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By employing the angular spectrum representation, we successfully derive the partial-wave expansion
coefficients of the circular Airy beams (CABs) with different polarizations, based on which the scattering
of a spherical particle in the CABs is solved exactly. Special attention is focused on exploring the potential
applications of the CABs in the abruptly autofocusing (AAF) property and optical manipulation of microparticle
by optical force. It is found that both the linear and circular polarizations are the best candidates to implement
the AAF property robustly against strong disturbance by a large-sized particle. In addition, although the CABs
can be intensively focused to a small region, resulting in an abrupt increase of light intensity by two orders
of magnitude at the focal point and enabling three-dimensional stable trapping of a Rayleigh particle near the
focal point, the usual CABs fail to generate an optical force outweighing the Brownian force to achieve a stable
transverse trapping in the region before the focal point. On the other hand, a Mie particle can be confined
transversely in the primary ring and accelerated along the curved trajectory of CABs to the focal point, then
pushed further all the way through the focal point rather than being trapped therein, and eventually accelerated
further along a straight trajectory in the direction of light propagation over 100 wavelengths, due to the weak
diffraction characteristic of a morphed Bessel-like beam of CABs. The exotic curved-straight trajectory transport
of particles by the CABs may find applications in the case where the transport path is partly blocked.
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I. INTRODUCTION

Abruptly autofocusing (AAF) beams have recently been
intensively investigated theoretically [1] and experimentally
[2,3], since the beams can abruptly concentrate the field
intensity at a focal point while keeping almost constant in-
tensity before the focal point, thus offering the possibility
for laser ablation and biomedical treatment [1]. The AAF
beams were first established based on radially symmetric
Airy waves [1–3], also called circular Airy beams (CABs),
and then were extended by introducing preengineered AAF
beams with specific caustic trajectories [4], in which the
angular spectrum representation method is applied to simply
achieve the generation and control of AAF beams in Fourier
space [2,5–7]. To better control the properties of AAF beams
such as enhancement of the intensity contrast, locations of
the focal point, specific caustic trajectories, and altering the
focal pattern, diverse AAF beams have been proposed such
as blocked CABs [6], modified CABs [7], AAF beams with
preengineered caustics [4,8], autodefocusing and bottle beams
[3,5,8], controllable AAF beams with linear optical potentials
[9,10], high-power AAF beams with periodic lattices [11], and
AAF vortex beams [12–15].
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Very recently, nonparaxial AAF beams [16,17] with linear
polarization and preengineered trajectories were proposed to
generate a larger intensity contrast and smaller focus distance
and spot size, resulting from the caustic engineering [16] or
cooperative action of paraxial and nonparaxial energy flow
[17]. The cylindrical vector AAF beams were also generated
[18,19] and abrupt polarization transitions due to spin-orbit
interaction were discussed for the vector AAF beams with
spiral phase [18]. Nowadays, the AAF beams are widely
used in the generation of a light bullet [20], advanced mul-
tiscale photopolymerization [21], AAF matter waves [22],
and optical manipulations [3,23,24]. In particular for optical
manipulations, it has been demonstrated in an experiment
that Mie particles which are suspended in water solution and
confined between two glass plates can be transversely trapped
and manipulated via CABs [3]. Meanwhile, for Rayleigh
particles immersed in linearly polarized CABs or modified
CABs, theoretical analysis of radiation forces along the beam
axis has been proposed [23,24] where the optical forces are
evaluated within the dipole approximation. However, Mie par-
ticles appear in most optical manipulations, thus it is desirable
to consider the optical interaction between CABs and Mie
particles. Here we study the scattering problem of the CABs
disturbed by a Mie particle with large size.

In this paper, based on the generalized Lorentz-Mie the-
ory (GLMT) [25–27], the scattering problem of a spherical
particle of an arbitrary size is solved exactly when it is
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immersed in the CABs of different polarizations, including
linear, circular, radial, and azimuthal polarizations. Based on
our exact solution, the AAF property and optical manipulation
of CABs are explored and demonstrated. Starting with the
angular spectrum representation, we work out the partial-wave
expansion coefficients of the CABs for various polarizations.
Then the theoretical formulas of the field distribution are
derived to demonstrate the AAF property of the CABs. It is
found that both the linear and circular polarizations are the
best candidates to achieve the AAF, and the AAF property
of the CABs is robust against blockage in the light path by
a large particle before the focal point. Next we calculate the
optical force acting on a particle located in the optical field
of the CABs based on the Maxwell stress tensor method.
The results show that, transversely, the Mie particle can be
trapped only within the primary ring, while the side rings
are not capable of confining the particle. Simultaneously,
the transversely trapped Mie particle is accelerated along the
curved trajectory towards the focal point and then it is pushed
through the focal point, due to the absence of any longitudinal
equilibrium near the focal point. In the region after the focal
point of CABs, the morphed Bessel-like beam continues to
confine the Mie particle transversely to the beam axis and
simultaneously transports it along the straight beam axis over
100 wavelengths, due to its nearly nondiffractive property. In
contrast, the CABs can stably trap a Rayleigh particle near
the focal point in three dimensions, but it is hard to trap
such a particle within the primary or side rings before the
focal point, due to the perturbation by the Brownian force.
The intriguing transport behavior of a Mie particle along a
curved-and-straight trajectory, together with the robustness of
AAF in turbulent environments, is expected to find application
in the situation where a particle needs to be transported in a
circumventing route.

II. RESULTS AND DISCUSSION

A. Exact solution of the scattering problem

In this section, starting with the angular spectrum repre-
sentation and the GLMT, theoretical formulas are derived to
exactly solve the scattering of a spherical particle with an
arbitrary radius immersed in the CABs of different polariza-
tions. Based on the angular spectrum representation method,
the field profile of the incident CABs can be described by the
angular spectrum of the field distribution on the initial plane
with a field profile E0Ai[(r0 −

√
x2 + y2)/w] exp[αc(r0 −√

x2 + y2)/w] [2], where r0 is the radius of the primary ring,
αc is a decay parameter, and w and E0 are the parameters to
alter the width of the primary ring and the light beam power,
respectively. If the center of the CABs is located at the point
(xb, yb, zb ), then the incident CABs can be described via [28]

Ei (x, y, z) =
∫∫ ∞

−∞
A(α, β )ei(kxx+kyy+kzz)dα dβ, (1)

where (kx, ky, kz) is the wave-number vector for each ex-
panded plane wave with kx = k sin α cos β, ky = k sin α sin β,
kz = k cos α, and k the wave number in the background. The
angular spectrum of the field distribution on the initial plane
reads [5,7]

A(α, β ) = E0w

2πk⊥

√
(k⊥r0 + k3

⊥w3)

(
k⊥r0 + k3

⊥w3

3

)

× e−αck
2
⊥w2

e−i(kxxb+kyyb+kzzb )

× J0

(
k⊥r0 + k3

⊥w3

3

)
s(α, β ), (2)

where k⊥ = k sin α is the transverse component of wave vec-
tor and s(α, β ) = (sx, sy, sz) denotes the polarizations of each
expanded plane wave with sz = −(sxkx/kz + syky/kz) based
on the Maxwell equation ∇ · Ei = 0. For instance, (sx, sy ) =
(cos β, sin β ) is for the radial polarization (also called TM
mode) and (sx, sy ) = (− sin β, cos β ) for the azimuthal polar-
ization (also called TE mode).

Using the GLMT, the incident CABs can also be described
in terms of the vector spherical wave functions (VSWFs)
N(1)

nm(k, r) and M(1)
nm(k, r) [25–27,29],

Ei (r, θ, φ) = −i
∑
n,m

Emn

[
pmnN(1)

nm(k, r) + qmnM(1)
nm(k, r)

]
,

(3)
where the origin of spherical coordinates (r, θ, φ), corre-
sponding to the Cartesian coordinates (x, y, z), is located at
the sphere center and the factor Emn = E0i

nγmn with γmn =
[ (2n+1)(n−m)!
n(n+1)(n+m)! ]

1/2. Based on the orthogonality of the VSWFs,
the partial-wave expansion coefficients pmn are derived via the
integral

pmn = Cp

∫ π

0
dθ

∫ 2π

0
dφ(er · Ei )P

m
n (cos θ )e−imφ sin θ,

where er is the unit vector in spherical coordinates, P m
n (cos θ )

is the associated Legendre function of the first kind, and
Cp = i1−nγmnkr

4πE0jn(kr ) is a coefficient factor with jn(kr ) the spherical
Bessel function of order n. After substituting the incident
field of the CABs Ei (r, θ, φ), the partial-wave expansion
coefficients pmn read

pmn = kw

2
(−i)mγ 1/2

mn e−imψ0

∫ π/2

α=0
e−ikzb cos αe−αck

2
⊥w2

× C(α)Q(α)J0

(
k⊥r0 + k3

⊥w3

3

)
dα,

with

C(α) =
√

(k⊥r0 + k3
⊥w3)

(
k⊥r0 + k3

⊥w3

3

)

and

Q(α) =
⎧⎨
⎩

[eiψ0Jm−1(k⊥ρ0) − e−iψ0Jm+1(k⊥ρ0)][sx (iτmn − πmn cos α) + sy (iτmn + πmn cos α)] (linear or circular)
2Jm(k⊥ρ0)τmn (radial)
−2Jm(k⊥ρ0)πmn cos α (azimuthal),
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(a)

(b) (c) (d)

FIG. 1. Field intensity profiles of the incident CABs with linear
polarization. (a) Longitudinal slice. Transverse slices are shown at
different distance with (b) z = 10λ, (c) z = fAi � 75λ, and (d) z =
180λ. (c) Amplified view near the focal point with a square region
from −2λ to 2λ. The white arrows denote the transverse Poynting
vectors and the black dashed line in (a) is plotted via the analytic
formula R(z) � r0 + w − z2/4k2w3. The CABs have the parameters
(sx, sy ) = (1, 0), r0 = 10λ, w = 1.5λ, αc = 0.05, E0 = 1, and λ =
1.064 μm.

where (ρ0 cos ψ0, ρ0 sin ψ0) denotes the transverse location
of the center of CABs corresponding to (xb, yb ), with xb =
ρ0 cos ψ0 and yb = ρ0 sin ψ0, and qmn can be directly ob-
tained by exchanging the factors τmn and πmn. The factors
πmn = mP m

n (cos α)/sin α and τmn = dP m
n (cos α)/dα are two

auxiliary functions. For the scattering field, it is obtained via
[25–27,29]

Es (r, θ, φ) = i
∑
n,m

Emn

[
amnN(1)

nm(k, r) + bmnM(1)
nm(k, r)

]
,

(4)
where the Mie scattering coefficients amn and bmn are given
by amn = anpmn and bmn = bnqmn, with an and bn the Mie
coefficients [30].

B. The AAF property of CABs

In this section, based on the above formulas, the field
distribution of CABs is first simulated to show the AAF
property, including the intensity contrast and focal distance of
CABs. The AAF property of CABs for different polarizations
is also demonstrated. In addition, it is shown that the AAF
property of CABs is robust against the strong disturbance
by a large-sized particle. Considering the linear polarization
oscillating along the x axis (i.e., sx = 1 and sy = 0) as an
example, the profile of incident field intensity in the x-z
plane is demonstrated via Eq. (3) with the beam center
(xb, yb, zb ) = (0, 0, 0), as shown in Fig. 1(a). It is found that
the field intensity of the CABs is abruptly concentrated at
the focal point with focal distance zc = fAi � 75λ and the
intensity contrast [1] reaches Ic � 174, where the intensity
contrast Ic is defined as a ratio of the field intensity at the focal
point to that at the intensity extremum within the primary ring
on the initial plane z = zb [1]. From Fig. 1(a) we can also find
that the CABs nearly maintain a constant field intensity before

Ic=174
zc=75 λ

Ic=174
zc=75 λ

Ic=37
zc=75.3 λ

Ic=34
zc=73.4 λ

)b()a(

(c) (d)

Linear Circular

Radial Azimuthal

FIG. 2. Field distributions near the focal point on the slice with
y = 0 for (a) linear (sx = 1, sy = 0), (b) circular (sx = 1, sy = i ),
(c) radial, and (d) azimuthal polarizations, where Ic and zc denote
the intensity contrast and position of the focal point, respectively.

the propagation distance z = 50λ and tend to a Bessel-like
beam after z = 150λ [3,5,31]. Figure 1(b) suggests that the
AAF property of CABs stems from the inward concentrated
field intensity, where the transverse Poynting vectors denoted
by the white arrows point towards the beam center. As the
propagation distance increases, the mode area becomes small
and reaches its minimum near the focal point at zc = fAi �
75λ, as shown in Fig. 1(c), where the transverse Poynting
vectors start changing the directions to point outward from
the beam axis. With increasing the distance to z = 180λ,
the magnitudes of transverse Poynting vectors are very small
within the region of a central bright spot [see Fig. 1(d)],
thus the morphed Bessel-like beam slightly diffracts after the
focal point. Considering the curved trajectory of the intensity
maximum for an Airy beam [32], the radius of the primary
ring for the CABs reads R(z) � r0 + w − z2/4k2w3, which
is presented as a black dashed line in Fig. 1(a). The focal
distance can also be obtained via R(z) = 0 and reads zc =
2kw2√r0/w + 1 � 78λ [17], which coincides well with the
simulation result.

To demonstrate the AAF property of CABs influenced by
different polarizations, profiles of field intensity near the focal
point of the CABs with circular, radial, and azimuthal polar-
izations are plotted in Fig. 2. It can be seen that the linearly
and circularly polarized CABs have almost the same profile
of field intensity, and the distribution seems like a light bullet
[20] in the region near the focal point [see Figs. 2(a) and 2(b)].
In contrast, for the radially and azimuthally polarized CABs in
Figs. 2(c) and 2(d), the spot size near the focal point is larger
and a hollow dark spot appears for the azimuthal polarization.
One can also see from Fig. 2 that the intensity contrast reaches
Ic � 174 at the focal distance zc � 75λ for the linear or
circular polarizations, while it only reaches Ic � 37 (34) at
zc � 75.3λ (73.4λ) for the radial (azimuthal) polarization. It
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(b)

(a)

(c) (d)

(e)

FIG. 3. Total field intensity profile of the AAF beam with linear
polarization scattered by a dielectric sphere with radius rs = 15λ

and permittivity εr = 2.53. The particle is located at the positions
(a) (0, 0, 15λ) and (b) (10λ, 0, 15λ), where the black circles denote
the dielectric particle. (c) and (d) Amplified views of field intensity
corresponding to (a) and (b) near the focal point. (e) Field intensity
along the z axis.

is concluded that the linearly or circularly polarized CAB is
the best candidate to present the AAF property.

We next focus on the AAF property of the CABs strongly
disturbed by a very large particle, where the dielectric particle
has radius rs = 15λ and permittivity εr = 2.53, and the linear
polarization is considered here as an example since it is one
of the best candidates to present the AAF property. As shown
in Fig. 3, profiles of total field intensity along the x-z plane
are plotted for different particle positions, with the black
circles denoting the dielectric particles. It can be seen that
the field intensity is obviously disturbed by the large-sized
dielectric particle [see Figs. 3(a) and 3(b)] and in particular the
circular symmetry of CABs is broken for the particle position
at (10λ, 0, 15λ). Interestingly, the CABs can continue to be
concentrated on the focal point after being scattered by the

particle, although the field intensities near the focal point are
slightly distorted, as can be seen from the amplified views
in Figs. 3(c) and 3(d), corresponding to Figs. 3(a) and 3(b).
A much clearer picture is presented in Fig. 3(e), where the
total field intensity along the z axis is calculated for different
particle positions. It can be found that the profiles of field
intensity are similar to that without the particle disturbance,
and the focal points are almost located at the same position
zc = fAi � 75λ, except that the amplitude of the field inten-
sity has a small decay due to the strong scattering by the
large-sized particle. Therefore, the AAF property of CABs
is robust for the large-sized obstacle. In addition, we should
note that the CABs have a radially symmetric Airy profile in
the region before the focal point and asymptotically become
Bessel-like beams [3,5,31] [see Fig. 1(a)]. For the Airy or
Bessel beam, this has been used to show the self-healing effect
[33,34] owing to their nondiffraction property. Similarly, the
CABs can also self-heal the profiles of the field intensity after
being disturbed by Mie particles.

C. Theoretical formulas of optical forces

Based on the exactly solved scattering problem of CABs
and Mie particles, the optical manipulation of CABs by
optical forces can also be described, in addition to the AAF
property. The time-averaged optical force acting on a spher-
ical particle is calculated by the integration of the Maxwell
stress tensor over the outer surface S of the particle and reads
[35,36]

F =
∮

S

er · 〈
↔
T〉 dS, (5)

where er is the unit normal vector on the closed surface

and the time-averaged Maxwell stress tensor reads 〈
↔
T〉 =

1
2 Re[εEE∗ + μHH∗ − 1

2 (εE · E∗ + μH · H∗)
↔
I ], with

↔
I be-

ing the unit tensor. Considering the lossless surrounding
medium, the optical forces can be simplified to be express in
terms of the partial-wave expansion coefficients [27,37–41]

F1 = 2πε

k2
|E0|2

∑
n,m

[
c11F

(1)
1 − c12F

(2)
1 + c13F

(3)
1

]
,

F2 = −4πε

k2
|E0|2

∑
n,m

[
c21F

(1)
2 + c22F

(2)
2

]
,

(6)

with the coefficients

c11 =
[

(n − m)(n + m + 1)

n2(n + 1)2

]1/2

,

c12 =
[
n(n + 2)(n + m + 1)(n + m + 2)

(n + 1)2(2n + 1)(2n + 3)

]1/2

,

c13 =
[
n(n + 2)(n − m)(n − m + 1)

(n + 1)2(2n + 1)(2n + 3)

]1/2

,

c21 =
[
n(n + 2)(n − m + 1)(n + m + 1)

(n + 1)2(2n + 1)(2n + 3)

]1/2

,

c22 = m

n(n + 1)
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)c()b()a(

FIG. 4. (a) Transverse optical force distribution of a Mie particle. The white arrows denote the magnitude and direction of the transverse
optical force in air; the incident intensity profile is also plotted as the background. Three components of optical force versus (b) the x axis
and (c) the y axis in the plane z = 25λ. The particle has the radius rs = 2λ and permittivity εr = 2.53. The black circles denote the transverse
trapping positions. The black solid lines denote the incident field intensity profiles in the plane z = 25λ with arbitrary units.

and

F
(1)
1 = ãmnb̃

∗
m1n

+ b̃mnã
∗
m1n

− p̃mnq̃
∗
m1n

− q̃mnp̃
∗
m1n

,

F
(2)
1 = ãmnã

∗
m1n1

+ b̃mnb̃
∗
m1n1

− p̃mnp̃
∗
m1n1

− q̃mnq̃
∗
m1n1

,

F
(3)
1 = ãmn1 ã

∗
m1n

+ b̃mn1 b̃
∗
m1n

− p̃mn1 p̃
∗
m1n

− q̃mn1 q̃
∗
m1n

,

F
(1)
2 = ãmnã

∗
mn1

+ b̃mnb̃
∗
mn1

− p̃mnp̃
∗
mn1

− q̃mnq̃
∗
mn1

,

F
(2)
2 = ãmnb̃

∗
mn − p̃mnq̃

∗
mn,

where the indices m1 = m + 1 and n1 = n + 1 with the aster-
isk superscript denoting the complex conjugate and

ãmn = amn − 1
2pmn, p̃mn = 1

2pmn,

b̃mn = bmn − 1
2qmn, q̃mn = 1

2qmn.
(7)

In Cartesian coordinates, three components of the optical
force read

Fx = Re[F1], Fy = Im[F1], Fz = Re[F2]. (8)

In the following numerical calculations of optical forces, the
parameter is set to E0 = 1.7 × 106 V/m, corresponding to the
field intensity of I 0

max = 1 mW/μm2 at an intensity extremum
within the primary ring in the initial plane z = 0, and the
incident power of light beam reaches about 640 mW.

D. Optical manipulation of CABs for a Mie particle

In this section optical manipulation of CABs is discussed
for a Mie particle located on different regions including the
regions before, near, and after the focal point. Considering
a Mie particle of radius rs = 2λ and permittivity εr = 2.53
(polystyrene beads with mass density ρp = 1050 kg/m3)
[27,42] on the plane z = 25λ in air, the transverse optical
force (Fx, Fy ) is plotted as a function of particle positions
along the x-y plane, as shown in Fig. 4, where the transverse
optical forces are described by white arrows in the background
of the intensity profile and the trapping positions in the
transverse direction are denoted by black circles. The gravity
of the Mie particle is ignored in the optical trapping since
it reaches about 0.4 pN, which is much smaller than the

optical forces of CABs. It can be found that the white arrows
point towards the intensity extrema within the primary ring
of CABs [see Fig. 4(a)], and the transverse optical forces be-
come much smaller within the side rings. Thus the transverse
optical forces have equilibrium positions near the intensity
extrema within the primary ring, providing the possibility to
transversely trap the particle. We also find that the profile
of transverse optical forces is not circularly symmetric [see
Fig. 4(a)], because the z component of field intensity Iz has
dipolar structure for the linear polarization [16]. To present an
even clearer picture, we have calculated optical forces versus
the x and y axes as shown in Figs. 4(b) and 4(c), respectively.
It can be seen that there exist trapping positions only within
the primary ring, instead of side rings, so the Mie particle can
only be transversely trapped within the primary ring, which
is also demonstrated in the experiment [3]. When the Mie
particle is located at these transverse trapping positions [see
Figs. 4(b) and 4(c)], the longitudinal optical force Fz almost
reaches its maximum to accelerate the Mie particle along the
curved trajectory of CABs. Thus we can conclude that the
Mie particle can only be trapped within the primary ring and
then accelerated along the curved trajectory towards the focal
point.

It is interesting to discuss the optical forces near the focal
point, because the abruptly strong field intensity may lead to a
very large optical gradient force. The distribution of optical
forces on the Mie particle in the x-z plane is displayed in
Fig. 5(a), where the black arrows denote the optical forces
(Fx, Fz) and the incident field intensity is also demonstrated
as the background. According to the directions of optical
forces (Fx, Fz), one can clearly see that the transverse optical
force Fx pushes the particle towards the beam axis and si-
multaneously the longitudinal optical force Fz accelerates the
particle along the z axis and then moves it through the focal
point. Meanwhile, the optical force Fx along the x axis and
Fz along the z axis are also plotted in Figs. 5(b) and 5(c), re-
spectively. It can be found that there exists a trapping position
in the transverse direction [see Fig. 5(b)] and the transverse
optical force Fx reaches its maximum of about 300 pN,
which is large enough to achieve a stable transverse trapping.
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z = 75 λ x = 0

trapping
position

(a) )c()b(

FIG. 5. (a) Distributions of optical forces (Fx, Fz ) on the Mie particle near the focal point in the x-z plane, where the incident field intensity
is also plotted as the background. Plot of (b) Fx along the x axis at z = 75λ and (c) Fz along the z axis at x = 0. The black circle denotes the
trapping position. All other parameters are the same as in Fig. 4.

However, the transversely trapped particle cannot be trapped
in the longitudinal direction [see Fig. 5(c)] without a trapping
position along the z axis, although the field intensity is very
strong near the focal point, because the longitudinal scattering
force prevails over the longitudinal gradient force near the
focal point where the mode area is much smaller than the
particle size. Thus the Mie particle can be transversely trapped
near the focal point and simultaneously pushed through the
focal point rather than be trapped therein.

As the Mie particle enters the region after the focal point,
it can still be transversely trapped and transported along the
beam axis. This is because the CAB in this region asymptot-
ically becomes a Bessel-like beam, but with slight diffraction
[see Fig. 1(a)]. The transverse trapping of the Mie particle is
demonstrated in Fig. 6(a), where the transverse force Fx is
plotted versus the x axis for different planes with z = 100λ,
200λ, and 300λ. It can be found that there always exists a
transverse trapping position on the beam axis in different
planes, and the magnitude of Fx reaches its maximum of 37.8,
4.2, and 1.2 pN corresponding to the plane with z = 100λ,
200λ, and 300λ, respectively. So the Mie particle will be trans-
versely trapped near the beam axis after it is moved through
the focal point by the optical forces. Meanwhile, the trans-
versely trapped particle can be accelerated by the longitudinal
force Fz along the beam axis over 100 wavelengths, as shown
in Fig. 6(b), where the longitudinal force Fz reaches about
10 pN even in the plane z = 300λ. From Fig. 6(a) we also
find that stiffness of the transverse trapping is reduced as the
propagation distance of CABs increases. As a consequence,
transversely, the Mie particle can be tightly trapped on the
beam axis in the plane z = 100λ, while it is loosely trapped
near the beam axis in the plane z = 300λ; this is also verified
in the experiment [3]. The exotic curved-straight trajectory
transport of Mie particles by the CABs may find applications
in the case where the transport path is partly blocked.

E. Optical manipulation of CABs for a Rayleigh particle

In this section we discuss the optical manipulation of
CABs for a Rayleigh particle immersed in the regions be-
fore and near the focal point. Although the radiation forces
of a Rayleigh particle moving along the beam axis have
been demonstrated within the dipole approximation [23], it is

interesting to present the optical manipulation for a Rayleigh
particle within the primary and side rings before the focal
point. In this section we aim to find the critical condition
of stable optical trapping for the Rayleigh particle within
different regions, which can serve as a guide for both theorists
and experimentalists.

FIG. 6. Optical forces versus the particle positions. (a) Trans-
verse optical force Fx versus the x axis in different planes with
z = 100λ, 200λ, and 300λ, where the magnitude of the optical force
for the plane z = 100λ is scaled down to one-fifth. (b) Longitudinal
force Fz versus the beam axis of CABs. The black circle denotes a
trapping position. All other parameters are the same as in Fig. 4.
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FIG. 7. Three components of optical force on a Raleigh particle
of radius rs = 0.05λ and permittivity εr = 2.53 versus the y axis in
the plane z = 25λ in air. The trapping positions are denoted by the
black circles and the incident field intensity profile in the plane z =
25λ is also plotted with in arbitrary units.

Consider a Rayleigh particle of radius rs = 0.05λ and
permittivity εr = 2.53 that is located in the region before the
focal point on the plane z = 25λ, with the incident power of
the light beam reaching about 640 mW. The gravity of the
Rayleigh particle is ignored since it is only about 0.0065 fN.
As shown in Fig. 7, three components of optical forces are
plotted as a function of particle position along the y axis and
the transverse trapping positions are denoted by black circles.
It can be found that the transverse trapping positions of the
Rayleigh particle are located at the intensity extrema within
the primary and side rings of CABs, thus the Rayleigh particle
might be transversely trapped within the primary or side rings
by the optical gradient force. However, for the Rayleigh parti-
cle, the Brownian force due to the thermal motion might dom-
inate and cannot be ignored. The maximum value of Brownian

force reaches Fb = √
12πηrskBT = 0.39 fN [24,43,44] in air

at room temperature T = 300 K, where the dynamic viscosity
in air is η = 1.85 × 10−5 Pa s [45] and kB is the Boltzmann
constant. In order to achieve a stable trapping, the stability
condition that optical forces must be much larger than the
Brownian force Fb should be satisfied. It can be seen from
Fig. 7 that the transverse optical force reaches its maximum of
0.89 fN and does not satisfy the stability condition. Thus the
Rayleigh particle cannot be stably trapped in the transverse
direction at these equilibrium positions due to the Brownian
motion. It is also found that the longitudinal force Fz does not
reach its extrema at these transverse trapping positions shown
in Fig. 7, and Fz appears at negative values in some regions
along the y axis, which is because the gradient force plays
a leading role for the Rayleigh particle. Hence the Rayleigh
particle cannot be accelerated along the propagation direction
of CABs, for the incident power 640 mW of CABs. However,
the optical forces can be enhanced when the incident power
or the particle radius rs increases, and thus the enhanced
optical forces might overcome the Brownian force Fb to
achieve a stable transverse trapping within the primary or side
rings.

For the Rayleigh particle located near the focal point,
we calculate the distribution of optical forces (Fx, Fz) as a
function of particle position in the x-z plane, as shown in
Fig. 8(a), where the black arrows denote the direction and
magnitude of the optical force (Fx, Fz). In addition, we can
see that the Rayleigh particle can be trapped near the focal
point according to the directions of these black arrows. To
demonstrate this point clearly, the optical force Fx along
the x axis at z = 75λ and Fz along the z axis at x = 0 are
plotted in Figs. 8(b) and 8(c), respectively. One can see in
Fig. 8(b) that a trapping position is located at the beam axis
due to the strong gradient force. For the longitudinal force
Fz along the z axis in Fig. 8(c), there exist two trapping
positions, corresponding to the two intensity extrema near
the focal point in Fig. 8(a). We also note that both the
transverse optical force Fx and the longitudinal force Fz are
much larger than the maximum absolute value of Brownian
force Fb � 0.39 fN. As a result, the Rayleigh particle can
be stably trapped near the focal point in three dimensions by
the strong optical gradient force due to the AAF property of
CABs.

z = 75 λ x = 0

trapping
position trapping

position

(a) )c()b(

FIG. 8. (a) Distributions of optical forces (Fx, Fz ) on the Rayleigh particle versus the particle positions near the focal point in the x-z
plane, where the incident field intensity is also plotted as the background. Plot of (b) Fx along the x axis at z = 75λ and (c) Fz along the z axis
at x = 0. The black circles denote the trapping positions.
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To establish a stable trapping of a small microparticle,
the optical trapping potential energy should be large enough
to overcome the kinetic energy of the particle in Brownian
motion, satisfying the condition [43,46,47]

U (x, y, z) � 10kBT , (9)

with the potential energy of the gradient force in air [47]

U (x, y, z) = 2πr3
s

c

(
εr − 1

εr + 2

)
I (x, y, z), (10)

where c is the speed of light in vacuum and the potential
energy is determined by the field intensity I (x, y, z), the
particle radius rs , and the permittivity εr of the particle. By
examining Eq. (10), it is found that the potential energy is
proportional to the field intensity and the cube of the particle
radius rs while depending slightly on the permittivity εr .
Considering the linear or circular polarization with the field
intensity contrast Ic = 174, when the maximum of the field
intensity on the initial plane is fixed to I 0

max = 1 mW/μm 2

(corresponding to the incident power of 640 mW), there will
exist a minimum of the particle radius about rmin

s = 180 nm
to achieve a stable trapping in the transverse direction within
the primary ring before the focal point. In contrast, for a stable
trapping near the focal point, the limit of particle size reaches
only rmin

s = 32 nm, based on Eqs. (9) and (10). Therefore, for
an incident power of 640 mW, the particle with radius rs =
0.05λ discussed above is not transversely trapped within the
primary ring before the focal point but can be stably trapped
near the focal point. When the particle radius is set to rs =
0.05λ, the parameter I 0

max must be larger than 39 mW/μm2

(corresponding to an incident power of 25 W) to achieve
a stable transverse trapping within the primary ring before
the focal point, however, it is only I 0

max = 0.22 mW/μm2

(corresponding to an incident power of 141.5 mW) for a
stable optical trapping near the focal point. Thus the Rayleigh
particle with radius rs = 0.05λ is usually trapped near the
focal point, but it is hard to be transversely trapped within the
primary or side rings before the focal point of CABs, unless
the CABs have a high enough incident power.

III. CONCLUSION

In summary, the scattering problem has been solved exactly
when a spherical particle of an arbitrary radius is illuminated

by the CABs with different polarizations, including linear,
circular, radial, and azimuthal polarizations. Based on the
accurate solution, the AAF property and optical manipulation
of the CABs were discussed. The results demonstrate that
both the linear and circular CABs are the best candidates
to show the AAF property, which is also robust for the
strong disturbance by a large-sized Mie particle. For the
optical manipulation of a microparticle by optical forces,
it was shown that a Mie particle with radius rs = 2λ and
permittivity εr = 2.53 can be trapped transversely only within
the primary ring and simultaneously accelerated along the
curved trajectory of CABs. Then the trapped Mie particle
will be pushed through the focal point, instead of being
trapped near the focal point in three dimensions. Eventually,
the particle will be transversely trapped near the beam axis
and simultaneously transported along the beam axis over 100
wavelengths. In contrast, for a Rayleigh particle with radius
rs = 0.05λ, it can be stably trapped near the focal point in
three dimensions via the strong optical gradient force due
to the AAF property of CABs, when the incident power
of the light beam reaches about 640 mW. However, it is
hard to transversely trap the Rayleigh particle within the
primary or side rings in the region before the focal point
since the optical force acting on the particle cannot surpass the
Brownian force from the thermal motion. Finally, the critical
condition for stable optical trappings of the Rayleigh particle
was discussed as well. The results might provide an addi-
tional degree of freedom for optical transport and trapping of
microparticles.
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