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Topological phases of matter have attracted much attention over the years. Motivated by analogy with photonic
lattices, here we examine the edge states of a one-dimensional trimer lattice in the phases with and without
inversion symmetry protection. In contrast to the Su-Schrieffer-Heeger model, we show that the edge states in
the inversion-symmetry broken phase of the trimer model turn out to be chiral, i.e., instead of appearing in pairs
localized at opposite edges they can appear at a single edge. Interestingly, these chiral edge states remain robust
to large amounts of disorder. In addition, we use the Zak phase to characterize the emergence of degenerate
edge states in the inversion-symmetric phase of the trimer model. Furthermore, we capture the essentials of the
whole family of trimers through a mapping onto the commensurate off-diagonal Aubry-André-Harper model,
which allows us to establish a direct connection between chiral edge modes in the two models, including the
calculation of Chern numbers. We thus suggest that the chiral edge modes of the trimer lattice have a topological
origin inherited from this effective mapping. Also, we find a nontrivial connection between the topological phase
transition point in the trimer lattice and the one in its associated two-dimensional parent system, in agreement
with results in the context of Thouless pumping in photonic lattices.
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I. INTRODUCTION

The understanding of topological states of matter [1-4]
has rapidly expanded over the past decade since the dis-
covery of topological insulators [5-8]. Examples range from
topological states in driven quantum systems [9-11] to artifi-
cial systems including ultracold matter [12,13] and photonic
waveguides [14—16]. Although originally most of the studies
focused on two-dimensional (2D) systems [5,17], later on they
evolved to three [18] and one dimensions [19,20].

Quasicrystals [21], materials characterized by long-range
orientational order but without the periodicity of crystals,
appeared to be out of the topological chart until the work
of Kraus and co-workers [22]. They showed that lower-
dimensional quasiperiodic systems can feel the effect of a
higher-dimensional “ancestor” crystal, through additional de-
grees of freedom ¢ that appear as remnants of the higher
dimensionality. Shortly after, it was shown that crystal and
quasicrystal band insulators are topologically equivalent [23].
Because of these connections, together with the reduced
complexity of low-dimensional lattices and also thanks to
the advance in experimental techniques, research on topo-
logical states in 1D systems has been reignited. Indeed,
one can probe these states in ultracold atoms [12,24],
photonic crystals [22,25], and even in photonic Fibonacci
quasicrystals [26]. In addition, adiabatic topological pump-
ing [22,26,27] and discrete-time quantum walks [28,29] have
been investigated in 1D lattices.

In this context, the study of trimer lattices has been the
object of considerable theoretical [20,30,31] and experimen-
tal [32] interest because of their unique physical properties
and very rich phase diagram [33,34]. Particularly, it has been
reported that the existence of edge states located only at
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one edge or end of a Hermitian trimerized lattice is due to
a symmetry of the unit cell, which makes the Berry phase
piecewise continuous rather than discrete [31]. However, in
a typical 1D Hermitian topological insulator, topological in-
variants take only one value of a discrete set of values, and the
bulk-boundary correspondence ensures the appearance of, at
least, a pair of localized edge states: one on the left and one
on the right. In fact, the capacity to exhibit a single edge state
on one side of a system has been attributed to non-Hermitian
systems [35], where the bulk-boundary correspondence is a
subject of intense debate and controversy [35-38].

Motivated by the ability of photonic lattices to realize
various optical devices [39], here we consider a simple and
paradigmatic model consisting of a one-dimensional lattice
with a three-site basis and examine in detail the edge states
and their topological character. Interestingly, this model ex-
hibits diverse in-gap edge states as the parameters are varied:
(i) chiral edge states, i.e., states that are localized only on one
edge of the system without a counterpart on the opposite edge
at the same energy, and which can be used for manipulating
fundamental properties of light in a controllable way, and
(i1) usual topological states (one on each edge at the same
energy). Originally fueled by the first type of edge states,
apparently violating the bulk-boundary correspondence we
proceeded to find a subtle connection with the physics of
superlattices. Henceforth, unless otherwise indicated, when
talking about chiral edge states we actually mean the edge
modes located only at a single edge and belonging to the
inversion-symmetry broken phase of the trimer lattice.

In this context, one may wonder, is it possible to relate
the existence of these chiral edge states with a topological
invariant defined within the bulk? Indeed, as we will show
later, the chiral edge states of the trimer chain can be related
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FIG. 1. Scheme representing a finite section of the trimerized
lattice model with N, unit cells, where # and v are the intracell
hopping amplitudes, w is the intercell hopping amplitude, and d is
the lattice spacing. Each unit cell contains three sites, A, B, and C.

to bulk topological numbers, but defined in an effective two-
dimensional parent system. Furthermore, we show that the
edge states in the inversion-symmetry broken phase of the
trimer lattice turn out to be robust against disorder. We also
find that the topological phase transition point of the trimer
lattice correlates with the topological phase transition in its
associated parent system, in which case the Chern numbers
are duplicated and their signs change.

The paper is organized as follows. In Sec. II, we discuss
general properties of the edge states of the trimer lattice, with
special emphasis on those states that are localized only on
one edge of the sample without a counterpart on the opposite
edge. Moreover, in the Appendix we apply the recursive
boundary Green function method to study the regions in
the parameter space where edge states appear. In Sec. III, we
analyze the symmetry exhibited by the trimer lattice and study
its consequences for the edge states through the calculation of
the Zak phase [40]. In Sec. IV, we show that the edge states
in the inversion-symmetry broken phase of the trimer lattice
turn out to be robust to large amounts of disorder. In Sec. V,
we find a nontrivial correspondence between the chiral edge
states of the trimer chain, with that of an effective 2D model
(Aubry-André-Harper model), which shows that the system
can host states of topological origin, in much the same way
as those in graphene ribbons with zigzag edges [41]. Also,
we show that, due to this subtle connection, the topological
phase transition point of the trimer lattice allows us to find
the corresponding topological phase transition point in its
associated (two-dimensional) parent system. Finally, Sec. VI
provides a summary and concluding remarks.

II. TRIMER CHAIN

Consider a system of spinless (or spin-polarized) electrons
hopping on a one-dimensional chain composed of N, unit
cells. Each unit cell hosts three distinct sites, which we denote
as A, B, and C (see illustration in Fig. 1); hence we can
expect to find three bands. The length of the unit cell is set
to unity (d = 1). We can model this trimerized lattice by the
following tight-binding Hamiltonian:

N(‘
T T i
H = E (ucy ,Cpn+vep con+wee ,can11 + Heel),

n=1
ey

where cl,n (ca.n) denotes the creation (annihilation) operator
at site o (which can be either A, B, or C type) of the
nth unit cell and # and v are the intracell hopping ampli-
tudes, whereas w is the intercell hopping amplitude. As-
suming periodic boundary conditions (discrete translational
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FIG. 2. Energy spectrum and wave functions of the Hamiltonian
of Eq. (1) with open boundary conditions for N, = 20 unit cells.
(a) Energy spectrum of the system for intracell hopping amplitudes
u =1, v = 4 and intercell hopping amplitude w = 3. Panels (b) and
(c) show the wave functions of the two edge states with energies
& = =£4, both marked as black diamonds in (a), localized on the right
boundary of the system, respectively.

invariance) along the length of the chain and performing
Fourier transform of creation and annihilation operators,
wn = (1/\/ NC) Zk ezknwk with wn = (CA,n» CB.n» CC,n)T’ we

can write the Hamiltonian in reciprocal space as H =
>, Wi H k)Y, where

0 u we 'k
Hiy=| « 0 v | )
we* v 0

The spectrum of the above Hamiltonian consists of three
dispersive bands, which only touch each other at the bound-
aries of the first Brillouin zone (BZ), k = 0 and &, when
|u| = |v| = |w]|, i.e., in the absence of trimerization. As the
parameters are shifted from that condition, two band gaps
appear in the band structure, both with the same value. Inter-
estingly, these band gaps may host very peculiar edge states
as those shown in Fig. 2, where we have plotted the energy
spectrum of a finite trimer lattice for a set of hopping values
ofu =1, v=4,and w = 3. Note the presence of two in-gap
edge states, with energies ¢ = 4, both localized on the right
boundary of the system, with probability distribution at sites
of type B and C [see Figs. 2(b) and 2(c)]. It is worth noting
that our system does not exhibit chiral symmetry and, unlike
the states in the Su-Schrieffer-Heeger (SSH) model [42,43],
the states shown in Figs. 2(b) and 2(c) are chiral in the sense
that they are present on one edge of the sample, but not on the
opposite edge. In this context, as we will show in Sec. V, these
states can be interpreted as inherited from a higher dimension,
through a mapping onto an effective 2D model, which in fact
presents robust chiral states along the edges.

In Fig. 3 we show the energy spectrum of a finite trimer
lattice with N. = 20 unit cells, as a function of the intercell
hopping amplitude w, and with intracell hopping amplitudes
of u =1 and v = 2. We can observe a different number of
in-gap edge states emerging as w changes. A closer analysis
reveals three different regions, as shown in Fig. 3. The first
one (white leftmost region) with no edge states for w < u, v,

013833-2



EDGE STATES IN TRIMER LATTICES

PHYSICAL REVIEW A 99, 013833 (2019)

Eigenvalues
o

'
N

4

FIG. 3. Energy spectrum of the system under open boundary
condition as a function of the intercell hopping amplitude w, for
N, = 20 unit cells and intracell hopping amplitudes of u = 1 and
v = 2 (inversion-symmetry broken phase). The bulk states corre-
spond to solid lines, whereas the edge states localized on the right
(left) boundary are denoted with dashed (dash-dotted) lines. We
highlight three different regions: white leftmost region with no edge
states (w < u, v), red (dark gray) middle region with two in-gap edge
states localized on the right boundary (¥ < w < v), and yellow (light
gray) rightmost region with two pairs of edge states localized on both
edges of the system (4, v < w).

the second one [red (dark gray) middle region] with two
edge states localized on the right boundary of the system for
u <w < v, and the last one [yellow (light gray) rightmost
region] with two pairs of edge states localized on both ends of
the system for # < v < w. Depending on whetheru < w < v
orv < w < u,edge states will appear localized on the right or
left boundaries of the system, respectively. Here we assume
that 0 < u, v, w for simplicity, but results can be easily de-
rived in the general case. In fact, we use a recursive boundary
Green function method [44] (see the Appendix for details) to
study the regions in the parameter space where edge states
appear in a general framework.

This apparent violation of the bulk-boundary correspon-
dence, also reported in Ref. [31] as two new phases charac-
terized by piecewise continuous Berry phases, motivates us
to look closer at this problem. In the following, we explore
the localization properties and topological nature of the in-gap
states.

III. INVERSION-SYMMETRIC TRIMER CHAIN

A general result of the classification of noninteracting
fermionic topological phases [45-47] is that topological
phases of matter in 1D can only exist through the imposition
of symmetries on the system. Hence, in 1D and in the
presence of either chiral [45-49] or inversion symmetry [50],
topological phases will be protected as long as the symmetry
is preserved. Therefore, it is convenient to analyze the sym-
metries of the Hamiltonian, which will allow us to determine
if there is any symmetry protected topological phase.

Similar to the chirally symmetric (Hermitian) SSH model,
the topological properties of the trimerized chain are regulated
by the relative strength of the intercell and intracell hopping

Eigenvalues

w

FIG. 4. Energy spectrum and Zak phase (inset) of the system
under open boundary condition as a function of the intercell hopping
amplitude w, for N. = 20 unit cells and intracell hopping amplitudes
u = v = 1 (inversion-symmetric phase). The bulk states correspond
to solid lines, whereas edge states localized on both ends of the
system are denoted with dotted lines. Note that, when the inversion
symmetry is preserved, |w| > 1 (lw| < 1) corresponds to the topo-
logical (nontopological) phase of the trimer lattice.

amplitudes. In contrast, important distinct features appear
since the unit cells of the two models are different. For u =
v, H(k) is inversion symmetric, with the inversion center ly-
ing at the midpoint B between two sites A and C within a unit
cell,i.e., PH(k)P~' = H(—k), where the inversion operator

0 0 1
P=|0 1 0], P*=1, P=P!, 3)
1 0 0

plays the equivalent role as the o, operator for the SSH
model [43].

As mentioned before, if the spatial dimension is one and
if no symmetry is assumed, there are no topological phases
[45—47], i.e., all gapped Hamiltonians in 1D are equivalent to
the same trivial phase. However, in 1D and in the presence of
inversion symmetry P, one can classify different insulators by
Z, through a quantized topological index which can take only
the values zero or w (modulo 2m), denoting the trivial and
nontrivial topological insulators, respectively. This 1D topo-
logical invariant, which is intimately related to the existence
of edge states through the bulk-boundary correspondence, is
usually called the Zak phase [40,51] and is defined as Z =
i ffn dk (Y |0x ), where v are the Bloch wave functions.
The Zak phase for the lower band can be computed and is

found to be
Z_ [0 i lul = vl > [wl,
a  if lu] = |v] < |w].

4)

A nontrivial Zak phase implies that a pair of topologically
protected edge states will appear at the boundaries of the
system, one on the right and one on the left when we cut
the chain. Figure 4 shows the spectrum of the Hamiltonian
under open boundary conditions for |u| = |v| = 1 (inversion-
symmetric phase) as a function of w. A direct manifestation
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of the nontrivial Zak phase of 7 is the degenerate gapless
modes (dotted black lines), with energies ¢ = 1, appearing
at the boundaries of the system. As we can see the two regions
|u| = |v| < |w| and vice versa correspond to two topologi-
cally distinct phases, i.e., the system undergoes a topological
phase transition with gap closing at |u| = |v| = |w|, from a
trivial insulator to an inversion symmetry protected topolog-
ical insulator. This is a common example of a topological
phase transition with gap closing, as one cannot continuously
switch between the two phases without either closing the bulk
energy gaps or breaking the inversion symmetry. It is worth
noting that the spectrum depicted in Fig. 4 resembles that of
the SSH model very closely. In fact, both are symmetrically
arranged around zero energy and have in-gap edge states
protected by inversion or chiral symmetry, which appear after
the gap-closing-and-reopening transition [43].

Lastly, and similarly to the SSH model, the topological
phase transition and edge states emergence in the trimer
lattice (with u = v) can also be studied using the low-energy
continuum theory [52]. As mentioned before, the low-energy
excitations of the trimer model are close to k =0 and k = 7.
Near the band degeneracy point (where two bands cross) we
can treat the other band as a perturbation. This procedure,
together with an expansion around these points, generates two
effective two-band Hamiltonians. Then, if we place a domain
wall at x = 0, i.e., a Dirac mass term of the form

>0 forx >0,
<0 forx <0,

m(x) = { 3)
separating the two insulating phases, we can obtain a set
of Dirac-like equations, leading to a solitonic solution with
energies £ =u for k =7 and E = —u for k = 0. These
solutions describe the edge modes living at the domain wall,
with the topological phase transition corresponding to the sign
change of the Dirac mass term [52].

IV. EDGE STATES AND ROBUSTNESS TO DISORDER

Because of the bulk-boundary correspondence in Her-
mitian systems, nontrivial topological invariants imply the
existence of gapless states exponentially localized at the
boundaries of the sample (gap closing at the transition; see
Fig. 4). Thus, when the inversion symmetry is broken, it seems
natural to expect the disappearance or at least the instability
of these states. However, as seen in Figs. 2 and 3, there are
still in-gap states which are localized only at one boundary
of the system without an equivalent one at the opposite end.
Also, as the robustness against disorder is a characteristic
feature of edge states in the topological insulator phase, a
natural question arises as to whether these chiral edge states
are robust to disorder or not, since they are not protected by
any symmetry.

In order to gain insight into this question, we numerically
investigate the robustness of the edge states against disorder in
the inversion-symmetry broken phase of the trimer lattice. The
Hamiltonian of Eq. (1) contains three hopping parameters:
u, v, and w on which we introduce random disorder, i.e.,
u, =u+dy,, v, =v+dy,, and w, = w + dy,, where n is
the cell index, y, is uniformly distributed between 1 and —1,
and d is the disorder strength. For the sake of generality, we

disorder in u

Eigenvalues
o N
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|
o

disorder in u, v and w
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FIG. 5. Energy spectrum of a finite trimer lattice with N. = 60
unit cells, under the effect of increasing amounts of disorder d:
(a) in u, (b) in u and v, (c) in w, and (d) in u, v, and w. Dashed red
lines indicate the right edge states. The starting points for all plots
are u = 1, v =2, and w = 3 (inversion-symmetry broken phase),
and the results are the average over 100 simulations.

also allow the disorder to be different for each unit cell, and
act on the hopping parameters u#, v, and w independently.

Figure 5 shows the results, averaged over 100 simulations,
for four types of disorder as a function of the disorder strength
d. The starting points for all plots are u =1, v =2, and
w = 3. Disorder in the intracell hopping # and intercell hop-
ping w is depicted in Figs. 5(a) and 5(c), respectively. On
the other hand, in Fig. 5(b) we allow disorder to act on u
and v, independently. Lastly, Fig. 5(d) shows the spectrum
of the system with disorder acting in u, v, and w, also
independently.

We can observe that, even when details of the spectrum are
modified, and the robustness of the right edge states (dashed
red lines in Fig. 5) against the disorders are slightly different,
the localized nature of the edge states remain. Moreover, the
eigenvalues (of the right edge states) remain at ¢ = v until
the disorder is strong enough to either cause the eigenvalues
to reach the band (becoming extended) or close the band gap.
Remarkably, these edge states are robust to large amounts
of disorder and, as we will see next, we can associate a
topological origin to them, originated from a map onto an
effective model in a higher dimension. This contrasts with the
case of the edge states of zigzag graphene ribbons, which have
a topological origin rooted in a lower dimension [41], but are
fragile to disorder.

V. TOPOLOGICAL ORIGIN OF EDGE STATES IN THE
INVERSION-SYMMETRY BROKEN PHASE

The bulk-boundary correspondence dictates the existence
of gapless edge states from bulk topological invariants.
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Remarkably, depending on the values of the hopping am-
plitudes, the trimer lattice can exhibit diverse in-gap edge
states which “apparently” violate the bulk-boundary corre-
spondence, i.e., states appear localized only at one end of
the system without a counterpart at the opposite end. This,
combined with the fact that these edge states turn out to be
robust against disorder, makes one wonder about the bulk-
boundary correspondence, and the nature or origin of these
edge states in such a system.

To answer these questions and motivated by the fact that
families of 1D band insulators, i.e., systems where the Hamil-
tonian depend periodically on a parameter ¢ (defining an
effective 2D model), share the same topological classification
as the quantum Hall effect [22,23,53], we model the trimer lat-
tice through the so-called commensurate off-diagonal Aubry-
André-Harper (AAH) model [54,55]. Before studying this
specific Hamiltonian, it is important to add some general com-
ments about the physics of AAH models involving diagonal
and off-diagonal modulation terms, specifically, with regard
to their topology. In Ref. [56] the authors have analytically
proved the topological equivalence of incommensurate AAH
models, regardless of whether the quasiperiodicity appears
as an on-site (diagonal) or hopping (off-diagonal) modula-
tion. This contrasts with the commensurate diagonal and off-
diagonal AAH models, in which case there are regions in
parameter space where the two models have different topo-
logical invariants (Chern numbers), implying that, in general,
they are not topologically equivalent [27], as one cannot
continuously deform from one into the other without closing
the energy gap.

The commensurate off-diagonal AAH model can be de-
scribed by the following tight-binding Hamiltonian:

N
H = Zt[l + A cos(2mbn + ¢)cj,+1cn] +H.c.,, (6)

n=1

where N is the number of lattice sites, c]; (cp) is the creation
(annihilation) operator at site n, ¢ is the hopping amplitude
which is set to be the unit of the energy (r = 1), and the
parameter A is the modulation amplitude of the coupling
strength. The modulation periodicity is controlled by b = p/q
(p and g are coprime numbers), leading to a commensurate
(incommensurate) modulation with the lattice, whenever b is
rational (irrational). Here, our interest is to discuss the case of
b rational or, more specifically, p =1 and ¢ =3 (b = 1/3),
which leads to a trimerized model with three bands. On the
other hand, the phase factor ¢ plays the role of an additional
degree of freedom, which in our case allows us to obtain a
whole family of different trimers.

A family of trimers, i.e., {H(¢)|0 < ¢ < 2x}, defines an
effective model in two dimensions. Therefore, identifying ¢
as one component of the wave vector of a 2D system, we can
map this 1D model to a 2D model, in such a way that the
topological properties of our 1D trimer chain can be easily
studied by using topological concepts for 2D systems [19,22].
Hence, assuming periodic boundary conditions on the system,
Eq. (6), and performing Fourier transforms of creation and
annihilation operators, Chern numbers for individual (nth)
bands can be defined in an effective 2D space (k, ¢) over the

Eigenvalues

o/

FIG. 6. Energy spectrum of the commensurate off-diagonal
AAH model, Eq. (6), under open boundary condition as a function of
¢, forb = 1/3, N = 60 sites, and two different values of A: (a) A =
0.5 and (b) A = 5. The bulk Bloch states correspond to solid lines,
whereas the edge states localized on the right (left) boundary are
denoted with dashed (dash-dotted) lines. Note the correspondence
between the highlighted yellow (light gray) and red (dark gray) areas
in (a) and those in Fig. 3. Chern numbers for individual bands are (a)
(vy, v2, 13) = (—1, 2, —1) before the transition and (b) (v, v,, v3) =
(2, —4, 2) after the transition point, A, = 4.

BZ(0<k<2n/q,0< ¢ <2m)as

1

V= —
21 0

27 /q 2
dk/ dp(Ag — 0y Ar), @)
0

with the Berry connection A, =i (¥ (k, )|, |V (k, @)) (r =
k, @), where ¥ (k, ¢) are the Bloch wave functions. We numer-
ically calculate the Chern numbers for individual bands as a
function of A. We found that, when the modulation amplitude
A < A, the Chern numbers are (vq, vy, v3) = (—1,2, —1),
while for A > A, the Chern numbers are (v, vy, v3) =
(2, —4,2), with A, = 4, predicting a topological phase tran-
sition where not only are the Chern numbers doubled, but
they also change in sign, in agreement with results derived in
the context of Thouless pumping [27]. As noted in Ref. [27]
this means that, if we perform a particle pumping experiment
along the lattice, the propagation direction will change by the
opposite, and it will be faster.

Figure 6 shows the energy spectrum of the commensurate
off-diagonal AAH model under open boundary condition for a
lattice of finite length, N = 60, and two values of A: Fig. 6(a)
for . = 0.5 and Fig. 6(b) for A = 5. The bulk Bloch states
are denoted with solid lines, whereas the edge states localized
at the right (left) boundary correspond to dashed (dash-dotted)
lines. By keeping b = 1/3 and scanning ¢ from zero to 27t one
can observe in Fig. 6(a) that the two gaps are closed by a few
modes, reproducing all possible configurations that appear in
Fig. 3. Indeed, each value of ¢ € [0, 27r) corresponds to a
certain set of hopping values, that is, each cut as a function of
¢ defines a trimer. In Fig. 6(a) we have highlighted in white,
red (dark gray), and yellow (light gray) the corresponding
regions where there are no edge states, two edge states located
either at the right (dashed lines) or left (dash-dotted lines)
boundary of the system, and two pairs of edge states localized
on both ends of the system, respectively. It is worth noting the
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correspondence between the highlighted yellow (light gray)
and red (dark gray) areas in Fig. 6 and those in Fig. 3, in terms
of localization and number of edge states. Also notice that the
number of edge modes in Fig. 6 is twice that in Fig. 6, while
the propagation direction is the opposite.

The individual members of the trimer’s family are not
topological in general, although they exhibit states located at
the boundaries of the system. As discussed in Sec. III, only
when the inversion symmetry is preserved is an element of
the family topological. These are the cases that have a crossing
at the inversion-symmetry point, indicating the emergence of
degenerate edge states protected by the inversion symmetry.
On the other hand, only when scanning ¢ from zero to 27, we
can obtain all the possible variants of the trimer lattice. This
suggests that the appearance of the chiral states has a topolog-
ical origin because they are associated with a whole family,
and only as a whole family, we can define invariants (Chern
numbers) and establish a bulk-boundary correspondence.

As mentioned before, as the hopping amplitude A in-
creases, the system undergoes a topological phase transi-
tion [27]. The topological phase transition point can be
found, analytically, by solving a cubic equation that results
from Eq. (6) assuming periodic boundary conditions and
b = 1/3 [27]. Here we put forward an interesting connection
between the transition point in 1D and 2D, whereby the
precise determination of the closing gap and the transition
point in 1D correctly determines the corresponding position
of closing gap and transition point in 2D, a property which
can be extended to other systems with rational » and odd q.

The topological phase transition in the trimer lattice, as we
saw in Sec. III, occurs when |u| = |v| = |w]; thus the position
corresponding to the closing gap in the effective 2D system is
not changed, only modulated. In this way, we can identify u =
1+ Xxcosn/3+¢), v=1+Acos(4w/3+ ¢), and w =
1 4+ A cos(¢). The hopping amplitudes u and v are always
equal when the phase factor is ¢ = m; then we have u = v =
14 A/2 and w = 1 — A. In fact, by equating

[14+A/2] =1 =4, ()

we obtain the critical value A, = 4 for the topological phase
transition, in full agreement with that found in Ref. [27] in the
context of Thouless pumping of light in photonic waveguide
arrays. Lastly, we want to emphasize that this connection
reinforces our suggestion that the trimer lattice can host states
of topological origin.

VI. CONCLUSIONS

Motivated by analogy with photonic lattices, we have
studied the edge states of a one-dimensional trimer lattice and
examined its characteristics in the phases with and without
inversion symmetry protection. Remarkably, we have shown
that the edge states in the inversion-symmetry broken phase
of the trimer model may appear located at a single edge.
In particular, the emergence of degenerate edge states in
the inversion-symmetric phase of the trimer model has been
characterized through the calculation of the Zak phase. If the
inversion symmetry is broken, we have demonstrated that the
chiral edge states remain robust to large amounts of disorder.
This contrasts, for example, with the case of the edge states

of zigzag graphene ribbons which are less robust, and have
a topological origin rooted in a lower dimension [41]. In
addition, through the mapping onto the commensurate off-
diagonal Aubry-André-Harper model, we have captured the
essentials of the whole family of trimers, which allows us to
establish a direct connection between chiral edge modes in
the two models, including the calculation of Chern numbers
in this effective two-dimensional model. We thus suggest that
the chiral edge modes of the trimer lattice have a topological
origin inherited from this effective mapping. We have estab-
lished a nontrivial connection between the topological phase
transition point in the trimer lattice to that in its associated ef-
fective two-dimensional parent system. The topological phase
transition point found here is in full agreement with results
derived in the context of topological Thouless pumping in
photonic lattices [27]. This nontrivial connection strength-
ens our suggestion that the trimer lattice, in the inversion-
symmetry broken phase, can host states of topological origin.
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APPENDIX: RECURSIVE BOUNDARY GREEN FUNCTION

In order to investigate the localization properties of the
edge states and their relationship with the relative strength
of the inter-and intracell hopping amplitudes of the trimer
lattice Hamiltonian, Eq. (1), in this Appendix we apply the
recursive boundary Green function method which relates
the presence or absence of edge states to the fixed points of
the recursion [44].

Following the scheme laid out in Ref. [44], we can extend
the system by adding sites until we obtain a trimer with
N, unit cells. This can be achieved in two ways, either by
extending the system to the right or to the left. In any case,
considering that the chain is long enough (large N, limit), we
expect that the boundary Green function becomes independent
of the number of unit cells, but not on the specific boundary.
Indeed, as we show next, in the inversion-symmetry broken
phase of the trimer lattice, the right and left boundary Green
functions are different.

The boundary Green function G3y, of a trimer chain with
3N, sites can be related to the boundary Green function
Gi3n.—1 of a chain with 3N, — 1 sites through the Dyson
equation:

(&5n, = Van—1Gan—1Viy )G, =L, (AD)

where g;,\l,c = Ie is the bare Green function and V3y,_; is
associated with the hopping terms u, v, and w. In this way,
by iterating (three times) the recursion Eq. (Al) from the
right boundary we obtain a recursion for trimer chains with
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a number of sites multiple of three:

Ghy ={e—v[e—uP(e —w?GH, )77} (A2

Analogously, we can study the appearance of edges states
localized on the left boundary of the trimer lattice by iterating
(also three times) the recursion Eq. (A1) from the left bound-
ary

Ghy = {e —u’[e —v*(e —w?Ghy )77} (A3

Notice that the above equation can be obtained from Eq. (A2)
through the exchange u <> v. In what follows, we will de-
scribe how to obtain the right boundary Green function (G¥)
and then extend the results to the left boundary Green function
(G1) through the exchange u <> v.

It is convenient to rewrite the recursion Eq. (A2) as G§Nc -

G3y,_3 = B(G%y, _3), where the 8 function is given by

Bx)={e — e —ul(e —wx) '™V T —x. (A4

The zeros of the B function define the fixed-point boundary
Green function. One can write the solution for the above
quadratic equation as follows:

e —ut +&2 —v?)
2w2(e? — v?)

(€2 —u?)

" (8(w2 —ul 42— v2)>2 3
2w?2(s2 — v2) w2(e2 —v?)’

(AS5)

and making an expansion in power series of (¢ & v) we obtain

GR :iw_i_o(giv) (A6)
regular 8vw2 ’
R (w? — u?) u? — 4% — w?
Gsingular = 2w2(8 ¥ v) 8‘Uw2 + 0(8 :t v).
(A7)

The above regular and singular (right) boundary Green func-
tions characterize the absence and presence of edge states
localized on the right boundary of the system, respectively.
In fact, the two poles ¢ = £wv of the singular boundary Green
function indicate the energies of the edge states.

We know that a fixed point is stable when 8'(x) < 0. Then,
the region of the parameter space where edge states appear can
be analyzed by studying the stability of the fixed-point Green
functions under the recursion, which leads to

w2

:Bl(Gigu]ar)L;:iv = ﬁ -1, (A8)
M2

ﬁ/(nggular)’g:iv = ﬁ -1 (A9)

The emergence of edge states located at the right (Ieft) bound-
ary of the trimer lattice, with energies ¢ = v (¢ = %u),
are characterized by the singular boundary Green function
G & gutar (Glinguiar)» Which is stable for |u| < |w| (Jv| < [w]).
On the other hand, the regular boundary Green function
Grﬁgular (Gfegular) is stable for |w| < Ju| (Jw| < |v|), which
means that there are no edge states located at the right (left)
boundary of the trimer lattice in this region of parameter
space.

We conclude this Appendix by mentioning that the above

results fully support the findings reported in Sec. II.
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