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The impact of the carrier-envelope phase (CEP) of a long relativistic tightly focused laser pulse on the
dynamics of a counterpropagating electron beam has been investigated theoretically in the, so-called, electron
reflection regime. Our semiclassical Monte Carlo simulations show that the electrons are reflected at the
rising edge of the laser pulse due to the ponderomotive force of the focused laser beam, and an asymmetric
electron-momentum distribution emerges along the laser polarization direction, which sensitively depends on
the CEP of the driving laser pulse for weak radiative stochasticity effects. The CEP signatures can be determined
in the electron-momentum distribution at laser intensities of the order or larger than 1019 W/cm2 and for the
pulse lengths up to 10 cycles. The CEP detection resolution is proportional to the electron beam density and can
achieve approximately 0.1◦ at an electron density of about 1015 cm−3. The method is applicable for currently
available ultraintense laser facilities with the laser peak power ranging from tens of terawatt to multipetawatt.

DOI: 10.1103/PhysRevA.99.013850

I. INTRODUCTION

In the past decade remarkable progress has been achieved
in laser technique pushing the limits of the chirped pulse
amplification method [1]. With short laser pulses a large peak
power is reached at relatively low pulse energies, allowing
development of terawatt lasers and large scale petawatt fa-
cilities, and paving a way for relativistic laser pulses, nowa-
days available up to a peak intensity of 1022 W/cm2 [2–5].
Intense lasers have many applications, e.g., for laser elec-
tron or ion acceleration [6–8], x- or γ -ray radiation sources
[9–12], inertial confinement fusion [13–15], and for labora-
tory astrophysics [16–18].

The carrier-envelope phase (CEP) of a laser pulse, i.e.,
the phase of the carrier wave with respect to the intensity
envelope of the pulse, is a crucial parameter to characterize the
waveform of the field and usually varies due to the difference
between phase and group velocity in a train of multiple pulses.
In a short laser pulse the field asymmetry is CEP dependent
and significantly affects the laser-matter interaction. In partic-
ular, the asymmetry between positive and negative values of
the laser field (or of the vector-potential) yields in the nonrela-
tivistic regime several effects in strong field ionization, such as
asymmetry in the ion momentum distribution in nonsequential
double ionization [19] and electron localization during molec-
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ular photodissociation [20], controls the quantum interference
[21], influences electron quantum paths contributing to har-
monic generation [22], and allows for isolated attosecond
pulses in high-order harmonic generation [23,24]. The same
field asymmetry in the relativistic regime can modify the
radiation spectra in nonlinear Compton scattering [25–27],
the momentum distribution [28–31], and the differential cross
sections of the Breit-Wheeler pair production process [32],
as well as the interferences between different pair production
channels [33]. In particular, the angular distribution of the
electron radiation [26], has been proposed for CEP detection
of relativistic ultrashort laser pulses with the pulse duration
less than two cycles.

However, as already was pointed out in Ref. [34], the
CEP effect can have a different character in the nonrela-
tivistic and relativistic regimes. While in the nonrelativistic
regime the CEP effect mostly depends on the asymmetry
of the field around the laser pulse peak, in the relativistic
regime some CEP effects are due to field asymmetry in the
rising edge of the laser pulse, which can be conspicuous
even in multicycle pulses and provide a way for CEP mea-
surement for the common multicycle (up to 10 cycles and
above 33 fs) relativistically intense laser beams [2–8,35–39].
Separating a fraction of such beam and applying conventional
nonrelativistic methods for CEP measurement, such as the
stereographic above-threshold ionization (ATI) [40], the f -2 f
interferometry [41], the direct phase measurement method
based on multi-photon-induced photoelectron emission [42],
and the streaking methods [43], is not possible in this case, as
these methods are designed for few-cycle pulses. However, the
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FIG. 1. The conceptual scenario of the CEP detection via the
electron-momentum distribution. The driving laser pulse is focused
by an off-axis paraboloid (OAP) and collides head-on with an
electron bunch in the γ � ξ/2 regime. The bunch is produced either
by (a) laser-plasma accelerator (a laser pulse ionizes the low-density
target and accelerates the electrons forwards; the magnets and the
slit select electron energy), or (b) radio-frequency (RF) electron gun
(a laser pulse illuminates a photocathode in the RF cavity, and the
emitted electrons are accelerated to a relativistic energy by the cavity
RF field). Due to the laser focusing effect, the electrons are reflected
by the rising edge of the driving laser and move backwards. The CEP
of the driving laser pulse is extracted from the asymmetric transverse
momentum distribution of electrons on the image plate.

CEP detection of multicycle 20-fs pulses in the nonrelativistic
regime via the spectral characteristics of high-order harmonic
radiation is feasible and has been demonstrated in Ref. [22].
An example of the CEP determination of long relativistic
laser pulses has been demonstrated in Ref. [34] by employing
the fine features of the electron radiation x-ray spectra. The
method, however, is applicable only for extreme laser intensi-
ties I0 � 1022 W/cm−2, keeping open the problem of the CEP
measurement of laser pulses in an intensity range from 1019

to 1022 W/cm2, mostly produced in current ultraintense laser
facilities.

In this paper, we investigate theoretically the CEP determi-
nation of relativistic multicycle laser pulses with peak intensi-
ties I0 � 1019 W/cm2, exploiting the momentum distribution
of the electron beam after the interaction. The relativistic
laser pulse interacts with a counterpropagating electron beam.
The electron energy is considered to be much smaller than
the reflection condition [44], i.e., γ � ξ/2, with the electron
Lorentz factor γ , and the dimensionless parameter of the
laser field ξ ≡ eE0/(mω0). Here, E0 and ω0 are the amplitude
and frequency of the laser field, respectively, and −e and
m the electron charge and mass, respectively. Planck units
h̄ = c = 1 are used throughout. Due to the laser focusing
effect, the electrons are reflected by the rising edge of the
driving laser pulse and move backwards, see the interaction
scenario in Fig. 1. The electron beam can be generated
by either the laser-plasma accelerators [7,45], or the radio-
frequency (RF) electron gun system [46–48]. We choose con-
ditions when the stochasticity effects in the electron radiation
are weak [49–51], i.e., the invariant quantum parameter χ ≡
|e|√(Fμν pν )2/m3 � 1 [52,53], where Fμν is the field tensor,
and pν = (ε, p) the incoming electron 4-momentum. In this
case the electron final transverse momentum distribution is
asymmetric. The asymmetry sensitively depends on the CEP
of the driving laser pulse and can be employed for CEP
determination. This method does not rely on the electron
radiation and, therefore, is applicable at much lower laser

intensities (ξ � 5) than the CEP determination via the x-ray
spectra (ξ � 100) [34]. Meanwhile, the resolution of the CEP
determination in this method is much higher than that in [34],
since the diffraction limitation of an electron is much smaller
than that of a photon. The asymmetry due to CEP is larger in
the rising edge of the laser pulse than near the peak, which
allows the application of the method for rather long laser
pulses (�10 cycles, ∼30 − 40 f s) and even for longer flat-top
laser pulses (�20 cycles).

This paper is organized as follows. In Sec. II we discuss
the applied theoretical method for the calculation of the
electron dynamics and radiation. We calculate and analyze the
CEP-dependent electron-momentum distribution in Sec. III.
In Sec. IV we investigate the impacts of the laser and electron
beam paramters on the CEP determination. And, a brief
conclusion of this work is represented in Sec. V.

II. APPLIED THEORETICAL METHOD

In relativistic regime, as considered I0 � 1019 W/cm2

(ξ � 5), the quantum radiation-reaction effects could still not
be negligible, since χ ∼ 10−6ξγ . To keep the consistency of
the simulations, we carry out the calculation of the radiation
based on Monte Carlo approaches employing QED theory for
the electron radiation and classical equations of motion for the
propagation of electrons between photon emissions [54–56].
The photon emission probability in the local constant field
approximation is used.

In superstrong laser fields ξ � 1, the photon emission
probability W is determined by the local electron trajectory,
consequently, by the local value of the parameter χ [53]:

d2Wf i

d η̃dr0
=

√
3αχ

[ ∫ ∞
rχ

K5/3(x)dx + 9r0rχχ2K2/3(rχ )/4
]

2πλ̄c(k · pi )
,

where r0 = 2(k·k′ )
3χ (k·pi )

, η̃ = (k · r̃), and k, k′, r̃, and pi are the
four-vector of the wave vector of the driving laser, the wave
vector of the radiated photon, the coordinate, and the mo-
mentum of the electron before the radiation, respectively. The
Compton wavelength λ̄c = 1/m and rχ = r0/(1 − 3χr0/2).
The photon emission of electrons is considered to be a Monte
Carlo stochastic process [54–56]. During the electron-laser
interaction, for each propagation coherent length �η̃, the pho-
ton emission will take place if the condition (dWf i/d η̃)�η̃ �
Nr is fulfilled, where Nr is a uniformly distributed random
number in [0, 1]. Herein, the coherent length �η̃ is inversely
proportional to the invariant laser field parameter ξ ; i.e.,
�η̃ ∼ 1/ξ . However, to keep the total photon emission energy
consistent, i.e., to exclude numerical error of the simulation of
photon emission, we choose �η̃ � 1/ξ . The photon emission
probability

Wf i = �η̃
dWf i

d η̃
= �η̃

∫ ωmax

ωmin

d2Wf i

d η̃dω
dω,

where ωmin and ωmax are assumed to equal the driving laser
photon energy and the electron instantaneously kinetic energy,
respectively. In addition, the emitted photon frequency ωR is
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determined by the relation

1

Wf i

∫ ωR

ωmin

dWf i(ω)

dω
dω = �η̃

Wf i

∫ ωR

ωmin

d2Wf i(ω)

d η̃dω
dω = Ñr,

where, Ñr is another independent uniformly distributed ran-
dom number in [0, 1]. Between the photon emissions, the
electron dynamics in the laser field is governed by classical
equations of motion:

dp
dt

= e(E + v × B),

where p and v are the electron momentum and velocity,
respectively, and E and B are the electric and magnetic fields
of the laser pulse, respectively. Given the smallness of the
emission angle ∼1/γ for an ultrarelativistic electron, the
photon emission is assumed to be along the electron velocity.
The photon emission induces the electron-momentum change
p f ≈ (1 − ωR/|pi|)pi, where pi, f are the electron momentum
before and after the emission, respectively.

At some applicable parameters with rather small χ , the
electron dynamics can be also described by Landau-Lifshitz
equation [57,58], or even by Newton equation at χ � 10−3,
giving similar results; see the details in the Appendix.

We consider a linearly polarized and tightly focused laser
pulse with a Gaussian temporal profile propagating along +z
direction and polarized in x direction. The spatial distribution
of the fields takes into account up to the ε3 order of the
nonparaxial corrections, and the expressions of the electro-
magnetic fields are presented in the following [59,60]:

Ex = −iE

[
1 + ε2

(
f 2x̃2 − f 3ρ4

4

)]
,

Ey = −iEε2 f 2 x̃̃y,

Ez = E

[
ε f x̃ + ε3x̃

(
− f 2

2
+ f 3ρ2 − f 4ρ4

4

)]
,

Bx = 0,

By = −iE

[
1 + ε2

(
f 2ρ2

2
− f 3ρ4

4

)]
,

Bz = E

[
ε f ỹ + ε3ỹ

(
f 2

2
+ f 3ρ2

2
− f 4ρ4

4

)]
,

where,

E = E0Fn f e− f ρ2
ei(η+ψCEP )e− t2

τ2 ,

E0 is the amplitude of the laser fields with normalization factor

Fn = i to keep
√

E2
x + E2

y + E2
z = E0 at the focus, yielding the

scaled coordinates

x̃ = x

w0
, ỹ = y

w0
, z̃ = z

zr
, ρ2 = x̃2 + ỹ2,

where ε = w0/zr , zr = k0w
2
0

2 is the Rayleigh length, f = i
z̃+i ,

η = ω0t − k0z, τ is the laser pulse duration, ψCEP is the
carrier-envelope phase, the laser wave vector k0 = 2π/λ0,
and, λ0, w0, and ω0 are the wave length, focal radius, and the
frequency of the laser pulse, respectively.

FIG. 2. (a), (b) Angle-resolved electron energy log10[d2εe/

(dθxdθy)] rad−2 in units of m vs. the transverse deflection angles of
the electron momenta θx = arctan(px/pz) and θy = arctan(py/pz)
with the CEP ψCEP = 0◦ and 180◦, respectively. (c), (d) d ε̃e/dθx

vs. θx with ψCEP = 0◦ and 180◦, respectively. Here, d ε̃e/dθx =∫ 10◦
−10◦ d2εe/[dθxdθy] dθy: the total angle-resolved electron energy in

the angle region of −10◦ � θy � 10◦ [shown by red-dashed horizon-
tal lines in (a) and (b)]. And, the peaks in the regions of θx < 0◦

and θx > 0◦ are marked by the green-circle P− and the red-star P+,
respectively. The employed laser and electron parameters are given
in the text.

III. RESULTS AND ANALYSIS

A typical example of the angle-resolved electron-
momentum distribution in the considered regime, which will
be employed further for the CEP determination, is numerically
simulated and presented in Fig. 2. The peak intensity of the
laser pulse is I0 ≈ 5 × 1020 W/cm2 (ξ = 20), λ0 = 1 μm,
τ = 6T0, T0 is the laser period, and w0 = 2 μm. An electron
bunch of a cylindrical form collides head-on with the laser
pulse at the polar angle θe = 179◦ and the azimuthal angle
φe = 0◦. The electron mean initial kinetic energy is εi =
0.1 MeV (γ ≈ 0.2, and χmax ≈ 3 × 10−5), the electron bunch
radius we = 2λ0, the length Le = 6λ0, and the density ne ≈
1015 cm−3. The energy and angular spreads are �εi/εi =
0.05 and �θ = 0.02, respectively. The electrons in the bunch
have a Gaussian distribution in the transverse direction and a
uniform distribution in the longitudinal one.

Since γ � ξ/2, the electrons are reflected and move back-
wards due to the the ponderomotive force caused by the laser
focusing (the condition of w0 ≈ we ∼ λ0 is required to ensure
the laser focusing effects are important). During the reflection
process, the electron dynamics is sensitively governed by the
laser field, and, consequently, the field structural information,
in particular CEP, is encoded in the final electron-momentum
distribution; see Fig. 2. For the cases of ψCEP = 0◦ and 180◦,
the electron energy distribution is almost symmetric, and the
slight deviation from the symmetry stems from the head-on
colliding angle of the electron bunch θe = 179◦ (not exact
180◦ for the experimental feasibility). For inspecting the main
asymmetry features, i.e., the asymmetric electron-momentum
distribution along the polarization direction or with respect
to θx, the electron distributions in Figs. 2(a) and 2(b) are
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FIG. 3. (a), (b) The variations of θP−
x and θP+

x corresponding to
θx of P− and P+ with respect to ψCEP, respectively. The laser and
electron parameters are the same as in Fig. 2.

integrated over θy from −10◦ to 10◦, see Figs. 2(c) and 2(d),
respectively [the integration region is indicated by the hori-
zontal lines in Figs. 2(a) and 2(b)]. The deflection angle of
the electron momenta θx = arctan(px/pz) with respect to the
laser polarization direction is strongly CEP-dependent. In the
regions of θx < 0◦ and θx > 0◦, the angle-resolved electron
energy distribution d ε̃e/dθx has two peaks indicated by P−
(green circle) and P+ (red star). The angles θx corresponding
to P− and P+ are denoted by θP−

x and θP+
x , respectively.

As the CEP varies within one period, θP−
x (θP+

x )
monotonously decreases (increases) approximately by 20.05◦
(20.05◦), namely, from −22.92◦ to −42.97◦ (from 24.64◦ to
44.69◦); see Figs. 3(a) and 3(b). Taking into account that
an angular resolution less than 0.1 mrad is achievable with
current technique of electron detectors [61–64], we may con-
clude that the CEP resolution here could reach ∼0.1◦. Since
the resolution of the electron detector is proportional to the
electron density, therefore, a higher CEP resolution is feasible
with a higher density electron bunch.

We also investigate the case with an energy spread of 0.1,
and other parameters are the same as those described in the
caption of Fig. 2, as shown in Fig. 4. The simulation results
keep consistent.

The CEP signatures on electron dynamics are analyzed in
Fig. 5. First, the Ez components of the focused laser fields
with ψCEP = 0◦ and 180◦ at the point of (0.5λ0, 0, 0) are
compared in Fig. 5(a). Note that Ez = 0 in a plane wave.
The corresponding dynamics of the longitudinal momentum
pz of a sample electron propagating in those laser fields are
illustrated in Figs. 5(b) and 5(c). For intuitive understanding
let us neglect for a moment radiation reaction, which in
fact has a minor contribution in the considered regime. In
this case the plane wave laser field could not modify the
electron dynamics after the laser-electron interaction [59] [see

FIG. 4. (a) Angle-resolved electron energy log10[d2εe/(dθxdθy)]
rad−2 vs. θx and θy, and (b) d ε̃e/dθx vs. θx with ψCEP = 0◦, with
an energy spread of 0.1. Other parameters are the same as those
described in the caption of Fig. 2.

FIG. 5. (a) The longitudinal component of electric field Ez of the
focused laser beam (scaled by the laser field amplitude E0) vs. the
laser phase η, at the position (0.5λ0, 0, 0): (blue-solid) ψCEP = 0◦ and
(red-dash-dotted) ψCEP = 180◦. The longitudinal momentum pz of a
sample electron: (b) in the focused laser field with ψCEP = 0◦ (blue-
solid), and ψCEP = 180◦ (red-dash-dotted); (c) in the plane wave
(PW) with a six-cycle Gaussian envelope. In (b), the coordinates
(5.93, −0.76) (red) and (6.48, −0.74) (blue) indicate the lowest
values of pz oscillations in red and blue curves, respectively. Other
laser and electron parameters are the same as in Fig. 2.

Fig. 5(c)], because the electron cannot absorb laser photons
from a plane wave field due to the momentum conservation.
However, in the focused laser field the electron can absorb
laser photons due to an additional ponderomotive momentum
transfer to the field which stems from the transverse gradient
of the laser field and, therefore, the laser focusing effect
induces the electron reflection. Since γ � ξ/2 for the applied
parameters, the electrons are reflected at the rising edge of the
laser pulse [at η/2π ≈ 7, see Fig. 5(b)], and with different
CEPs the electron dynamics is apparently different.

Furthermore, we follow the tracks of a group of sample
electrons near the laser polarization plane (y = 0). The ini-
tial coordinate distribution of the sample electrons are given
in Fig. 6(a). The electrons initially distributed along the
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FIG. 6. (a) The initial transverse coordinate distribution of the
sample electrons near the laser polarization plane (y = 0), and the
yellow circle shows the boundary of the electron bunch. The blue-
dash-dotted curve represents the transverse Gaussian profile of the
laser intensity I scaled by the peak intensity I0. The sample electrons
from left to right are marked in purple, green (M1), red (M2), and
black. Panels (b) and (c) display the final transverse momentum
distributions of the sample electrons of (a) in the focused laser fields
with ψCEP = 0◦ and 180◦, respectively. The same color represents the
same group of sample electrons, the left and right sample electrons
are marked in circle, and the sample electrons in the regions of M1

and M2 are marked in triangle and cross, respectively. Other laser and
electron parameters are the same as in Fig. 2.

transverse profile of the laser field [e.g., marked in purple,
green (M1), red (M2), and black from left to right] are sub-
jected to different transversal gradient of the laser field dI/dx,

FIG. 7. (a), (b) The variations of θP−
x and θP+

x with respect to the
CEP, respectively. The black-dash-dotted, blue-solid, and red-dotted
curves represent the cases of ξ = 10, 20, and 100, respectively,
and the corresponding electron energies εi = 45 keV, 100 keV, and
2 MeV, respectively. Other parameters are the same as in Fig. 2.

FIG. 8. (a), (b) The variations of θP−
x and θP+

x with respect to the
CEP when ξ = 19.6, 20, and 20.4, respectively. Other parameters are
the same as those described in the caption of Fig. 2.

which determines the final angular spread; see Figs. 6(b) and
6(c). For the electrons initially near the intensity peak [the
bands marked in green-triangle (M1) and red-cross (M2)],
the intensity transverse gradient is rather small and, there-
fore, the final angular spread is small. Consequently, electron
density peaks are formed mostly by those electrons initially
near the beam center. Moreover, the dynamics of electrons
in different bands are CEP-dependent, cf. Figs. 6(b) with
6(c), which are exhibited in the CEP governed final angular
asymmetry.

IV. THE IMPACTS OF THE LASER AND ELECTRON
BEAM PARAMETERS ON THE CEP DETERMINATION

We further investigate the impact of the laser and electron
parameters on the CEP determination. The dependence on the
laser intensity is illustrated in Fig. 7. For ξ = 10, 20, and 100,
�θP−

x = Max(θP−
x )-Min(θP−

x ) = 16.65◦, 20.05◦, and 20.08◦,
respectively, and �θP+

x = 16.62◦, 20.05◦, and 19.93◦, re-
spectively. The gradient increases with ξ in the region of
ξ � 20 and becomes stable as ξ � 20. The CEP resolutions
are approximately 0.12◦, 0.1◦, and 0.1◦, respectively. Thus,
the CEP resolution decreases with higher ξ parameter in the
domain of ξ � 20. As ξ decreases, the required εi decreases as
well to satisfy the condition γ � ξ/2. However, ξ is limited
from below by the requirement of the relativistic interaction,
which is a prerequisite for the applied regime.

For realistic experimental conditions, the petawatt laser
pulse energy can be detected with an uncertainty of about
1.5% [65] (usually better than 1% for the-state-of-the-art
terawatt laser pulses [66]). We find that an uncertainty of 4%
(1%) in the laser energy brings an uncertainty in the CEP
detection of about 2.8% (1.1%), see Figs. 8 and 9, which
is better than recent experimental achievement for few-cycle
multiterawatt laser systems [66].

The dependence of the proposed CEP signature on the
laser pulse duration is analyzed in Fig. 10. We compare the
variations of θP−

x and θP+
x with respect to the CEP for Gaussian

FIG. 9. (a), (b) The variations of θP−
x and θP+

x with respect to the
CEP when ξ = 19.9, 20, and 20.1, respectively. Other parameters are
the same as those described in the caption of Fig. 2.
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FIG. 10. (a), (b) The variations of θP−
x and θP+

x with respect to the
CEP, respectively. The yellow-solid, blue-dashed, and black-dash-
dotted curves represent the cases of the focused Gaussian laser pulse
with τ = 2, 6, and 10T0, respectively, and the red-dotted curves show
the case of a flat-top Gaussian laser pulse with τ = 20T0. Other
parameters are the same as those described in the caption of Fig. 2.

laser pulses with τ = 2T0 (yellow), 6T0 (blue), and 10T0

(black), respectively. As the laser pulse duration increases, the
gradients of the variations of θP−

x and θP+
x decrease slightly.

The CEP resolutions for all cases are close to 0.1◦. Moreover,
the case of a flat-top Gaussian laser pulse with a pulse envelop
of exp(−t4/τ 4) and τ = 20T0 (red) is shown as well. Since
this method detects the CEP via the electron reflection at
the rising edge of the laser pulse, it works well also for the
long flat-top laser pulses. The CEP resolution for the given
parameters is ∼0.3◦.

The role of the initial kinetic energy εi of the electron
bunch is investigated as well, see Fig. 11. As εi increases
from 1 keV to 1 MeV with a constant ξ = 20, the CEP
resolution reduces from ∼0.1◦ to ∼0.25◦ slowly, and the
optimal εi fulfills the condition γ ∼ ξ/100. Note that in the
considered scheme of CEP determination, the laser inten-
sity and the electron energy are both limited from above
such that the stochasticity effects of radiation are negligible,

FIG. 11. (a), (b) The variations of θP−
x and θP+

x corresponding to
θx of P− and P+ with respect to ψCEP, respectively. The black-solid,
yellow-dash-dotted, magenta-dashed, green-dotted, and red-triangle
curves show the cases with εi = 1 keV, 10 keV, 0.1 MeV, 0.5 MeV,
and 1 MeV, respectively. Other parameters are the same as those
described in the caption of Fig. 2.

FIG. 12. (a) Angle-resolved electron energy log10[d2εe/

(dθxdθy)] rad−2 vs. θx and θy and (b) d ε̃e/dθx and vs. θx , with
ξ = 600 and εi = 150 MeV. Other parameters are the same as those
described in the caption of Fig. 2.

i.e., χ ∼ 10−6ξγ � 1. Otherwise, the CEP signatures vanish
completely; see Fig. 12. We consider ξ = 600 and εi = 150
MeV (χmax ∼ 1). For this case, the stochasticity effects of the
radiation significantly modify the electron dynamics, and the
impacts of the CEP on the electron dynamics are removed.
Consequently, the distribution of electron momenta becomes
symmetric with respect to θx.

V. CONCLUSION

Concluding, common CEP effects in the nonrelativistic
regime of laser-matter interaction are negligible in the case of
long laser pulses (τ � 6T0). However, the specific CEP effects
in the relativistic regime of interaction, originating from the
field asymmetry in the rising edge of the laser pulse, are still
significant for multicycle laser pulses. Thus, the dynamics of
the relativistic laser-electron beam interaction can be CEP-
dependent even in multicycle laser pulses, which, from one
side, requires measurement of CEP of the driving laser pulse
to control the interaction, and from another side, itself pro-
vides a way for the CEP measurement of multicycle pulses. In
this paper using this general feature of CEP effects in the rel-
ativistic regime, we put forward a simple and realistic method
for measuring CEP of multicycle relativistic laser pulses
from currently standard ultraintense laser facilities, with an
intensity of the order of I0 � 1019 W/cm2, and the laser peak
power from tens of terawatt to multi-petawatt region. The
method employs the electron-momentum distribution after the
interaction. It is shown to be robust with the laser and electron
parameters and is applicable for relativistic laser pulses with
duration up to 10 cycles (up to 20 cycles for the flat-top laser
pulses). The CEP resolution can achieve about 0.1◦, one order
of magnitude higher than that previously achieved via the
x-ray radiation, since the diffraction limitation of an electron
is much smaller than that of a photon.

In the near future, with fast development of ultraintense
lasers and the broad research interests on strong laser physics,
the accurate determination of CEP of relativistic laser pulses
are expected to be in great demand.
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APPENDIX

In the “Landau-Lifshitz” method, the effects of radiation
reaction on electron dynamics are included by means of
an additional force besides the Lorentz force. The radiation
reaction force is written as [57,58]

m
duμ

d τ̃
= eFμ ju j + f μ,

where

f μ = 2e3

3m
(∂αFμνuνuα )+ 2e4

3m2
[FμνFναuα+(F νβuβFναuα )uμ],

where uα = (γ , γ v) is four-velocity of the electron, Fμν the
electromagnetic tensor relative to the total electromagnetic

FIG. 13. (a) Angle-resolved electron energy log10[d2εe/

(dθxdθy)] vs. θx and θy, simulated by the “Landau-Lifshitz” method.
(b) d ε̃e/dθx vs. θx with ψCEP = 0◦, and the blue-dotted, red-solid,
and yellow-dashed curves are calculated by the Monte Carlo
method, “Landau-Lifshitz” equation, and Lorentz motion equation,
respectively. ξ = 20, εi = 0.1 MeV, and other parameters are the
same as those described in the caption of Fig. 2.

field acting on the electron, and τ̃ the proper time,

d

d τ̃
= (k · u)

d

d η̃
.

We have performed simulations of the laser-electron inter-
actions with “Landau-Lifshitz” equation and compared them
with those of the Monte Carlo method and the Newton equa-
tion, as shown in Fig. 13. With the given parameters of ξ = 20
and εi = 0.1 MeV (χ � 1), the three methods give the same
results.
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