimuthal position of the target can be extracted corre-
spondingly. In the above expression, the values of cos[2(m +
D], cos[2(m — 1)p1], and cos(2m¢;) can be obtained
through the changes of mode shift of three adjacent polar
modesm + 1, m,and m — 1.

The azimuthal angle detection scheme is immune to the
temperature fluctuation since the factors related to tempera-
ture are canceled from the ratio of shifts in the same micro-
spheroid. The errors induced by the transmission spectrum
measurement are amplified by a factor |[1/[2 cos(2me;)]|
and become infinite when cos(2mg;) = 0. To control the
error, a nonzero term cos(2me;) should be chosen as the
denominator.

2. Radial position

While three neighboring polar modes are needed to achieve
the azimuthal angle of the target nanoparticle, single mode is
sufficient for deriving the radial position through four steps.
First, according to Eq. (12), the coupling parameter g,, can
be inferred from the changes of frequency shift of the m, +
and m, — polar modes, g1, = (Agm.+ + Agm.—)/2. Second,
according to Egs. (2a), (12), (13), and the expression of y,, ,,
the polarizability of the target scatterer «; can be achieved
through the ratio of the relative changes of mode broadening

to mode shift of the m, + or m, — polar mode
3713 Vim

c{l: =

3]T1)3 Arm’_‘_(_)
C()’3n 81,m '

3 Agm+(-)

(16)

Third, f,ﬁ(?l)) can be calculated through g, ,, and | according
to Eq. (2). Finally, the radial position r; can be obtained
through the expression of f,ﬁ(?l) ).

The typical evanescent field distribution e is used to fit
the field distribution f,ﬁ(?l) ), where i = r; — R is the distance
from the center of the target nanoparticle to the cavity surface,
R is the radius of the WGM cavity, and L is the characteristic
evanescent length which needs to be calculated. According
to Refs. [57,58], kR = I(n./n.)[1 + o, 27131723 4 0~ 1)],
with n, and n, being the refractive indices of the surrounding
environment and the cavity and «, being the gth root of
the Airy function with ¢ denoting the radial mode number.
At the same time, the characteristic evanescent length L =~
1/[ky/(n./n.)* — 1]. After some derivation, the radial posi-
tion of the target nanoparticle can be expressed by

Rn

—h/L

rn =R+ <
' S —n2(l + a2 1B13)
3mv? VAN
X In : (17

wznvm Agm,+(Agm,+ + Agm,f) .

Through Eq. (17), we can find that one single polar mode
with mode numbers (g, /, m) is adequate for the detection of
the radial position r; combining the changes of linewidth and
mode shifts.

B. Positioning of multiple nanoparticles

In most realistic sensing applications there is more than
one scatterer. The exact expressions of the eigenfrequencies,
the shifts of resonance frequencies, and the broadenings of
the m, + and m, — modes have been derived in Sec. II. As
long as the coupling induced by the preset scatterer is much
stronger than that induced by the succeeding scatterers, the
effect of higher-order term O(|Z, ,|/|20.m|) can be neglected.
Three-dimensional positioning of multiple target scatterers
can be implemented at the presence of a relatively larger
preset scatterer. Explicitly, the position information of the
first target scatterer can be obtained by comparing the spectra
before and after the attachment of it. Similarly, the position
of the succeeding N target nanoparticles can be achieved
following this method.

In the following, we will discuss the upper limit of the
number of nanoparticles that can be detected through this
method. Figure 2(a) shows the transmission spectra under
different numbers of target nanoparticles N = 10, 50, 100,
and 200, and the Q factor of the cavity mode is assumed to
be Q = 1 x 10%. The nanoparticles are assumed to be spheres
with refractive index 1.50, and the surrounding medium is
supposed to be air. It is found that, as long as Q is very high,
the mode splitting can easily be resolved. This is because the
original linewidth w,/Q is much smaller than the splitting.
At the same time we can find that the mode splitting changes
randomly with the increase of N. For example, the splitting
for N = 100 is obviously smaller than that for N = 50, while
the splitting for N = 200 is apparently larger than that for
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FIG. 2. (a) Transmission spectra under different numbers of tar-
get nanoparticles N = 10, 50, 100, and 200. The quality factor of
the m cavity mode Q =1 x 10%. (b) Typical transmission spectra
under different values of Q. N is assumed to be 50, A = 1550 nm,
and ”21(7,,)) = 0.2. Radii of the cavity, the preset nanoparticle, and

target nanoparticles are R = 50 um, ro = 70 nm, and r,, = 30 nm.

N = 100. The reason behind this is the random binding
position of the target nanoparticles. Figure 2(b) shows the
influence of mode Q factor on the transmission spectrum.
N is assumed to be 50. For a low Q mode, for example,
Q =1 x 10°, the mode splitting cannot be resolved. When Q
increases to 1 x 107, the & modes become resolvable. For a
high Q mode with Q = 1 x 108, the splitting is quite apparent.

It is well known that the mode splitting of the “+4” and “—”
modes can be resolved only if the splitting exceeds the average
of the resonant linewidth, which is composed by two parts: the
original linewidth and the broadening I',, . For simplicity,
we focus our discussion on the case of N identical target
scatterers with the same value of g, ,, and y, ,, at the presence
of a much larger preset scatterer. The splitting between the
m, + and m, — modes and the linewidth broadenings can
be achieved through Egs. (9) and (10). The criterion can be
expressed by

N
W
2 80.m + 8n.m ZCOS(Zm(pn) > 5 + Y0,m + Nyn,m~ (18)

n=1

— 1075_ E
S E
E 10°L
o) i ]
Q.

[oN 5- )
> 10 3 E

104 ! ! !

1 " 1 " " "
10 15 20 25 30
Radius of target nanoparticles » (nm)

FIG. 3. Upper limit N, of the number of target scatterers that can
be resolved through mode splitting under different values of radii for
target scatterer r,, between the range of 10 nm to 30 nm. The radius of
the preset scatterer is set at p = 60 nm, o = 70 nm, and r, = 80 nm
for the black solid curve, the red dashed curve, and the blue dotted
curve. Quality factor of the cavity mode Q = 1 x 10%, A = 1550 nm,
and cavity radius R = 50 pum.

Figure 3 shows the upper limit N; under different values
of radii for the preset and target nanoparticles calculated from
Eq. (18). The larger the preset scatterer is and the smaller the
target scatterers are, the more nanoparticles can be detected.
From Fig. 3 we can find that the mode splitting can be well
resolved for a very large number of target nanoparticles.
However, more consideration should be given to the upper
limit of the number of target nanoparticles which can be
detected. If too many scatterers bind onto the cavity, the
coupling strength condition will be broken. For example, if
the target scatterers are located on the equator randomly, the
term | Y_ 21| in Eq. (8) will be proportional to v/N as
N grows [51]. If we set the criteria of the coupling strength
condition as |Z, | = | S°_, z,.me™2"1| < |20.n]/10, the up-
per limit can be expressed as N2 = |zom /Z,,,m|2 /100. Figure 4
shows the upper limit N, under different values of r, and
ro. From Fig. 4 we can find that N, decreases rapidly with
the radius of the target nanoparticle. Take the black solid
curve of rp = 60 nm as an example: when r,, = 10 nm which

1000 | 3
3 F ]
= _ ]
= 100 .
o) E E
Q ]
o F ]
:) L .

10|

i . i .
10 15 20
Radius of target nanoparticles » (nm)

FIG. 4. Upper limit N, of the number of target nanoparticles that
can guarantee the coupling strength condition under different radii of
the target scatters r, and preset scatterer ry. Other parameters are the
same as in Fig. 3.
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equals ry/6, N, can be as large as 466; when r, = 20nm
which equals r/3, N, decreases severely to 7. For the typical
value of r, = 15 nm, N, is around 40, 100, and 230 for the
cases of rp = 60 nm, ryp = 70 nm, and ry = 80 nm. It is not
difficult to understand that N, rather than N; is the upper
limit of the detectable number of target nanoparticles for our
scheme.

IV. SIZING OF NANOPARTICLES

In our system, sizing of nanoparticles can routinely been
realized. According to Eq. (16), the polarizability «; can be
obtained combining the shift and broadening signals of one
polar mode. It should be noticed that our scheme is different
from Ref. [34] or Ref. [53]. Here we propose to use the
ratio of the relative changes of mode broadening to mode
shift either of the splitted m, + mode AT, /Agm 4+ or m, —
mode AT, _/Ag, _, rather than the splitting between the
+ and — modes [34]. In Ref. [53], sizing of nanoparticles
is based on the mode shift in a microcavity with modest
quality factor in which no mode splitting can be observed.
For a spherical Rayleigh nanoparticle, the radius a can be
expressed by

= — 19
“ 4(n,2 — ng)Ag,,w (19)

where n; is the refractive index of the target nanoparticle.
From Eq. (19) it is easy to find out that the broadening and
shift information of one splitted polar mode m, + is sufficient
for the accurate sizing of a spherical Rayleigh nanoparticle.
Whereas in Ref. [53], besides the mode shift of one polar
mode, the knowledge of the latitude angle is the prerequisite
for nanoparticle sizing.

v [3(,1,2 +zng)Arm,+}”3

V. CONCLUSION

In summary, we have proposed a theoretical model to ana-
lyze the scattering induced by multiple Rayleigh nanoparticles
in a microspheroid which supports multiple polar modes.
Due to the distinct electromagnetic field distributions, the
reaction of polar modes are distinguishable upon the binding
of scatterers. The mode splitting, mode shift, and linewidth
broadening of split polar modes are achieved analytically.
As an important application, three-dimensional positioning
and sizing of multiple Rayleigh nanoparticles can be realized
through the spectra change of different polar modes. After
the binding of the first nanoparticle, each pair of degener-
ate CW and CCW modes with polar number m splits into
two new modes: the m, + mode and the m, — mode. The
azimuthal angle can be obtained comparing the shifts of
three neighboring polar modes before and after the entrance
of the target scatterer: the “m,£” mode, the “m+ 1, +”
mode, and the “m — 1, £” mode. The radial position of the
scatterer can be extracted combining both the mode shifts and
mode broadenings of the splitted m, + and m, — polar mode.
Moreover, sizing of nanoparticles can be implemented just
through the ratio of change of mode broadening to mode shift
of one splitted polar mode m, + or m, —. This mechanism
can be applied not only in positioning and sizing of single
nanoparticles but also of multiple Rayleigh scatterers with the
number up to 40 under typical values of parameters.
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