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Universal quantum gates between nitrogen-vacancy centers in a levitated nanodiamond
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We propose a scheme to realize the controlled-phase gates between nitrogen-vacancy (NV) centers in an
optically trapped nanodiamond, through a uniform magnetic field-induced coupling between the NV centers
and the torsional mode of the levitated nanodiamond. The gates are insensitive to the thermal noise of the
torsional mode. By combining the scheme with the dynamical decoupling, it is found that the high-fidelity
universal quantum gates are possible with present experimental technology. The proposed scheme is useful for an
NV-center-based quantum network and distributed quantum computation.
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I. INTRODUCTION

Quantum computation is widely believed to be the core
of the next generation of information technology. It could be
used to solve problems that are intractable for classical com-
puters, such as prime factoring [1], quantum simulation [2],
machine learning [3], optimization [4], etc. In order to realize
practical quantum computation, many physical systems have
been investigated [5,6], such as trapped ions [7], supercon-
ducting qubits [8], nitrogen-vacancy (NV) centers in diamond
[9,10], etc. Compared with other systems, the NV centers
can perform quantum tasks, such as individual addressing,
initialization, and manipulation even at room temperature.

The last decade has witnessed great progress in NV-center-
based quantum information processing. In an NV center,
there is an electron spin surrounded by nearby nuclear spins.
The nuclear spins can be used as long-time (>1 s) quantum
memory at room temperature [11]. The universal quantum
gates with fidelity above a fault-tolerant threshold between the
electron spins and the nuclear spins have been realized under
ambient conditions [12,13]. The phase-flip errors have been
corrected by error correction codes with three qubits in the NV
center [14,15]. To correct both phase-flip and bit-flip errors, at
least five qubits need to be used, which is experimentally a
challenge for the NV center system.

The practical quantum computation should be not only
fault tolerant, but also scalable. As proposed in Refs. [16–18],
the scalable quantum computation in NV centers could be
realized by connecting the small quantum registers with quan-
tum channels. The NV centers in the distant diamonds have
been entangled through interference and post selection of
the emitted photons [19]. Using a similar method, quantum
teleportation [20], Bell inequality tests [21], entanglement
distillation [22], and deterministic entanglement distribution
[23] have been realized with NV centers in distant diamonds.
Though quantum network based on the NV centers develops
quickly, the small number of NV centers in each quantum
node limits the computational ability of the whole network.
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Up to now, in a single diamond only two NV centers’
electron spins have been entangled through the direct coupling
[24]. In order to increase the number of the NV center qubits
in a single quantum register, many theoretical schemes have
been proposed, such as the dark spin chain data bus [25,26],
cavity QED [27,28], hybrid NV centers via superconducting
circuits [29–33], etc. In recent years, more and more attention
has been given to the approach of linking NV centers with
mechanical modes (phonons) [34–37]. The strong coupling
between NV centers and mechanical phonon modes could
be realized through the magnetic field [38–41] or the strains
[42]. In these systems, the multipartite entanglement between
NV centers [43,44], quantum simulation [40], single-phonon
source and detector [45,46], etc., have been investigated.

In this paper, we propose a scheme to realize the
controlled-phase gate between NV centers in a levitated nan-
odiamond. The scheme is inspired by the Sørensen-Mølmer
gates for hot trapped ions [47,48]. Here the qubits are de-
fined as the NV center electron spins, and the quantized
torsional mode serves as the quantum bus. The strong spin-
torsion coupling is induced by an uniform external magnetic
field [40,41], in contrast to the the experimentally difficult
105–107 T/m magnetic field gradient required [38,39] to
couple the translational mode to the NV center electron
spin. Combining with single-qubit operations and dynamical
decoupling, we can achieve high-fidelity universal quantum
gates in this system. Therefore, as a small universal quantum
computer, the levitated nanodiamond with built-in NV centers
could be a quantum node in a large quantum network, which
may form a powerful distributed quantum computer. The two
main decoherence effects, rethermalization of the mechanical
motion and dephasing of the NV centers, are analyzed both
analytically and numerically. Finally, we discuss the scalabil-
ity of the scheme.

II. THE PROPOSED SETUP

We consider an optically trapped ellipsoid nanodiamond
with long semiaxis rz and short semiaxes rx,y in a static
magnetic field �B, as shown in Fig. 1(a). Two NV centers
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FIG. 1. (a) An ellipsoid nanodiamond with two NV centers
placed at two ends of its long axis is optically trapped in vacuum.
(b) There are two NV centers in the levitated nanodiamond. A
uniform magnetic field induces the strong coupling between the
torsional mode and the NV center electron spin. The rotational
direction �n is perpendicular to both the axis of the NV centers
electron spins and the magnetic field �B. The torsional motion of the
nanodiamond leads to the change of the angle θ between the direction
of the NV center electron spin1 and �B.

are located at each end of the long axis and along different
directions so that their magnetic field-induced energy-level
shifts are different, thus allowing single-qubit addressing in
the frequency domain. Here the qubits are defined as electron
spins in the diamond NV centers, and the controlled-phase
gate between the electron spins is mediated by the torsional
mode of the nanodiamond. The long axis of the nanodiamond
is assumed to be around 300 nm, which not only supports
the individual readout the states of the NV centers, but also
makes the dephasing induced by dipole-dipole interactions
between NV centers approach kHz at room temperature [49].
The coupling between the two NV centers is on the order of
Hz [50], which is much less than the spin-torsion coupling.
Therefore, the direct coupling between two NV centers can
be neglected.

We suppose that magnetic field �B is homogeneous, and
the angle between �B and the axis of the NV center electron
spins θ changes with the torsional motion. The Hamiltonian
for the single NV spin reads HNV = DS2

z + gμB�B · �S, where
D = 2.87 GHz is the zero field splitting and �S is the spin-1
operator for the NV center electron spin. Here we adopt the
natural unit with h̄ = 1. The torsional motion changes the
relative angle θ between �B and �S, leading to the spin-torsion
coupling. We assume that the torsional motion-induced angu-
lar change is much less than one. Similarly as in Ref. [40], the
effective Hamiltonian for the two NV centers and the torsional
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FIG. 2. The ratio between the effective coupling strength geff =√|g1g2| and the torsional frequency ω as a function of angle θ , with
the magnetic field B = 0.045 T and ω = 2π MHz. The magnetic
field B is tuned to fulfill g/ω = 1/4

√
2 at the maximum coupling

strength g. The corresponding size of the nanodiamond is rx = ry =
10 nm, rz = 150 nm.

oscillator reads

H = ωa†a + E (θ1)

2
σ z

1 + E (θ2)

2
σ z

2 + (
g1σ

z
1 + g2σ

z
2

)
(a + a†)

= ωa†a + ω1

2
σ z

1 + ω2

2
σ z

2 + S̃(a + a†), (1)

where ω is the angular frequency of the torsional mode, E (θi )
(i = 1, 2) is the energy splitting between |Sz = −1〉i ≡ |1〉i

and |Sz = 0〉i ≡ |0〉i of the spin-1 eigenstates of the two NV
centers at the relative angle θi to the direction of the magnetic
field �B, σ z

i = |Sz = −1〉i i〈Sz = −1| − |Sz = 0〉i i〈Sz = 0| (i =
1, 2), and S̃ = g1σ

z
1 + g2σ

z
2 . The Sz = +1 state is omitted

since the Zeeman splitting between Sz = ±1 is on the order
of GHz with a 0.06 T magnetic field, and the Sz = 1 state
is not occupied under the microwave drive. The spin-torsion
coupling does not induce the transitions between the spin
states. Therefore, the NV center electron spin can be simpli-
fied to a two-level system. The coupling strength gi between
the torsional mode and the ith NV center electron spin is

gi =
√

1

8Iω

∂E (θ )

∂θ

∣∣∣∣
θ=θi

, i = 1, 2, (2)

where I = 4ρπrxryrz(r2
x + r2

z )/15 is the rotational inertia of
the nanodiamond along a short axis [51], and ρ is the density
of the diamond.

In our proposal, the two NV centers are placed along
two different directions of the four possible orientations of
a diamond crystal lattice, with angles θ1 + θ2 = 1.81 rad, as
shown in Fig. 1(b). In general, the coupling strengths of the
two NV centers g1 and g2 are different. In order to maxi-
mize the coupling strength, we control the torsional motion
direction to be perpendicular to the two orientations of the
NV centers and adjust the magnetic field to be parallel to the
torsional motion plane, as illustrated in Fig. 1(b). The value of
gi can be tuned in a wide range by controlling either
the trapping potential or the external magnetic field di-
rection. In the next section, we will show that the gate
speed is determined by the effective coupling strength
g2

eff/ω = g1g2/ω. As shown in Fig. 2, the effective coupling
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strength geff = √|g1g2| could be around 2π × 180 kHz at
B = 0.06 T and torsional frequency ω = 2π MHz for a nan-
odiamond with rx = ry = 10 nm, rz = 150 nm. This spin-
torsion coupling is much larger than the torsional mode decay
(<Hz) [52], the decay and dephasing rates of the NV center
electron spins (∼kHz) [49]. In order to realize the similar spin-
phonon coupling strength for the center-of-mass motion, the
large magnetic gradient 105–107 T/m is needed [34,36,39],
while our scheme requires only a uniform magnetic field.

III. UNIVERSAL GATES UNDER IDEAL CONDITIONS

In order to realize universal quantum computation, we need
to construct a set of universal quantum gates between the NV
centers, e.g., two single-qubit gates and a controlled-phase
gate. The single-qubit operations can be realized by adding
microwave pulses to induce transition between |0〉 and |1〉
states. The Hamiltonian with the driving term reads

Hi = �

2
σ x

i + giσ
z
i (a + a†). (3)

Here we assume that the Rabi frequency � is much larger
than spin-torsion coupling gi. Therefore, the term gσz(a + a†)
in Hamiltonian Eq. (3), which brings about unwanted spin-
torsion coupling, can be neglected. A better way to decouple
the NV center qubit from the torsional mode is to apply the
dynamical decoupling (DD) [53,54], which simultaneously
suppresses the noise from either the torsional motion or the
nuclear-spin bath in the nanodiamond. The details for the
DD and the numerical simulation of the noise effect will be
discussed in Sec. IV.

Inspired by the celebrated Sørensen-Mølmer gates for hot
trapped ions [47,48] and the similar bus-based quantum gates
[34,39,55,56], we propose a method to realize the controlled-
phase gate base on the Hamiltonian (1). In the interaction pic-
ture of H0 = ω1

2 σ z
1 + ω2

2 σ z
2 , we obtain the interaction Hamil-

tonian of the system

H ′ = ωa†a + S̃(a + a†)

= ω

(
a + S̃

ω

)†(
a + S̃

ω

)
− S̃2

ω
. (4)

Using a similar method as in Ref. [56], the Hamiltonian (4)
can be rewritten as

H ′ = U

(
ωa†a − S̃2

ω

)
U †, (5)

where U is a unitary transformation U = exp[ S̃
ω

(a − a†)]. The
time evolution governed by the Hamiltonian (4) reads

e−iH ′t = Ue−iωta†aei S̃2

ω
tU †. (6)

The number operator a†a has an integer spectrum. For certain
times tm = 2πm/ω with m = 1, 2, 3, . . ., the first exponential
in Eq. (6) e−iωtma†a = 1. Thus Eq. (6) reduces to

e−iH ′tm = exp

[
2iπm

(
S̃

ω

)2
]
. (7)

Substituting S̃2 = g2
1 + g2

2 + 2g1g2σ
z
1 ⊗ σ z

2 in Eq. (6), and
ignoring the unimportant global phase we get

e−iH ′tm = exp
(

4iπm
g1g2

ω2
σ z

1 ⊗ σ z
2

)
. (8)

Returning to the laboratory frame, the full evolution is
governed by e−iH ′tm e−iH0tm . We now show that the e−iH0tm term
can be canceled exactly by the standard spin-echo technique,
which compensates for the unknown detuning as well. De-
noting a global flip of all qubits around the axis α = x, y, z
as Uα (ϕ) = exp(−iϕ/2�iσ

α
i ), the full evolution (in the ba-

sis {|00〉, |10〉, |01〉, |11〉}), intertwined by spin-echo pulses,
reads as

U (2tm) = Ux(π )e−iH ′tm e−iAtmUx(π )e−iH ′tm e−iAtm (9)

= diag(eiφ, 1, 1, eiφ ), (10)

with φ = 16mπ (geff/ω)2 and geff = √|g1g2|. After comple-
menting the propagator U (2tm) with Uz(−φ), we obtain a
controlled-phase gate

UCphase = Uz(−φ)U (2tm) (11)

= diag(1, 1, 1, e2iφ ), (12)

with a gate time tg = 2tm = 4πm/ω. Here m must be integer.
The condition φ = π/2 can be archived when

geff/ω = 1

4
√

2m
. (13)

For m = 1, we get that geff = ω/4
√

2m.
To fulfill the above condition we can change the torsional

frequency ω by tuning the power and waist of the optical
tweezer or changing the magnetic field strength. The tor-

sional frequency is given by ω =
√

10(χx−χy )P
cπρw2(r2

x +r2
y ) [52]. Here

χx,y are the effective susceptibility of the ellipsoid, rx,y are
the semiaxes of the ellipsoid, ρ is the particle mass density,
and P and w are the power and beam waist of the trapping
laser, respectively. When the shape of the nanodiamond is
fixed, it is still possible to change the trapping power P and
waist w to tune the trapping frequency ω. For example, the
torsional frequency for a nanodiamond with short axes rx =
ry = 10 nm and the long axis rz = 150 nm can vary from
2π × 0.5 MHz to 2π × 2.5 MHz by tuning the laser power
from 10 mW to 150 mW with fixed beam waist w = 600 nm.
As a result, by tuning the magnetic field strength B and ω, the
condition (13) with m = 1 can be achieved in a wide range of
direction θ (from 2.4 to 2.6 rad), as shown in Fig. 2.

IV. DECOHERENCE EFFECTS AND SCALABILITY

The main decoherence sources in this hybrid system are the
rethermalization of the torsional mode towards equilibrium
thermal occupation and the dephasing effect of the NV center
electron spins. The dissipative dynamics under decoherence
can be described by the master equation for the system’s
density matrix ρ,

ρ̇ = −i[H, ρ] + κ (n̄th + 1)D[a]ρ + κ n̄thD[a†]ρ

+ �

4

∑
i=1,2

D
[
σ z

i

]
ρ, (14)
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FIG. 3. Pulse sequences of five-piece SUPCODE sequences
[58]. The time duration τ0 = (2 + θ/2π )t0 for a θ rotation pulse.

with D[a]ρ = aρa† − 1
2 {a†a, ρ}. The second and the third

terms in Eq. (3) describe the rethermalization of the torsional
mode towards the thermal occupation n̄th = [exp(h̄ω/kBT ) −
1]−1 at temperature T . Here the torsional mode decay rate
κ = ω/Q, where Q is the quality factor of the torsional mode.
The last term in Eq. (14) describes the dephasing of the qubits
with a dephasing rate � ∼ 1/T2, where T2 is the dephasing
time. Here we have ignored single-spin relaxation processes
as the associated timescale T1 is typically much longer than T2.
Nevertheless, by using DD techniques [54,57–59] the coher-
ence time can be efficiently prolonged to approach T1 ms [49].
We note that the optical levitating may also lead to heating
of the nanodiamond with NV centers. In order to eliminate
the heating effects, the highly pure nanodiamond needs to be
used [60]. The bulk temperature of the nanodiamond can also
be cooled down, e.g., levitating it in a refrigerator around 4 K.

In the case of single-qubit gates, the coupling between the
mechanical mode and the spin gσ z

i (a + a†) serves as an extra
dephasing channel. The coupling-induced dephasing effect,
characterized by δg, grows with the thermal occupation n̄th

and is much larger than the effect of nuclear-spin bath δS

under typical experimental parameters n̄th ∼ 1 × 103. There-
fore, in the following section we introduce a DD scheme based
on Ref. [58] which can significantly reduce the spin-torsion
coupling-induced dephasing effects. Since the spin-torsion
coupling cannot be turned off under a static magnetic field,
the decoupling scheme is also important to preserve quantum
states in the NV centers.

A. Single-qubit gates

In order to realize single-qubit gates, we consider an on-
resonance drive along the x axis with Rabi frequency �.
When the Rabi frequency � is much larger than the coupling
strength and spin dephasing rate, the total Hamiltonian can be
written as

Hi = (δS + δg)σ z
i + �

2
σ x

i , (15)

where the spin-torsion coupling gσz(a + a†) in Eq. (1) serves
as an extra dephasing channel represented by δg, and δS rep-
resents the effect of interaction with the nuclear-spin bath and
coupling to the mechanical motion. The hyperfine interaction
with the nuclear spin results in a random local magnetic field
δS = �kbkIk

z of typical strength of the order of magnitude of
about 1 MHz in solids [58]. The coupling effect of the me-
chanical mode can be estimated by δg = g(a + a†) ∼ 2g

√
n̄th

for n̄th 	 1. With a five-piece SUPCODE pulse described
in Ref. [58], the infidelity of the π gate can be estimated
by 64.1(δ/�)6 + O(δ/�)8. The five-piece pulse sequence is
shown in Fig. 3.
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FIG. 4. Infidelity due to coupling to torsional mode as a function
of (a) thermal occupation n̄th with Rabi frequency � = 2π MHz;
(b) Rabi frequency �, with thermal occupation n̄th = 5. The torsional
frequency ω = 2π MHz and coupling strength g/ω = 1/4

√
2. Blue

circles are numerical results obtained by solving the master equation,
and the blue line is the fitted model of Eq. (16) with the fitting
parameter n0 = 3.65.

In the following discussion, we provide the numerical re-
sults of the master equation (14) for the five-piece SUPCODE
π pulse around the x(y) axis. For a torsional frequency 1 MHz
and temperature being cooled to 10 mK [52], the thermal
occupation n̄th is around 200, and the dephasing induced
by coupling to the torsional mode δg ∼ 4 MHz while the
typical strength of the random magnetic field δS ∼ 1 MHz.
We focus on the coupling effect here and leave the discussion
of rethermalization and dephasing to the next section. Typical
results from our numerical simulations are displayed in Fig. 4.
The results can be well explained by a fit to

ξ = 1 − F = 64.1

[
2g(

√
n̄th + n0)

�

]6

, (16)

which is obtained by replacing g(a + a†) by 2g(
√

n̄th + n0) in
the noise parameter δ. Here the

√
n̄th is the amplitude of the

thermal fluctuation, and the fitting parameter n0 represents an
additional fluctuation. By Eq. (16), even with large thermal
occupation n̄th = 300, infidelity ∼10−3 can be achieved with
Rabi frequency � ∼ 2π × 10 MHz.

B. Controlled-phase gate

For a controlled-phase gate, we provide the numer-
ical results of the master equation (14), for an ini-
tial product state ρ(0) = (|00〉 + |01〉 + |10〉 + |11〉)(〈00| +
〈01| + 〈10| + 〈11|)/4 ⊗ ρth(T ). We quantify the state fidelity
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FIG. 5. Errors (ξ = 1 − Fmax) due to rethermalization of the
cavity mode (a) and qubit dephasing (b). (a) Rethermalization-
induced error for n̄th = 2 (blue) and n̄th = 4 (orange), with � =
0. (b) Dephasing-induced errors for g/ω = 1/4

√
2 (blue), g/ω =

1/8(orange), and g/ω = 1/4
√

2 (green); here κ/ω = 10−6 and n̄th =
0.01. In both cases the linear error scaling is verified.

F = 〈�tar|�|�tar〉 with the target maximally entangled state
|�tar〉 = (|00〉 + |01〉 + |10〉 − |11〉)/2. Here � = tra[ρ] de-
notes the density matrix of the qubits, with tra[...] the trace
over the torsional mode degree of freedom. The infidelity
to prepare the target maximally entangled state provides a
characterization of the fidelity of the controlled-phase gate
and can be described by a simple linear model [56]. In order
to study the individual effects of the decoherence channels,
we treat them separately here and assume perfect single-qubit
gates. This separate treatment is justified by comparing the
sum of individual errors with the results from the full master
equation. Typical results from our numerical simulations are
displayed in Fig. 5. For small infidelities (geff 	 κ n̄th, �), the
individual linear error terms due to cavity rethermalization
and qubit dephasing can be added independently. Using the
simple linear error model in Ref. [56], the total error reads

ξ ≈ ακ/Qn̄th + α��/ω. (17)

Based on results in Fig. 5 we extract the coefficient ακ ≈ 4 and
α� ≈ 0.2(ω/geff )2. Here the coefficient related to dephasing
α� is different from the result in Ref. [56] by a factor of
2, as the controlled-phase gate time in our proposal is twice
the time as it is to obtain the maximally entangled state. We
can estimate an upper limit of the thermal occupation num-
ber n̄th with typical parameters in our system ω = 2π MHz,
g/ω = 1/4

√
2. For a high-Q torsional mode with Q = 1011,

the rethermalization effect can be ignored even at room
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FIG. 6. The effective coupling strength geff under different length
long axis rz of the nanodiamond and the external magnetic field B.
We change the rz from 100 nm to 300 nm, while keeping the short
axis 10 nm and the trapping parameters unchanged. The trapping
parameters are taken such that the trapping frequency at rz = 150 nm
is 2π MHz. The coupling strength is optimized along all the relative
direction of the spin to the magnetic field, e.g., taking the maximum
value in Fig. 2. A shape bend occurs when the Zeeman splitting
gNV μBB equals the zero-field splitting D, which corresponds to B ∼
0.1 T. Using Eq. (2), it is found that for B larger than 0.1 T the
spin-torsion coupling strength g1,2 saturates.

temperature (corresponding to n̄th ≈ 8 × 106). Nevertheless,
in order to avoid an an-harmonic effect of large torsional
amplitude �θ , the condition 1

2∂2E/∂θ2(�θ )2 � ∂E/∂θ�θ

has to be fulfilled, which corresponds to n̄th � 3 × 106. In
addition to rethermalization, the effective dephasing ∼1 kHz
[49,54], which gives the estimated error ξ ≈ 0.5% for param-
eters in Fig. 2, i.e., ω = 2π MHz and g/ω = 1/4

√
2.

C. Scalability

The levitated nanodiamond can contain multiple NV cen-
ters which couple to the same torsional mode. To realize the
universal quantum computation with multiple NV centers,
the density of the NV centers needs to be increased. As the
distance between NV centers becomes shorter, an additional
magnetic field gradient is needed to shift energy levels of
different NV centers for the selective addressing. According to
Ref. [61], selective addressing at a nanoscale ∼15 nm requires
a magnetic field gradient ∼104 T/m. For the nanodiamond
geometry in Fig. 2 rx = ry = 10 nm, rz = 150 nm, up to
10 NV centers can be embedded and coupled to the same
torsional mode without losing coupling strength. Furthermore,
under the ∼104 T/m field gradient, the translational coupling
∼kHz [39] is much less than spin-torsion coupling and can
be suppressed by the DD scheme in Sec. IV. To selectively
couple two NV centers, the DD needs to be applied to other
NV centers to suppress unwanted spin-torsion coupling.

To embed even more NV centers, a larger nanodiamond is
needed, and the size effect should be taken into account. As
the nanodiamond enlarges, the rotational inertia I increases,
which causes the decrease in the coupling strength Eq. (2).
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As shown in Fig. 6, we calculate the coupling strength corre-
sponding to long axis rz from 100 nm to 300 nm, while we
keep the short axis at 10 nm and the trapping parameters un-
changed. If we fix the trapping laser parameters, the torsional
frequency ω ∝ 1/

√
I decreases as the rotational inertia of the

nanodiamond increases. As the long axis increases to 300 nm,
the number of the embedded NV could be increased to 20, and
the spin-torsion coupling g is around 2π × 200 kHz, which
still preserves the fidelity of the control-phase gates larger
than 99%, as estimated by Eq. (17).

V. CONCLUSIONS

We have proposed a scheme to realize high-fidelity uni-
versal quantum gates in an optically levitated nanodiamond
with built-in NV centers. The gates are insensitive to the
thermal noises. The mechanical motion serves as the quantum
bus for two qubit controlled-phase gates while inducing an
extra dephasing channel for single-qubit gates. To increase
the coherence time, we have incorporated the DD method

for single-qubit gates. The two main decoherence sources,
rethermalization of the mechanical motion and dephasing of
the NV centers, have been analyzed both analytically and
numerically. We found that the universal quantum gates with
fidelity larger than 99% could be built under the current
experimental conditions. Furthermore, the strong spin-torsion
coupling requires only a uniform magnetic field instead of
the large magnetic gradient. Nevertheless, with the magnetic
gradient around 104 T/m, the high-fidelity universal quantum
gates can be achieved between more than 10 individually
addressing NV centers embedded in the nanodiamond. Our
scheme could be applied for distributed quantum computation
and quantum networks based on NV centers.
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