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We report a measurement of the valence orbital-momentum profiles of mercury (Hg) using a high-sensitivity
binary (e, 2e) electron-momentum spectrometer at incident energies of 600 and 1200 eV plus the binding
energy. The 6s1/2 orbital and the spin-orbit components of 5d5/2 and 5d3/2 orbitals are well separated in the
measured binding-energy spectra. The experimental momentum distributions for the individual orbitals and
the branching ratio of 5d5/2 to 5d3/2 are obtained and compared with predictions from a plane-wave impulse
approximation (PWIA) in which the orbital wave functions are calculated using the nonrelativistic (NR) and
spin-orbital (SO) relativistic theories. The SO relativistic calculations are in better agreement with experiment
than the NR, indicating clearly the importance of relativistic effects in the electronic structure of Hg. We also
observe some discrepancies between experiment and PWIA calculations in the high-momentum region of 6s1/2

and the low-momentum region of 5d orbitals which display a dynamic dependence on the impact energy. These
discrepancies become smaller at a higher energy of about 1200 eV and thus can be qualitatively assigned to the
distorted-wave effect in the (e, 2e) reaction of Hg.
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I. INTRODUCTION

It has been recognized since the early 1970’s [1–4] that
many aspects of the physical and chemical properties of
heavy atoms and their compounds are determined by the
influence of relativistic effects on their electronic structure.
Recent calculations have consequently shown the influence
of relativity on the color and bond lengths of heavy-metal
chemical compounds, as well as its importance in catalysis.
This can explain, for example, the color of gold carbene
complexes [5] and the low melting point of mercury [6].
The phenomena observed in compounds of heavy atoms such
as phosphorescence, magnetism, or the tendency for high
valency in chemical reactions can be traced back to relativistic
effects determining their electronic structure [1–6].

Electron-momentum spectroscopy (EMS) or binary (e, 2e)
spectroscopy is a powerful tool for studying the electronic
structure of atoms, molecules, and solids [7–11]. It is based
on a kinematically complete electron-impact ionization or
(e, 2e) experiment near the so-called Bethe ridge condition.
Within the plane-wave impulse approximation (PWIA), the
(e, 2e) cross section measured with high-energy electrons
(∼1000eV) can be directly related to the electron density
distribution in momentum space for the ionized orbital. This
is the orbital electron-momentum profile defined as the square
modulus of its wave function in momentum space [8,9].
As a result, the measured cross sections usually do not de-
pend on the impact energy [7–11]. This technique allows
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one to measure both the binding energy and the electron-
momentum distribution for each individual orbital. With re-
spect to this, EMS can be regarded as a sensitive probe of how
relativistic effects in heavy-element contained systems influ-
ence the energies of the different electronic spin orbitals and
also the orbital electronic structure.

The first seminal works of relativistic effects in heavy
atoms using the EMS method were reported by Mitroy and
Fuss [12] and Cook et al. [13] in the 1980’s. Since then,
several EMS measurements in heavy-element atoms and their
compounds have been performed (see, e.g., Refs. [14–23]).
Among these studies, theory has predicted the strong relativis-
tic effect in the electron-momentum distributions of the 6s and
5d orbitals of mercury [12].

In the present work, we conducted high-resolution and
high-sensitivity EMS experiments for the valence orbitals of
mercury (Hg) at projectile energies of about 600 and 1200 eV
in order to trace the relativistic effects in its electronic struc-
tures and also to examine the possible distorted-wave effects
in EMS as a function of impact energy [24–30]. The binding-
energy spectra which cover the binding energies ranging from
5 to 20 eV were measured with high statistical accuracy.
The spin-orbital relativistic effects of Hg were clearly ob-
served by the measurements of the momentum distributions
for the individual orbitals of 6s1/2, 5d5/2, and 5d3/2 and the
cross-section ratio of 5d5/2 to 5d3/2 as a function of the
momentum which were compared with the nonrelativistic and
spin-orbital relativistic calculations using density functional
theory [31,32].

This paper is organized as follows. After a brief description
of the experimental apparatus in Sec. II, we summarize the

2469-9926/2019/99(2)/022705(6) 022705-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.99.022705&domain=pdf&date_stamp=2019-02-15
https://doi.org/10.1103/PhysRevA.99.022705


SHENYUE XU et al. PHYSICAL REVIEW A 99, 022705 (2019)

essential points of the theoretical calculations in Sec. III. The
results are presented and discussed in Sec. IV, before we finish
with the conclusions in Sec. V.

II. EXPERIMENTAL SETUP

The experiment was performed using a high-resolution
and high-sensitivity (e, 2e) electron-momentum spectrometer.
The details of this apparatus have been reported in previous
works [33–36] and hence will not be repeated here. Briefly,
a double toroidal energy analyzer is equipped with two
position- and time-sensitive detectors to detect the two out-
going electrons in coincidence. It utilizes a noncoplanar sym-
metric geometry, i.e., the two outgoing electrons have almost
equal energies and equal polar angles (θa ≈ θb = 45◦) with
respect to the direction of the incident electron beam. By using
position-sensitive electron detectors the measurement can be
done for a range of electron energies and azimuthal scattering
angles simultaneously. Therefore, the data-acquisition effi-
ciency is greatly increased with respect to conventional single
energy and angle detection techniques. The electron beam was
produced by an electron gun equipped with an oxide cathode,
which can work at a much lower temperature (∼1100 K), and
thus a lower-energy spread of about 0.3 eV of the electron
beam can be achieved.

In the present experiment, the low vapor density of Hg and
the low (e, 2e) cross sections especially for the 5d ionization
channel, as well as its known toxicity have posed a major
challenge for the EMS measurements of Hg. Here, the gas
line outside and inside the vacuum chamber was gradually
heated up to ∼100 ◦C to maintain a stable and high-density
Hg gas target in the (e, 2e) reaction zone. Moreover, the pass
energy of the toroidal analyzer was set to 100 eV instead of
the commonly used 50 eV to increase the detection efficiency
of the electrons. It took about 2 months of data collection time
in order to obtain a sufficiently high statistic accuracy of the
experimental data, especially for the 5d ionization channel.
The binding-energy resolution in the present work is about
1.1 eV, and angular resolutions are �θ = ±0.6◦, and�φ =
±0.85◦, respectively, which were obtained with a calibration
measurement on argon.

Using energy and momentum conservation, the binding
energy ε and recoil ion momentum �q can be determined with
the measurements of energies and momenta of the incident
electron (E0 and �p0) and the two outgoing electrons,

ε = E0 − Ea − Eb, (1)

�q = �p0 − �pa − �pb. (2)

Under high impact energy and high-momentum-transfer con-
ditions, PWIA usually provides a good description of the
(e, 2e) reaction and the ionized electron essentially undergoes
a clean “knockout” collision, as prescribed by the binary en-
counter approximation. The residual ion acts as a spectator in
the (e, 2e) reaction, and the target bound-electron momentum
�p is equal in magnitude but opposite in sign to the recoil ion
momentum �q. The magnitude of the electron momentum p is
related to the out-of-plane azimuthal angle φ between the two

outgoing electrons,

p =
√(

p0 −
√

2pa
)2 + 2p2

a sin2(φ/2), (3)

where p0 and pa (pa = pb) are the momenta of the incident
electron and the outgoing electrons, respectively.

III. THEORETICAL CALCULATIONS

A full discussion of the theory of EMS and the various
approximations made to calculate (e, 2e) cross sections can
be found in the literature [7–11]. Briefly, within the plane-
wave impulse approximation (PWIA) framework, and the
target Hartree-Fock approximation (THFA) or the target
Kohn-Sham approximation (TKSA), the triple-differential
cross section (TDCS) is given by

d3σ

d�ad�bdEb
∝ S f

i

∫
d�|ψi(p)|2, (4)

where ψi(p) is the momentum space representation of a
canonical Hartree-Fock or Kohn-Sham orbital wave function,
and S f

i denotes the associated spectroscopic factor, which
accounts for the shake-up processes due to configuration
interactions in the final state. The atomic orbitals were cal-
culated using the density functional theory (DFT) along with
the standard hybrid Becke three-parameter Lee-Yang-Parr
(B3LYP) functional method by means of the Amsterdam
density functional (ADF) program. The nonrelativistic (NR)
and the spin-orbital (SO) relativistic calculations were per-
formed using the full-electron triple-zeta doubly polarized
basis set (TZ2P) via the zero-order regular approximation
(ZORA). The resulting atomic orbitals were used to generate
the theoretical momentum space wave function. It is noted
that the distortion interactions for all continuum electron wave
functions are neglected in the present calculations.

The calculations have included the relativistic effects us-
ing the spin-orbit relativistic method. It is a two-component
relativistic method which provides spin-orbit splitting com-
ponents. The orbital wave function obtained has the following
form [21],

	(r) = 	α (r)α + 	β (r)β, (5)

where α and β are the spin variables and which are orthogonal
to each other. 	α (r) and 	β (r) are the r space wave-function
components for the spins α and β, respectively. The the-
oretical momentum profiles |	(p)|2 for the two-component
orbitals are calculated through a Fourier transformation of the
wave functions in r space as described in Eq. (6),

|	(p)|2 = |	α (p)|2 + |	β (p)|2, (6)

where |	α (p)|2 and |	β (p)|2 are the momentum profiles of
the spin α and β components.

IV. RESULTS AND DISCUSSIONS

An Hg atom has 80 electrons with a weight of about 200.59
atomic mass units. Its electronic configuration in the ground
state can be written as [Xe]4 f 145d106s2.

Figure 1 presents the measured binding-energy spectrum
of Hg obtained at an impact energy of about 1200 eV. It was
constructed by summing all the genuine coincidence signals
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FIG. 1. Measured binding-energy spectrum summed over all az-
imuthal angles φ, obtained at an impact energy of about 1200 eV.
The lines represent Gaussian fits to the data.

over the entire φ angles covered and by plotting the coinci-
dence counts as a function of binding energy ε in the range
from 5 to 20 eV. Three major peaks are clearly identified from
the measured binding-energy spectrum in which a dominant
peak can be seen at ε = 10.4 eV for the 6s1/2 orbital. It also
shows a complete separation of the spin-orbit components of
5d5/2 and 5d3/2 orbitals at ε = 14.9 and 16.8 eV, respectively.
To obtain the experimental momentum distribution for each
orbital, the binding-energy spectra at the different φ angles
were fitted with multiple Gaussian functions. The experimen-
tal momentum distributions were obtained by fitting the peak
area for each orbital plotted as a function of the momentum p
which was calculated from the azimuthal angle φ by Eq. (3).

The measured momentum distributions of the 6s1/2 orbital
with impact energies of about 600 and 1200 eV are presented
in Figs. 2(a) and 2(b) on linear and logarithmic scales, re-
spectively. Also included in the figures are the nonrelativistic
(NR) and the spin-orbital (SO) relativistic calculations under
PWIA. The theoretical calculations have been folded with
the instrumental momentum resolutions using a Monte Carlo
method [37]. Here, the two theories differ strongly in mag-
nitude, especially in the low-momentum region (p < 0.5 a.u.)
where the calculated intensity by the NR is higher than the SO
relativistic calculation. This phenomenon is consistent with
earlier calculations by Mitroy and Fuss [12].

The experimental momentum distributions were measured
on a relative scale, hence, to make a proper comparison
between theories and experiment for the 6s1/2 orbital,
we normalize the experimental momentum distributions to
the SO relativistic calculation at the momentum origin
(p ∼ 0 a.u.). Here, the NR calculation has been renormalized
by a factor of 0.73 to match the p ∼ 0 height of the SO
relativistic calculation [see the short dashed lines in Figs. 2(a)
and 2(b)]. The experimental momentum distributions of the
6s1/2 orbital display a typical s-type characteristic with a
maximum near the momentum origin. Such s-type momentum
distributions are generally reproduced by both theories. Con-
cerning the shape at low momenta (p < 0.7 a.u.), relatively
good agreement is obtained between the experiment and the

FIG. 2. Comparison of momentum profiles between experiment
and theory for the 6s1/2 orbital of Hg in the linear plots of (a) and the
logarithmic plots of (b). The solid circles and opened diamonds with
error bars are the experimental data at impact energies of about 600
and 1200 eV, respectively. Solid lines: Spin-orbital (SO) relativistic
calculation. Dashed lines: Nonrelativistic (NR) calculation. The short
dashed curves are a renormalization of the NR calculation.

SO relativistic calculation. The nonrelativistic theory predicts
a more sharply peaked momentum distribution. In general, a
wave function in position space is uniquely related to the wave
function in momentum space by a Fourier transformation.
Here, the Fourier transform may affect largely the radial part
of a wave function, namely, high density at small r leads to
high density at large p and vice versa [7–11]. This means that
the nonrelativistic theory will give a more diffuse orbital wave
function for the 6s1/2 orbital of Hg than the SO relativistic
theory.

In spite of the agreement in shape at low momenta between
experiment and relativistic theory, however, one may notice
some differences at high momenta for the 6s1/2 orbital. It
would be easier to see the discrepancies in the logarithmic
plots of Fig. 2(b) rather than the linear plots. The PWIA begins
to deviate from the experiments at p ∼ 0.7 a.u. In the high-
momentum range (p > 0.7 a.u.) the experimental intensity
is increased by roughly one order of magnitude compared
with PWIA calculations, where the increased intensity is more
evident at an impact energy of about 600 eV, and becomes
smaller at 1200 eV. The PWIA calculations are unable to
reproduce the higher intensity observed at high momenta for
the 6s1/2 orbital.
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The higher-momentum region of momentum profile in-
volves contributions from the smaller r region, near the nu-
cleus where potentials of the target atom and the residual
ion may distort the electron waves from the plane waves.
Such increased intensity in the high-momentum range can be
qualitatively explained by the distortion of the incoming and
outgoing electron waves in the target and the ion potentials
since the size of the effect decreases with increasing impact
energy [24]. Increased intensity at high momenta has been
observed in the atomic ns orbitals of Ar, Kr, and Xe [38] where
the distorted-wave calculations confirmed quantitatively the
idea that the higher intensity in experiment at high momenta is
associated with the distorted-wave effects. Other effects, such
as electron correlation, have been mentioned in the literature
as a possible reason for the higher intensity in experiment at
high momenta [38].

The momentum distributions of the 5d orbitals of Hg are
presented in Fig. 3. The individual one-electron-momentum
distributions for the spin-orbit splitting components 5d5/2

and 5d3/2 were measured at impact energies of about 600
and 1200 eV, as shown in Figs. 3(a) and 3(b). The total 5d
cross sections are presented in Fig. 3(c). Here, the theoretical
momentum distributions have been carried out using the SO
and NR calculations in which the 5d5/2 and 5d3/2 momentum
distributions have been obtained individually by the SO rela-
tivistic theory, while the nonrelativistic theory gives the same
shape and magnitude for both momentum distributions.

To compare the experimental momentum distributions with
theories, a normalization procedure is needed because the
measured (e, 2e) momentum profiles are not on an absolute
scale. A global normalization factor was determined by fitting
the total 5d cross sections for 600- and 1200-eV impact
energies to the theoretical one at p ∼ 1.4 a.u. for both SO and
NR calculations [13] [see in Fig. 3(c)], and then this factor was
used to normalize the experimental one-electron-momentum
profiles of the spin-orbit splitting components 5d5/2 and 5d3/2

in Figs. 3(a) and 3(b), respectively.
The theoretical momentum profiles yield a momentum

density of zero at p ∼ 0 a.u., and with a maximum at
p ∼ 1.1 a.u. for the SO calculations while the peak is located
at p ∼ 1.23 a.u. for the NR calculation. These calculations
are generally consistent with the earlier EMS predictions on
the 5d orbitals of Hg [12]. It is shown in the experimental
momentum distributions that the peak intensity of the 5d5/2

orbital is higher than the 5d3/2 orbital. The figure shows that
the SO calculations are in very good agreement with the
experimental data in both the shape and the magnitude at
high momenta (p > 1.0 a.u.), showing clearly that the SO
relativistic wave functions are more realistic than the nonrel-
ativistic ones. However, at low momenta (p < 1.0 a.u.), there
is an unexpected higher intensity observed experimentally
compared to both SO and NR calculations under PWIA,
which has been called the turn-up effect in EMS [24]. Such
turn-up effects can be qualitatively explained by the distortion
of the incoming and outgoing electron waves in the target
and the ion potentials, because the discrepancy between ex-
periment and theory becomes smaller at an impact energy
of 1200 eV in comparison with the results at 600 eV. The
orbital symmetry analysis indicates that the low momenta
can contribute to the electron density in the near nuclear

FIG. 3. Comparison of one-electron-momentum profiles be-
tween experiment and theory for 5d5/2 in (a), and 5d3/2 in (b);
the total 5d cross sections are shown in (c). The solid circles and
open diamonds with error bars are the experimental data at impact
energies of about 600 and 1200 eV, respectively. Solid lines: Spin-
orbital (SO) relativistic calculation. Dashed lines: Nonrelativistic
(NR) calculation.

region in atomic nd orbitals where distortion effects should
be the strongest. Increased intensity at low momenta has
been observed in the atomic nd orbitals of Xe, Cr, Zn, Mo,
and Cd where the distorted-wave calculations confirmed that
such distortion effects should decrease with increasing impact
energy [24]. Unfortunately, theoretical calculations using the
distorted-wave approximation for Hg have not been reported
so far.

The branching ratio of 5d5/2 : 5d3/2 differential cross sec-
tions measured at an impact energy of 1200 eV is presented
in Fig. 4 as a function of the momentum p. Nonrelativistic
theory predicts that the branching ratio is independent on
the momentum and is simply equal to the relative statistical
weights, namely, 1.5:1, shown as the dashed curve in the
figure, while the measured cross-section ratio deviates signif-
icantly from the constant value of 1.5, indicating directly the
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FIG. 4. The branching ratio of 5d5/2 : 5d3/2 cross sections as a
function of the momentum for Hg. Solid lines: Spin-orbital (SO) rel-
ativistic calculation. Dashed lines: Nonrelativistic (NR) calculation.
The open diamonds with error bars represent the experimental data
at an impact energy of about 1200 eV.

influence of relativistic effects in the electronic structure of
Hg. Also shown in the figure by the solid curve is the branch-
ing ratio given by the SO relativistic calculation. It agrees
well with the experimental ratio in the high-momentum range
(p > 1.0 a.u.). At low momenta (p < 1.0 a.u.) the relativistic
SO calculation predicts a maximum located at p ∼ 0.3 a.u.
with a peak value of about 2 while a minimum is observed in
the experimental data with a value of about 1. This is most
likely due to the aforementioned distorted-wave effect which
is not included in the present calculations.

V. CONCLUSIONS

We have reported a combined experimental and theoretical
study of the electronic structure of the mercury (Hg) valence
orbitals by electron-momentum spectroscopy (EMS). The

electron-momentum profiles of the 6s and 5d orbitals were
measured using a high-sensitivity binary (e, 2e) spectrometer
at impact energies of about 600 and 1200 eV. The binding-
energy resolution of �ε ∼ 1.1 eV allows us to resolve clearly
the spin-orbital splitting components 5d5/2 and 5d5/2 where
the branching ratio of 5d5/2 : 5d3/2 as a function of the mo-
mentum shows directly the relativistic effect in the electronic
structure of Hg.

The experimental momentum distributions for the individ-
ual orbitals were obtained and compared with the nonrel-
ativistic (NR) and spin-orbital (SO) relativistic calculations
within the plane-wave impulse approximation (PWIA). It
was found that the SO calculations are in better agreement
with the experimental data than the NR, showing clearly that
the relativistic SO wave functions are more realistic than
the nonrelativistic one. The current NR and SO relativistic
calculations are generally consistent with the earlier EMS
prediction of a relativistic effect in the valence orbitals of Hg
[12], which has been justified by the present measurements.

At high momenta of 6s and low momenta of 5d orbital-
momentum profiles, the experimentally observed intensity
was higher than expected and also showed an energy de-
pendence not predicted by the PWIA. These discrepancies
can be qualitatively explained by the distortion of the in-
coming and outgoing electron waves in the target and the
ion potentials since the discrepancy between experiment and
theory decreases with increasing impact energy. Finally, it is
to be noted that the present PWIA calculations are far from
satisfactory for reproducing the higher intensity observed at
high momenta of 6s1/2 and low momenta of 5d orbitals of Hg.
More sophisticated models combining both distorted-wave
approximation [23,38–40] and relativistic effects [41,42] are
expected to fully describe the experimental (e, 2e) momentum
profiles of the valence orbitals of Hg.
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