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Rayleigh-Sommerfeld diffraction on a subwavelength scale: Theories and a resolution criterion
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Classical resolution criteria such as Rayleigh’s and Sparrow’s are based on the fringe structure produced by
Fresnel diffraction or Fraunhofer diffraction. However, these two diffraction theories are based on the assumption
of large-aperture scale and are thus incapable of describing the diffraction of subwavelength structure. We find
a singularity near the incident wave vector k0 in a subwavelength aperture by considering Rayleigh-Sommerfeld
diffraction. The diffraction fringe structure disappears once the aperture scale is smaller than a threshold value. A
two-point resolution criterion unrelated to the fringe structure is proposed based on the second-order derivative
of the field structure. Numerical results indicate that, for the illumination wavelength of λ = 500 nm, resolution
of two 100-nm rectangular holes under near-field Rayleigh-Sommerfeld diffraction is improved by about 300
and 20% in the x and z directions, respectively, compared with the Sparrow criterion, while the lateral resolution
limit is reduced to 35 nm.
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I. INTRODUCTION

Classical resolution criteria such as, most famously, the
Rayleigh criterion [1] and the Sparrow criterion [2] are
based on the fringe structure produced by Fresnel or Fraun-
hofer diffraction [3]. However, as the Fresnel approxima-
tion assumes that the aperture scale is much larger than
the wavelength level [4], its applicability on a subwave-
length scale is seriously questioned [5]. When considering
resolution problems for imaging on a subwavelength scale,
say, label-free super-resolution or nanoscale photonic circuits,
we should consider the more stringent Rayleigh-Sommerfeld
(RS) diffraction, which is proved to be a strict scalar or vector
diffraction formula in the half plane behind the screen with
given boundary conditions [6,7].

Due to the complexity of the high-frequency oscillation
term in the Rayleigh-Sommerfeld integral, calculus is gener-
ally performed numerically on a normal micron scale [8–10],
while comparison between RS diffraction and other diffrac-
tion formulas including Kirchhoff diffraction [11,12], Fresnel
diffraction [5,13], and other approaches [14,15] is studied
to facilitate the problem. For the diffraction problem on a
subwavelength scale, the complex effect of the high-frequency
oscillation term on the phase in the RS integral makes it
difficult to analyze the diffraction characteristics of the image,
and study devoted to such issue is rarely seen [16,17]. Mean-
while, when the aperture scale is reduced into subwavelength
level, it is generally recognized that vector diffraction theories
[18–21] are needed to explain the entire electromagnetic field
in the vicinity of the diffraction screen. Studies with different
approaches [20,22,23] have been devoted to such issue for a
long time but it was not until the publication of Ref. [22] that a
clear picture about the full vectoral behaviors in the near zone
(0 � z < d2/4λ) was achieved.
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In this paper, in a farther but more “practical in imaging”
zone (z > d2/4λ), we propose a theoretical scheme to un-
derstand RS diffraction on a subwavelength scale and point
out that, unlike what we generally take for granted, due to
a neglected singularity of the phase shift of each plane-wave
component, there is a threshold effect that, once the aperture
scale is smaller than a wavelength, diffraction fringes of the
aperture itself disappear and the final pattern will eventually
tend to a smooth spot regardless of any finer structure of
the screen, within the axial propagation distance of a few
wavelengths.

Therefore, the resolution problem of RS diffraction on a
subwavelength scale becomes an even harder question. Not
only can we not find an analytic function to predict the
diffraction pattern but also we face a smooth image without
any fringe structure for classical resolution criteria to resolve.
Thus, to break through the resolution limit of RS diffraction
on a subwavelength scale, we need an alternative resolution
criterion. In this paper, we try a step on the higher-order
terms of Taylor expansion in RS diffraction and propose a
criterion based on the second derivative of the image. Such
a criterion, which does not depend on the structure of the
image itself, is proven to achieve a better resolution than
classical criteria in general optical systems, under both coher-
ent and incoherent illumination. Moreover, numerical results
suggest an even greater improvement in the RS diffraction
system.

This paper is organized as follows. In Sec. II the basic
concepts of scaler RS diffraction and a further analysis with
numerical results are given to demonstrate the disappearance
of the fringe structure. In Sec. III analysis of the higher-order
terms of Taylor expansion of the two-point imaging model
and a resolution criterion based on the second derivative of
the image are proposed. The numerical result of resolution
improvement compared with the Sparrow criterion of a two-
hold model under RS diffraction follows in Sec. IV. Finally,
in Sec. V we present our conclusions.
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Calculations in this paper are set in the zone z > 0.1d2/4λ

suggested by Ref. [22] in which vectoral effect can be
somehow ignored while Kirchhoff boundary conditions are
reasonably valid. Since vectoral structure of the light field
is beyond the scope of this paper, we start with scaler RS
diffraction theory with Kirchhoff boundary conditions. A
further discussion about the validity of these assumptions is
given at the end of Sec. V.

II. DISAPPEARANCE OF FRINGE STRUCTURE

We now consider scaler RS diffraction under illumination
from a monochromatic plane wave parallel to the optical axis.
The result of the first and second RS integrals at any point
behind the screen is proved to be an exact solution to the scalar
wave equation:

∇2u + k2
0u = 0, (1)

where k0 is the incident wave vector. The first and second RS
integrals can be represented as

u(x, z) = −1

2π

∫ ∞

−∞
u(x′, 0)

∂

∂z

eik0

√
(x−x′ )2+z2√

(x − x′)2 + z2
dx′, (2)

u(x, z) = −1

2π

∫ ∞

−∞

[
∂

∂z
u(x′, 0)

]
eik0

√
(x−x′ )2+z2√

(x − x′)2 + z2
dx′, (3)

where x and x′ are the transverse coordinates perpendicular to
the optical axis on the image plane and the plane right behind
the diffraction screen, respectively, and z is the distance from
the diffraction screen to the image plane.

The solution of each of the formulas is proved
to be equivalent to the plane-wave representation as
follows [24]:

u(x, z) = F−1{U (kx, 0)exp(iϕ)}, (4)

where kx is the corresponding Fourier-transform coordinate
of x′, U (kx, 0) is the Fourier transform of u(x′, 0), and F−1 is
the inverse Fourier transform operation on the light field to its
lateral k space. Fig. 1 is a schematic diagram. Equation (4) can
be understood as the recombination of the plane-wave com-
ponents (including the evanescent waves) decomposed right
behind the object plane on the image plane. After propagating

FIG. 1. Plane-wave representation of one-dimensional RS
diffraction.

an axial distance z, each plane-wave component obtains a
phase shift:

ϕrs = zkz = z
√

k2
0 − k2

x . (5)

Notice here that the Fresnel diffraction formula could be
also represented by Eq. (4) but with a different phase shift [5]:

ϕ f = z

[
k0 − k2

x

2k0

]
. (6)

The term ϕrs reflects the influence of both kx and kz of
each plane-wave component on the phase superposition on
the image plane. For the shape of the final image, consider
the norm |u| of Eq. (4), where each point of the image plane
is the reflection of the variance of the phase contributed by
the different plane waves at that point. It is the variance of
this phase shift that determines the shape of the final pattern.
If ϕ(kx ) slowly changes in kx, the contribution of each plane-
wave component to the phase superposition on each point on
the image plane will be stable, and the final diffraction pattern
will be regular and predictable, forming the fringe structure
that is familiar to us. Differentiating on both sides of Eq. (5),

dϕrs = −z kx√
k2

0 − k2
x

dkx. (7)

When kx is small compared with k0, corresponding to the
normal micron scale, dϕrs/dkx is small and well fitted with
the Fresnel approximation:

dϕ f = −z
kx

k0
dkx; (8)

then contribution of each plane-wave component is stable and
predictable.

However, what is neglected in the Fresnel approximation
and the previous results is a singularity of dϕrs/dkx at kx = k0.
When the lateral diffraction scale is reduced to the wavelength
level, it is this part of the plane-wave components near the sin-
gularity k0 that begins to dominate and produce an anomalous
but significant contribution to the final disturbance.

When kx is large compared with k0, say kx tends to k0, the
term z kx√

k0
2−kx

2
tends to infinity:

lim
kx→k0

dϕrs

dkx
= −z kx√

k2
0 − k2

x

= −∞, when z �= 0, (9)

causing the phase shift of these plane-wave components to
vary rapidly in the range of −π to π and eventually cover the
entire phase interval. The difference of phase variance on each
point of the pattern composed by the lower-frequency signals
is compensated by such rapid change of phase, at which point
the image contrast begins to decrease and the fringe structures
begin to disappear.

Further, when the lateral dimension of the object is reduced
to the wavelength level, correspondingly in the k space,
this part of the plane-wave components begins to dominate,
causing a compensation for the phase difference of each
point on the image plane that is large enough to smooth
out all the fringe structure. Finally, regardless of any finer
structure, the pattern tends to be smooth and consistent after
propagating a few wavelengths in the z direction [as in Eq. (9),
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FIG. 2. Comparison of the normalized amplitude |u/u(0)| be-
tween Rayleigh-Sommerfeld diffraction and Fresnel diffraction of
one-dimensional rectangular apertures with different widths d , cal-
culated by the first Rayleigh integral Eq. (2) and the Fresnel approx-
imation Eq. (10), with boundary condition Eq. (11). λ = 500 nm,

z = 10 μm. The sampling interval on x and x′ is 5 nm.

where z appears as a multiplier in the numerator]. Such result
cannot be seen on a normal micron scale; due to the strong
nonlinearity near the singularity, there might be a threshold
that only when the lateral diffraction scale is reduced to a
certain value or a certain range around a wavelength will this
effect start to reveal itself.

To further demonstrate such effect, numerical results fol-
low. We now consider diffraction of a single one-dimensional
rectangular aperture under the illumination of a monochro-
matic plane wave parallel to the optical axis with different
aperture widths. Numerical results under RS diffraction and
Fresnel diffraction are shown in Fig. 2, calculated, respec-
tively, by the first Rayleigh integral Eq. (2) and the Fresnel
approximation:

u(x, z) = eik0z

izλ

∫ ∞

−∞
u(x′, 0)e

ik0 (x−x′ )2

2z dx′, (10)

where the incident wavelength λ = 500 nm. For different
boundary conditions, Ref. [25] has proved that their influence
on the final results on the image plane is almost the same
when it is not too close to the screen, therefore we choose
the simplest Kirchhoff boundary assumption, which is set to
be

u(x′, 0) = rect

(
x′

d

)
(11)

with d the aperture width. Reference [22] also demonstrates
well its validity in the region we have chosen. A detailed
discussion on this assumption will be given at the end of
Sec. V. In order to focus on the lateral scale, we only show
the result under the axial propagation distance z = 10 μm
here. A full result under other propagation distances from
z/(d2/4λ) = 0.1–10 is also given in the Appendix to better
illustrate the problem.

For a normal micron scale, as shown in Figs. 2(a) and 2(b),
when d = 8λ = 4 μm, in the vicinity of the paraxial region,
a fringe structure similar to Fresnel approximation is retained
in the RS diffraction, which is similar to the results shown in
Refs. [8–13]. However, when the aperture size is reduced to
several wavelengths, as what we have predicted, the part of the
plane-wave component near the singularity begins to increase,
causing the diffraction fringes to begin to disappear. As shown
in Fig. 2(c), when the aperture width is reduced to 4λ and 2λ,
the number of diffraction fringes of the aperture itself begins
to decrease conspicuously. Further, when the aperture size
is smaller than one wavelength, as shown in Figs. 2(e) and
2(g), the diffraction fringes disappear completely; with the
aperture size further reduced, the diffraction pattern no longer
changes significantly with the change of the aperture, reaching
the threshold condition for fringe disappearance. Since there
are no singularities in the Fresnel approximation, this effect
cannot be observed in the result of Fresnel diffraction. As
shown in Figs. 2(d), 2(f), and 2(h), the Fresnel diffraction
results for different aperture widths retain an infinite number
of diffraction fringes.

Another interesting point that should be noticed is, as
shown in Figs. 2(a), 2(c), and 2(e), the number of fringes
retained by the aperture in RS diffraction on the half axis
is directly equal to the ratio of aperture to wavelength d/λ.
More results shown in the Appendix further indicate that for
any z > 0.1(d2/4λ) the number of fringes retained in the
diffraction pattern of the aperture N is equal to

N = 2 × [d/λ] + 1, (12)

where [x] is the floor function that takes as input a real number
x and gives as output the greatest integer < x. When the
aperture is reduced to one wavelength, N = 1, the diffraction
fringe structure caused by the aperture disappears completely,
leaving only one smooth peak on the image plane. Such
threshold effect in Eq. (12) might be related to that of bound-
ary condition Eq. (11), the Fourier transform of which is

U

(
kx

2π
, 0

)
= d sinc

(
d

kx

2π

)
. (13)

When d = nλ, k0 is exactly the nth zero point of the sinc
function on the half axis. For other boundary conditions,
although the threshold effect may not conform to Eq. (12)
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FIG. 3. Normalized amplitude |u/u0| of different structures be-
low the wavelength level, calculated by the first Rayleigh integral
Eq. (2) with boundary condition Eqs. (14). λ = 500 nm, z = 1λ. The
three curves are shown as single-hole, double-hole, and three-hole
diffraction results, respectively. The aperture d of each hole is 0.2λ,
and the central distance r between the holes is 0.4λ. The sampling
interval on x and x′ is 5 nm.

exactly, the disappearance tendency of the fringe should be
inevitable, since the singularity of dϕrs/dkx is not dependent
on the boundary conditions u(x′, 0) but rather on the nature of
the RS diffraction itself. Other special properties only related
to the aperture to wavelength ratio d/λ on a subwavelength
scale were also reported in Refs. [6,22,25], indicating that a
specific shape of the boundary condition has little to do with
such effect and that it is the ratio d/λ that truly matters.

Results of different finer structures on a subwavelength
scale are shown in Fig. 3. Consider a more demanding
situation, that is, when the light field propagates only one
wavelength in the axial direction, with Kirchhoff boundary
conditions

u1(x′) = rect

(
x′

d

)
,

u2(x′) = rect

(
x′ − 0.5r

d

)
+ rect

(
x′ + 0.5r

d

)
, (14)

u3(x′) = rect

(
x′ − r

d

)
+ rect

(
x′ + r

d

)
+ rect

(
x′

d

)
,

where d is the aperture width and r is the central distance
between the holes. When the plane-wave components near k0

smooth the diffraction fringe structure of the aperture itself,
it is conceivable that the fringe reflects a finer structure and
the aperture should disappear simultaneously. As shown in
Fig. 3, within an axial propagation distance of one wave-
length, whether it is a single-hole, double-hole, or three-hole
structure, the final result is a smooth bright spot that tends
to be uniform after only one wavelength is propagated in the
axial direction. Regardless of different finer structure, the final
pattern will tend to be uniform and smooth, at which time
classical resolution criteria completely fail.

To summarize the above analysis, unlike what we usually
see in the Fresnel diffraction or RS diffraction on a larger
scale, there is a threshold effect that once the aperture size
is reduced to about one wavelength the diffraction fringes will

disappear due to the existence of the singularity of dϕ/dkx

at kx = k0. Regardless of different finer structures, the final
pattern will eventually tend to a uniform smooth spot after
propagating only a few wavelengths in the axial direction,
resulting in the failure of classical resolution criteria.

III. ALTERNATIVE CRITERION

Classical resolution criteria, as we have shown in the previ-
ous section, are ineffective when considering the RS diffrac-
tion results at subwavelengths scale. Due to the threshold
effect brought by the singularity, regardless of any finer struc-
ture, the diffraction pattern tends to a smooth image spot while
fringe structure disappears in a short propagation distance.
At this point, whether using the most well-known Rayleigh
criterion [1] or the more stringent Sparrow criterion [2], it is
impossible to resolve this smooth image formed by two points
but without any fringe (or central dip), although in theory,
as long as the optical system is sufficiently accurate, we can
find a certain mathematical model to “invert” and resolve the
so-called calculated images of the system [3,26,27]. However,
as we discussed in the previous section, for RS diffraction,
we cannot use an analytical function to calculate the imaging
results for Fraunhofer diffraction or Fresnel diffraction.

Nevertheless, although the high-frequency components
near the singularity quickly smooth out the fringe structure,
we can still find a certain rule in the process of the two points
approaching each other, so as to continue to “read” the smooth
image beyond the classical resolution criteria. Here we try
a step on the higher-order terms of Taylor expansion and
propose a two-point resolution criterion based on the second
derivative of the image. Such a criterion, which is not based
on the fringe structure of the image itself, will continue to
“recognize” the two-point image in a greater lateral distance
after the two points merge into a smooth spot, and also work
at a larger axial distance.

For a general two-point model, whether it is RS diffraction
or Fresnel diffraction, as long as the point spread function
is an even function, the extrema (fringe structure) near the
center of the image depends on the second-order derivative
value I ′′(0) ≡ d2I (x)/dx2|x=0 on its axis. When I ′′(0) = 0,
the fluctuation of the first derivative near the center point
disappears, so that the first derivative has only one zero point
near the center point, and correspondingly the central dip of
the image disappears, leaving only one peak at the center.
Therefore, the Sparrow criterion requires that the two points
approach each other until the second derivative on the axis
I ′′(0) = 0, and the image reaches its resolution limit.

However, after the center minima disappears, similar func-
tion shapes are still very likely to remain in their higher deriva-
tives. If this shape is different from the case of single-point
imaging, then we can still recognize it from its higher-order
derivative as the result of two-point imaging. With Taylor
expansion near the center of the image function,

I (x) = I (0) + I ′(0)x + I ′′(0)x2

2
+ · · · I (k)(0)xk

k!
, (15)

after arbitrary n-order derivation,

I (n)(x) = I (n)(0) + I (n+1)(0)x + · · · I (k)(0)xk−n

(k − n)!
. (16)

023814-4



RAYLEIGH-SOMMERFELD DIFFRACTION ON A … PHYSICAL REVIEW A 99, 023814 (2019)

Obviously, for any m � n, changing the m-order derivative
on-axis value I (m)(0) may affect the position and number of
extrema of I (x) itself, but it has no effect on the number and
locations of the extrema of I (n)(x). Therefore, looking back at
the Sparrow limit, although I ′′(0) affects the distribution of the
extrema near the center of the image I (x) itself, it has no effect
on the structure of the second derivative I ′′(x) [since I ′′(0) is a
constant in I ′′(x), Eq. (16)]. When the second derivative of its
single-point imaging is continuous, if its zero point is not an
extremum, the number of extrema of I ′′(x) does not change in
a smaller range of lateral center distance r after I ′′(x) = 0.

This means that now we can resolve a two-point image that
is completely blurred to even smooth by such a simple act. In
a two-point resolution model, when the two points are close
enough to each other and merge into a single smooth spot,
although we cannot directly observe the two peaks formed by
two points through the image, we can still recognize from
the structure of its second derivative that it is the imaging
result of two different points. Even in theory, any even-order
derivative can continue to retain such information of the last
even-order derivative. However, from the point of view of
actual measurement accuracy, we only consider to the second
order.

Therefore, in order to further resolve a smooth image
beyond classical resolution criteria, here we propose a two-
point resolution criterion: when the two-point sources are
close to each other until the number of extrema of the second
derivative of the image is exactly equal to that of the single-
point imaging, the image just reaches its resolution limit.
For general large-aperture far-field Fraunhofer diffraction
imaging systems, analyzing a certain point spread function,
this criterion is obviously effective and capable to improve
the resolution. Suppose a general rectangular large-aperture
system with a point spread function:

u = sinc

(
x

a

)
, (17)

where a is the Rayleigh limit of the spot. In incoherent
diffraction,

I = sinc2

(
x − 0.5r

a

)
+ sinc2

(
x + 0.5r

a

)
, (18)

where r is the lateral distance between the two point sources,
the resolution power is about 42.9% higher than the Rayleigh
limit and 18.5% higher than the Sparrow limit (Fig. 4),
calculated by

RI = (1/rs − 1/r0)/(1/r0) × 100%, (19)

where RI stands for the resolution improvement, rs is the reso-
lution limit under the second derivative, and r0 corresponds to
the Rayleigh resolution limit or the Sparrow resolution limit.
For coherent diffraction with different phase differences,

I = Re

[
sinc

(
x − 0.5r

a

)
+ eiσ sinc

(
x + 0.5r

a

)]2

, (20)

where σ is the phase difference, resolution can be further
increased by more than 20% over the Sparrow limit (Fig. 5).

From the above analysis, we can see that in the gen-
eral large-aperture Fraunhofer diffraction system the second

FIG. 4. Comparison of second-order derivative resolution and
classical resolution limits in general large-aperture incoherent
Fraunhofer diffraction, calculated by Eq. (18). Panel (a) shows the
normalized intensity I (x), panel (b) shows its second derivative
I ′′(x) in the x direction, r is the lateral distance between the two
point sources, and a is the Rayleigh limit. Dashed, dot-continuous,
continuous, and dot-dashed lines correspond to the Rayleigh limit,
the Sparrow limit, the second-order derivative limit, and single-point
imaging. Although the Sparrow limit appears when r is shortened to
around 0.83a, we cannot see the two-peak structure from the image
itself, but the second derivative retains the same extremum structure
until r is further reduced to 0.7a.

derivative criterion can continue to resolve a smooth image
beyond the classical resolution limit. Possible applications
should be further discussed. For now, to focus back on the res-
olution problem of RS diffraction on a subwavelength scale,
which is a more complicated problem, numerical analysis is
followed in the next section to examine the utility of this
criterion in RS diffraction.

IV. TWO-HOLE MODEL UNDER RS DIFFRACTION

For RS diffraction, as we discussed in Sec. II, when the
lateral dimension is less than one wavelength, the norm of
the optical field |u| on the image plane will quickly become
a single smooth peak within the axial propagation distance
z of several wavelengths. Considering that the two-point in-
coherent imaging result is a direct superposition of the two
envelopes at this time, the performance of the second deriva-
tive criterion should be similar to that of the large-aperture
far-field Fraunhofer system. However, for two-point coherent
imaging, the situation is different. We represent the final light

FIG. 5. Relative resolution limits of two-point coherent
Fraunhofer diffraction under (a) different criteria (the second
derivative limit over the Sparrow limit) and (b) resolution
improvement vs phase difference σ , calculated by Eqs. (19) and
(20), respectively.
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FIG. 6. Normalized intensity I (x) (a) and its second derivative
I ′′(x) (b) of coherent RS diffraction results of two 100-nm-wide
rectangular holes at different separate distance r with no phase
difference after axial propagation at z = 140 nm. Dot-continuous,
continuous, and dot-dashed lines correspond to the Sparrow limit,
the second-derivative limit, and single-point imaging, respectively.

field as the product of the norm and the angle:

u(x, t ) = |u(x)|exp[iϕ(x, t )]. (21)

As we discussed earlier, the plane-wave component near
the singularity compensates for the variance of the phase
difference at each point on the image plane, so that the
norm |u(x)| of each point tends to be evenly distributed.
However, when considering a single moment, each point
on the image plane will obtain a phase ϕ(x, t ) that differs
more from the other points. This larger difference of the
phase information may be more clearly manifested by the
second derivative, making the improvement of resolution of
the second derivative criterion versus the classical criterion
even more significant under coherent RS diffraction.

We now consider coherent RS diffraction of two one-
dimensional rectangular holes. For simplicity, we only con-
sider equal phase coherent diffraction with widths of each hole
fixed to 100 nm, and the incident wavelength λ = 500 nm.
For cases with more complex coherence, please see Ref. [16],
although it does not study the higher-order derivative of the
image, but it gives a very clear ideal diffraction image of
multipoint sources under different coherence. We define the
distance r between the two holes as the distance between two
adjacent sides of the holes, so that when r = 0 the two holes
just merge into one hole. As the diffraction fringe structure
of the aperture itself is completely gone at this point, the
Rayleigh criterion is out of our consideration.

First, consider the two-point imaging result of different
lateral distances r under a single longitudinal distance with
no phase difference. The results of the image intensity at
140 nm in the axial direction are shown in Fig. 6. Similar
to the case of large-aperture far-field Fraunhofer diffraction,
the second-order derivative criterion continues to resolve the
image within a shorter distance r after the Sparrow limit;
when r ∈ [35 nm, 140 nm], the central dip of the image itself
disappears, but its second derivative retains the same structure
of the extrema; it is when the central maximum of the second
derivative disappears at r = 35 nm that the image reaches its
second derivative limit. Nevertheless, compared with Fig. 4,
we can see that this extra resolution range is much larger
than that under the general Fraunhofer diffraction. Under such
conditions, resolution limit is reduced to 35 nm, which is 1/4
of the Sparrow limit, and the resolution power is increased

FIG. 7. Comparison of the resolution limits at different axial
propagation distances z under RS diffraction. The dotted line corre-
sponds to the Sparrow limit and the asterisked line corresponds to the
second derivative limit, defined as the minimum two-hole distance r
in accordance with the second-order derivative resolution criterion
and the Sparrow criterion. The on-axis sampling interval is 2.5 nm,
and the lateral sampling interval is 5 nm.

by 300%. At this point we still have to pay attention to the
width of each rectangular hole itself, which is 100 nm, and
the wavelength is 500 nm. This resolution limit will be further
reduced in a shorter axial distance; results under different
axial propagation distances are shown in Fig. 7.

As we can see from Fig. 7, within a certain axial propaga-
tion distance z, the lateral resolutions of the second derivative
are all increased by about 300% compared to the Sparrow
criterion. At the same time, due to the improvement of the
lateral resolution, the axial resolution capability is also im-
proved, and the second derivative criterion will work within
a longer axial distance. For lateral resolution, the Sparrow
resolution limit is up to 95 nm at an axial distance of 127.5 nm,
which is the distance of almost one aperture width. With
the increase of the propagation distance z, the resolution
limit increases to 160 nm at z = 145 nm. Since this model
considers the equal-phase coherent diffraction of two holes,
when the axial distance z is further increased, interference
fringes begin to appear on the axis after r > 160 nm (at this
point the total lateral dimension of the two holes is close
to one wavelength). As there is no central minimum while
diffraction fringes show up near the center, the Sparrow cri-
terion is completely ineffective. However, since the resolution
limit of the second derivative resolution criterion is much
smaller than the Sparrow limit, it can continue to be resolved
within a certain lateral distance as the axial distance increases.
When the axial propagation distance z increase to 175 nm the
image cannot be resolved by the second derivative criterion
due to the deformation of the interference. In addition to the
lateral resolution limit far beyond the Sparrow criterion, the
axial resolution depth of the second derivative criterion is
also 20.6% higher than the Sparrow criterion. At its axial
resolution limit of z = 175 nm, its lateral resolution limit of
65 nm is also 46.2% smaller than the Sparrow criterion at the
minimum lateral limit of 95 nm at z = 127.5. Even in such
comparison, the second-order derivative resolution criterion
improves the resolving power under RS diffraction far more
than that of the general large-aperture Fraunhofer diffraction.
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FIG. 8. Comparison of the normalized amplitude |u/u0| and the
real part Re(u/u0) at a single moment of RS diffraction (a) and
Fraunhofer diffraction (b), calculated by Eqs. (2) and (22), respec-
tively, with boundary condition Eq. (11). The incident wavelength
λ = 500 nm. Aperture width d = 200 nm, z = 140 nm in (a) and
d = 10 cm, z = 5 cm in (b) (consider a focal lens with large NA),
and the sampling interval on x and x′ is 5 nm. Although under such
conditions the norms of the light field |u| of RS diffraction and
Fraunhofer diffraction share a similar size, the real part differs from
the norm in panel (a) while it does not in panel (b), indicating that
phase information is still stored in RS diffraction on such a scale
while it is not in Fraunhofer diffraction.

Numerical results above show a significant improvement
in the lateral resolution of two symmetrical rectangular holes
with a width of 100 nm under coherent RS diffraction,
which is much greater than that under general large-aperture
Fraunhofer diffraction. This surprising result may be due to
the fact that in subwavelength RS diffraction, although the
norm of light field |u| no longer retains the fringe structure,
the difference between the phases of each point on the image
plane is rather serious, hiding information in the real part
[Fig. 8(a)]. Such information might be somehow reflected
by the second derivative during the coherent process so that
the lateral resolution is significantly improved. For a general
large-aperture Fraunhofer diffraction system,

u(x) = C e
ik0x2

2z F {u(x′)}|x/(λz), (22)

phase difference between each point on the image plane is
generally independent of position, and the shape of the norm
of the light field directly reflects the shape of the real part
[Fig. 8(b)]. Therefore, although the second derivative can
still improve the resolution beyond the classical criterion, the
improvement is not as large as in the subwavelength scale RS
diffraction.

A complete theoretical explanation may be obtained by
treating the light field behind a small hole (d < λ) as the point
spread function of the first RS integral [Eq. (2)] with a scalar
factor c: PSF(x/c), where

PSF(x) = ∂

∂z

(
eik0

√
(x)2+z2√

(x)2 + z2

)
, (23)

since when below the threshold (d < λ) the diffraction pattern
of each hole does not change significantly with the reduction
of the aperture width (as discussed in Sec. II and the Ap-
pendix). Also, it is similar to the results of the no-width ideal
point imaging given in Ref. [16].

With such threshold effect, we also have reasons to be-
lieve that the lateral resolution limit of the second derivative

criterion will further reduce as the width of the two holes
shrinks; meanwhile, the axial resolution will also increase.
With all the results above, it is convincing to conclude that
the second derivative criterion might significantly improve the
lateral and axial resolution of subwavelength RS diffraction
beyond traditional resolution limits.

V. CONCLUSION

In conclusion, we first point out that, due to the presence of
a singularity of dϕ/dkx [Eq. (3)] at kx = k0 in RS diffraction,
a threshold effect occurs when the lateral dimension of the
object is less than one wavelength. At this point, the diffrac-
tion fringes of the aperture itself disappear in the norm of the
light field, and no matter how fine the structure is the final
image will quickly become smooth and consistent within the
axial propagation distance of several wavelengths, resulting in
the failure of the classical criterion.

To further solve the resolution problem of RS diffraction
at subwavelength scale, a two-point resolution criterion based
on the structure of the second derivative of the image is
then proposed. By Taylor expansion, we theoretically proved
that the criterion can continue to resolve a smooth two-
point image without any fringes or a central dip beyond the
classical resolution limit. For a general large-aperture Fraun-
hofer diffraction system, this improvement can be accurately
calculated.

Moreover, for coherent RS diffraction at subwavelength
scale, a much greater improvement in the lateral resolution
suggested by the numerical results is reported here, namely,
that the lateral resolution of the second derivative resolution
criterion is about 300% higher than the Sparrow criterion
over different longitudinal distances. Meanwhile, due to the
improvement of the lateral resolution, the axial resolution
capability is also improved. This surprising result may be due
to the fact that the phase difference at each point on the image
plane is more severe in RS diffraction at the subwavelength
scale and this difference can be reflected by the second
derivative of the image.

Calculations in this paper are produced by one-dimensional
scaler RS diffraction with Kirchhoff boundary conditions. For
the vectoral structure of the light behind a perfectly conduct-
ing screen with zero thickness, Refs. [18,22] have given an
almost perfect vectoral solution by means of the Hertz vector
model, with experimental proof by Refs. [28,29]. Distribution
of Poynting vector S and the validity of Kirchhoff boundary
conditions are also examined in detail in Ref. [22]. For a
perfectly conducting screen with apertures at subwavelength
scale (d/λ ∈ 0.1 ∼ 10) (incident by a linearly polarized plane
wave with E in the x direction and H in the y direction), Guha
and Gillen have demonstrated [22] that by inviting Kirchhoff
boundary conditions calculated fields of light only have a
major difference of asymmetry in Ex and Sz in the extreme
near zone (z � 0.2d2/4λ), while Hx and Hy are exact and
Ey, Ez, and Hz are different but with negligible magnitude
(Secs. 3 and 6.1 in Ref. [22]). When z > 0.2(d2/4λ) (Sec 6.2),
asymmetry of the light spot in x and y directions begins to
vanish (Fig. 11 in Ref. [22]), and the on-axis value of |Ex/E0|2
calculated by the Hertz vector and Sz/S0 calculated by both
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the Hertz vector and Kirchhoff boundary conditions no longer
hold noticeable difference (Fig. 10 in Ref. [22]).

All these results suggest that for apertures in subwave-
length scale, when ignoring the longitude components of the
light field and the lateral component of the Poynting vector,
using one-dimensional scaler RS diffraction formulas with
Kirchhoff boundary conditions is valid enough to presume
the shape of the light spot in the zone where z � 0.2d2/4λ.
All calculations in the main part of the paper are set in this
zone; in fact, most of them are set in a much farther zone
z > 1(d2/4λ), and only a small part of the results of Fig. 9
are set near z > 0.1(d2/4λ) as a supplement.

More computational and experimental data with theoretical
analysis that support this view can be found in Ref. [25] and
references therein. We believe that using the scaler assumption
and Kirchhoff boundary conditions is valid enough for our
paper. Though a full vectoral theory is of interest, we believe
that our resolution criteria can enable more far-field and
near-field structured-light super-resolution systems to further
achieve higher resolution. We would like to pursue this goal
in future work.
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APPENDIX

Here we supplement the RS diffraction numerical results
of a one-dimensional rectangular hole with different aperture
sizes d and axial propagation distance z. To show more clearly
how the threshold effect is related to the ratio d/λ, we use two
dimensionless ratios x1 = x/d and z1 = z/(d2/4λ) to replace
the spatial coordinates. We can clearly see from Fig. 9 that
when d > λ the number of diffraction fringes on the half axis
is exactly equal to the aperture to wavelength ratio d/λ. Such
effect does not change for a larger number of z1. When d is
reduced to 1λ, the aperture no longer diffracts any fringes,
but quickly tends to a smooth bright spot as we discussed in
Sec. II. At the same time, we can see that when the aperture
is smaller diffraction patterns do not change notably under the
ratio coordinates x1 and z1, supporting the conclusion at the
end of Sec. IV.

Our paper does not consider the transmission function, that
is, the power decreasing function after the light passes through
a small hole. For a detailed analysis of this issue, please refer
to Ref. [22].

FIG. 9. The norm of light field |u| in the half plane after the diffraction screen of a one-dimensional rectangular hole with different aperture
sizes d under the illumination of a monochromatic plane wave parallel to the optical axis, calculated by the first Rayleigh integral Eq. (2) and
boundary condition Eq. (11) with dimensionless coordinates x1 and z1. Incident wavelength λ = 500 nm, the axial sampling interval of z1 is
0.1, and the lateral sampling interval on either x′ or x is 0.01d . For clarification on axis values and the power transmission problem, please
refer to Ref. [22].
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