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Asymmetry of the photoelectron momentum distribution from molecular
ionization in elliptically polarized laser pulses
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We theoretically study the photoelectron momentum distributions (PMDs) of H2
+ in elliptically polarized

laser fields by numerically solving the time-dependent Schrödinger equation. Depending on the internuclear
distance of H2

+, the PMDs reveal different asymmetries with respect to the major and minor axes of the laser
ellipse. At an internuclear distance corresponding to the enhanced ionization region, the asymmetry of the PMDs
is opposite to that of the companion atom. We attribute this phenomenon to the effect of the internal scattered
electrons, which are mainly released at an earlier ionization moment with respect to the field maximum within
each half cycle. We further show that the asymmetry of the PMDs in the elliptical laser fields can be used to
identify the instant when the electron wave packet is released from the molecule.

DOI: 10.1103/PhysRevA.99.013431

I. INTRODUCTION

Atoms or molecules exposed in a strong laser pulse can
be tunnel ionized with releasing an electron wave packet. The
released electron wave packet can be driven back to the parent
ion by the oscillating laser field, which results in many highly
nonlinear phenomena, such as high-order above-threshold
ionization [1–4], nonsequential double ionization [5,6], and
high-order harmonics generation [7–9]. Those processes all
depend on the instant when the electron is released within a
half cycle of the laser field. For an atom, the bound electron
directly tunnels through the suppressed Coulomb barrier. This
leads to the expectation that, when the laser field is maximum,
the tunneling barrier is the thinnest and the ionization rate
of the atom is the highest [10]. In an elliptically polarized
laser field, it is expected that the maximal ionization rate
corresponds to the instant when the laser field is along the
major axis of the laser ellipse and the photoelectron mo-
mentum distributions (PMDs) is symmetric with respect to
the major and minor axes of the laser ellipse according to
the strong-field approximation [11]. In fact, this symmetry
is broken by the effect of the Coulomb potential (known as
Coulomb asymmetry) [12–14], and the main emission angle
in the PMD is shifted to a later ionization moment with respect
to the maximum of the laser field.

Compared with the case of an atom, the tunneling ioniza-
tion of a molecule is more complicated because of the poly-
atomic Coulomb potential. We take the simplest molecule,
i.e., H2

+, as an example. As shown in Fig. 1, there might be
two barriers formed by the combination of the H2

+ potential
and the external field. When the internuclear distance is
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short, the electron tunnels through the outer barrier into the
continuum, which is similar to an atom. When the internuclear
distance increases to a critical value, an inner barrier between
the two nuclei is formed for the molecule. The electron
might tunnel through the thin inner barrier from the up-field
core. As a result, the ionization rate increases at this critical
internuclear distance, which is known as charge-resonance
enhanced ionization (EI) [15–23]. The enhancement of the
ionization rate and the tunneling site for different internuclear
distances have been theoretically predicted and experimen-
tally demonstrated in molecules. Recently, it has been further
shown that the shape of the momentum distribution along the
laser propagation direction can be used as an indicator of the
tunneling site [23].

Moreover, in the EI region of the molecule, it is predicted
that there are multiple ionization bursts [18,19,24] within a
half cycle of the laser field because of the transient local-
ization of the electrons at one of the nuclei. This indicates
a rather complex electron dynamics on the sub-laser-cycle
timescale in molecules. Up to now, it is still unclear when the
electron wave packets are mainly released from the molecule
for different internuclear distances. Furthermore, the spherical
symmetry of the Coulomb potential is broken for molecules,
which might have a great effect on the electron dynamics
of the Coulomb asymmetry in an elliptically polarized laser
pulse [25].

In this paper, we study the PMDs of H2
+ in elliptically po-

larized laser fields by numerically solving the time-dependent
Schrödinger equation (TDSE). The PMD of H2

+ reveals an
asymmetry with respect to the major and minor axes of the
laser ellipse, which depends on the internuclear distance. For
an internuclear distance corresponding to the EI region, we
find that the asymmetry of the PMDs is opposite to that of the
companion atom. The asymmetry of the PMDs can not only
be used to identify the tunneling site of the molecule, but also
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FIG. 1. Sketch of the tunneling ionization of the H2
+ molecule

in a strong electric field. The electron can be released either from
the up-field core or from the down-field core depending on the
internuclear distance. The inset: the internal scattered electron is
referred to as the electron released from the up-field core and then
scattered by the down-field core on its subsequent motion.

provide temporal information when the electron tunnels out
from the molecule.

II. THEORETICAL METHODS

A. Numerical solutions of the TDSE

We solve the two-dimensional TDSE of fixed-nuclei H2
+

in an elliptically polarized laser pulse. The TDSE of H2
+ can

be written as [atomic units (a.u.) are used throughout unless
specified otherwise]

i
∂

∂t
�(r, t ) = H (r, t )�(r, t ), (1)

where �(r, t ) is the electron wave function, r = (x, y) de-
notes the electron position, and H (r, t ) is the Hamiltonian. In
the length gauge, H (r, t ) is given by

H (r, t ) = − 1
2∇2 + V (r ) + r · E(t ), (2)

where the Coulomb potential is expressed as

V (r ) = − 1√
(x−R/2)2 + y2 + a

− 1√
(x + R/2)2+y2+a

,

(3)

with R being the internuclear distance. a is the soft-core
parameter. For R = 4 and 8 a.u., the soft-core parameter is
chosen to be 0.72 and 0.723, corresponding to the ionization
potential of H2

+ of 0.796 and 0.614 a.u., respectively. The
elliptically polarized laser field is given by

E(t ) = E0f (t )

[
1√

1 + ε2
cos(ωt )êx+ ε√

1 + ε2
sin(ωt )êy

]
,

(4)

where E0 is the electric-field amplitude, ε is the ellipticity, and
ω is the angular frequency of the laser pulse. The laser pulse
envelope f (t ) = sin2(πt/Tp ) is employed with a duration of
Tp = 13T0, where T0 is the period of the 800-nm laser field.
To ensure all the ionized components move away from the
core, the wave function is further propagated for an additional
two optical cycles at the end of the pulse. We use a splitting-
operator fast-Fourier transform method to numerically solve
the TDSE of the diatomic molecule [26,27]. The ground state
of the molecule is obtained by imaginary-time propagation.
The whole wave function at any given time τ is split into two
parts,

�(τ ) = �(τ )[1 − Fs (Rc )] + �(τ )[Fs (Rc )]

= �I (τ ) + �II (τ ). (5)

Here, Fs (Rc ) = 1/(1 + e−(r−Rc )/�) is an absorbing function
that separates the whole space into the inner (0 → Rc)
wave-function �I (τ ) and outer (Rc → Rmax) wave-function
�II (τ ). �I and �II are propagated under the full Hamil-
tonian numerically and the Volkov Hamiltonian analytically,
respectively. � = 8 a.u. represents the width of the crossover
region. The photoelectron spectra are obtained from the outer
wave function. At each time step, �II is transformed into
momentum space,

C(p, τ ) =
∫

�II (τ )
e−i[p+A(τ )]·r

2π
d2r, (6)

where A(τ ) is the vector potential of the laser field and �II is
propagated to the final time as

�II (∞, τ ) =
∫

exp

{
−i

∫ ∞

τ

1

2
[p + A(τ

′
)]2dτ ′

}

×C(p, τ )
eip·r

2π
d2p

=
∫

C(p, τ )
eip·r

2π
d2p, (7)

so the final momentum distribution is obtained as

dP (p)

dE dθ
=

∣∣∣∣∣
∑

τ

C(p, τ )

∣∣∣∣∣
2

. (8)

Here, E is the electron energy associated with p, and θ is the
angle of the emitted electron with respect to the direction of
laser polarization.

The PMD of H2
+ is compared with that of a model atom.

The Coulomb potential of the model atom is expressed as
V = −1/

√
x2 + y2 + b, where b = 0.325 corresponds to the

ionization potential of 0.614 a.u., which is chosen to match
the ionization potential for H2

+ at R = 8 a.u.

In order to gain more details of the electron dynamics,
we have traced the time evolution of the electron density
along the molecular axis direction, which are obtained by
recording electron density at each time step along the x

direction [18,19,21,22]. The intensity of the laser field is
1.5 × 1014 W/cm2 in the simulation.
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B. Classical-trajectory model

The classical-trajectory model is used to analyze the inter-
nal scattered electrons (the inset of Fig. 1) at the EI region
of H2

+, which is similar to the classical rescattering model
in Refs. [28,29]. Briefly, the electron is released at one of
the nuclei, i.e., r = (−4, 0) a.u. with zero initial longitudinal
momentum along the instantaneous laser field direction. A
nonzero initial transverse momentum v⊥ is used to compen-
sate the electron motion induced by the rotating electric field.
In addition, the ionization time of the electron is restricted
within t0 ∈ (0.25, 0.75)T0. The electron motion in the laser
field is obtained by integrating the classical Newtonian equa-
tion without considering the Coulomb effect. Thus, the veloc-
ities of the electron along the x and y directions, respectively,
can be obtained by

vx (t ) = −
∫ t

t0

Ex (t ′)dt ′ = −E′
0

ω
[sin(ωt ) − sin(ωt0)] + vx0 ,

vy (t ) = −
∫ t

t0

Ey (t ′)dt ′ = ε
E′

0

ω
[cos(ωt ) − cos(ωt0)] + vy0 ,

(9)

where E′
0 = E0/

√
1 + ε2, vx0 = v⊥ sin φ, vy0 = v⊥ cos φ,

and φ = arctan(Ey/Ex ). The electron positions x and y,
respectively, can be written as

x(t ) = −
∫ t

t0

vx (t ′)dt ′ = E′
0

ω2
[cos(ωt ) − cos(ωt0)

+ω sin(ωt0)(t − t0)] + vx0 (t − t0) + x0,
(10)

y(t ) = −
∫ t

t0

vy (t ′)dt ′ = ε
E′

0

ω2
[sin(ωt ) − sin(ωt0)

−ω cos(ωt0)(t − t0)] + vy0 (t − t0) + y0,

where the electron initial positions are x0 = −4 and y0 =
0 a.u. The scattering time tc is obtained by the conditions
that x(tc ) = 4 and y(tc ) = 0 a.u. The velocities of the electron
along the x and y directions, respectively, at the moment of
scattering can be given by Eq. (9),

vxc
= −E′

0

ω
[sin(ωtc ) − sin(ωt0)] + vx0 ,

vyc
= ε

E′
0

ω
[cos(ωtc ) − cos(ωt0)] + vy0 . (11)

The electron energy Ec and the angle φc, respectively, with
respect to the x direction at the instant of scattering can be
calculated by

Ec = 1

2

(
v2

xc
+ v2

yc

)
,

φc = arccos
vxc√

v2
xc

+ v2
yc

. (12)

With considering the zero scattering angle, the final mo-
mentum of the internal scattered electron along the x and y

directions, respectively, can be obtained by

px =
√

2Ec cos φc + E′
0

ω
sin(ωtc ),

py =
√

2Ec sin φc − ε
E′

0

ω
cos(ωtc ). (13)

FIG. 2. (a) The field-driven momentum p = −A(t0) for the el-
liptically polarized laser field. Four segments within each laser
cycle of the electric field are shown with different colors, i.e., 0 <

t0 < 0.25T0 (red), 0.25T0 < t0 < 0.5T0 (blue), 0.5T0 < t0 < 0.75T0

(green), and 0.75T0 < t0 < T0(black). (b)–(d) show the PMDs of (b)
a model atom, (c) H2

+ with R = 4 a.u., and (d) H2
+ with R = 8 a.u.,

respectively, in an elliptically polarized laser field (ε = 0.4, I =
1.5 × 1014 W/cm2, and λ = 800 nm).

III. RESULTS AND DISCUSSIONS

We first show the field-driven momentum p = −A(t0) in
Fig. 2(a) for the elliptically polarized laser field with an
ellipticity of 0.4, where t0 is the ionization time for the
electron. The electric field of the laser pulse consists of
four segments per cycle, i.e., 0 < t < 0.25T0, 0.25T0 < t <

0.5T0, 0.5T0 < t < 0.75T0, and 0.75T0 < t < T0. The field-
driven momenta of those four segments are shown with dif-
ferent colors. Because the ionization time is mapped onto the
final momentum, the electrons released at different ionization
times are distributed in different regions of the final momen-
tum plane. Figure 2(b) shows the simulated PMD of the model
atom in the elliptically polarized laser field (ε = 0.4). One
can see many ringlike structures centered by zero momentum,
which come from the intercycle interference of the electron
wave packets [3,30,31]. As expected, the PMD lacks sym-
metry with respect to the major and minor axes of the laser
ellipse, i.e., most electrons are distributed in the second and
fourth quadrants of the momentum plane. This comes from the
effect of the Coulomb potential [14]. Compared with Fig. 2(a),
one knows that the angular offset for the PMD of the atom tilts
to the falling edge of the laser field along the major axis of the
laser ellipse, i.e., 0 < t < 0.25T0 and 0.5T0 < t < 0.75T0.

We further show the PMDs of H2
+ for the internuclear

distances of R = 4 and R = 8 a.u. in Figs. 2(c) and 2(d),
respectively. The internuclear distance of R = 8 a.u. corre-
sponds to the EI region of H2

+ [23]. Obviously, most electrons
are also distributed in the second and fourth quadrants of the
momentum plane for R = 4 a.u. [Fig. 2(c)]. Compared with
the case of the model atom [Fig. 2(b)], the main emission
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FIG. 3. (a) Electron densities integrated over the y direction for
the model atom, (b) H2

+ at R = 4 a.u., and (c) H2
+ at R = 8 a.u.

as functions of time and the coordinate x. Note that the color coding
is shown on a logarithmic scale. The white solid curves are the laser
electric fields along the major axis of the laser ellipse in arbitrary
units.

angle is much closer to the major axis of the laser ellipse.
When the internuclear distance increases to 8 a.u., as shown in
Fig. 2(d), the PMD reveals an opposite asymmetry with that of
the atom. Most electrons are distributed in the first and third
quadrants of the momentum plane, which correspond to the
rising edge of the laser field along the major axis of the laser
ellipse, i.e., 0.25T0 < t < 0.75T0 and 0.75T0 < t < T0.

To shed light on the dependence of the asymmetry on the
internuclear distance, we have traced the time evolution of
the electron density along the molecular axis direction by the
TDSE as shown in Fig. 3. For the case of the atom [Fig. 3(a)],
the electrons are mainly released near the field maxima of
t = 5.5T0 and t = 6T0 as indicated by the arrows. For the case
of H2

+ at R = 4 a.u. [Fig. 3(b)], the bound electron density is
transiently localized at one of the two protons at x = ±2 a.u.

within a half cycle of the laser field [18,19]. We note that the
electrons are mainly released after the field maxima when the
bound electron is localized at the down-field core as indicated
by the arrows. According to p = −A(t0), the main emission
angle will shift to the major axis compared with that of the
atom, which agrees with the PMD in Fig. 2(c). The case is
more complex when the internuclear distance increases to
8 a.u. (EI region). As shown in Fig. 3(c), the electron is
released in several bunches within a half cycle of the laser
field, which is consistent with previous studies [19]. One can
clearly see the internal scattered electrons as indicated by
the arrows of A, B, A′, and B ′, which is released from the
up-field core and then scattered by the down-field core on
its subsequent motion [22]. Notably, those internal scattered
electrons are mainly released at the rising edge of the laser
field along the major axis of the laser ellipse. According to
the mapping relation between the ionization time and the final

0.4 0.6 0.8
t (units of   

0
)

-10

0

10

x 
(a

.u
.)

-1 0 1

-1

0

1

p y (
a.

u.
)

p
x
 (a.u.)

0.4 0.6
t (units of   

0
)

0

0.2

0.4

0.6

|v
| (

a.
u.

)

0.4 0.6 0.8

0.005

0.01

0.015

E
 (

a.
u.

)

(a)

(c)

(b)

(d)

T

T

FIG. 4. (a) shows the energy at the instant of scattering with
respect to the ionization time (blue asterisk) and the scattering time
(orange cross) for the internal scattered electron in H2

+ with R =
8 a.u. calculated by the classical-trajectory model. (b) shows the
typical trajectories of the internal scattered electron in the direction
of the molecular axis. (c) The absolute value of the initial transverse
momentum with respect to the ionization time. In (a)–(c), the gray
solid curves are the laser fields along the major axis of the laser el-
lipse. (d) exhibits the final two-dimensional momenta of the internal
scattered electron with assuming zero scattering angle.

momentum, we can infer that those internal scattered electrons
are mainly distributed in the first and third quadrants of the
final momentum plane. This is consistent with the PMD in
Fig. 2(d).

To show why the internal scattered electrons are mainly re-
leased at the rising edge of the laser field along the major axis
of the laser ellipse at the EI regions, we resort to the classical-
trajectory model. Figure 4(a) shows the electron energy at
the instant of scattering with respect to the ionization time
and the scattering time for the internal scattered electrons of
H2

+ with R = 4 a.u. One can see the difference between the
scattering time and the ionization time is very small (∼0.2T0)
for the internal scattered electrons. Figure 4(b) presents the
typical trajectories for the internal scattered electron in the
direction of the molecular axis. As can be seen, the internal
scattered electrons are released before 0.6T0, and most of
them are released before the field maximum of 0.5T0, i.e., the
rising edge of the laser field along the major axis of the laser
ellipse. The electrons released after the field maximum usually
move in a direction away from the parent and neighboring
ions at the instant of ionization. They can be driven back to
the nuclei after a long traveling time in the laser field. As a
result, most of them contribute to the rescattering trajectory
instead of the internal scattered trajectory. On the contrary, the
electrons released before the field maximum can be directly
driven from the parent ion to the neighboring core within a
short time interval [∼0.2T0 in Fig. 4(a)]. The small difference
between the scattering time and the ionization time for the
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FIG. 5. The PMDs of the model atom [(a) and (b)] and H2
+ with

R = 8 a.u. [(c) and (d)] calculated by the TDSE. The white solid
lines in (c) and (d) show the maxima of the two-center interference
in H2

+. (e) and (f) are the final momenta of the internal scattered
electron calculated by the classical-trajectory model. The ellipticities
of the laser pulses are 0.6 and 0.8 for the left and right columns,
respectively.

internal scattered electron mainly has two effects. First, it
leads to a small spread of the electron wave packet during the
propagation. As a result, the internal scattered electrons have
substantial contributions to the PMD. Second, the internal
scattered electrons only need a small initial transverse mo-
mentum to compensate the transverse motion by the elliptical
laser field. We show in Fig. 4(c) the absolute value of the
initial transverse momentum for the internal scattered electron
with respect to the ionization time. There is a minimum of the
absolute value of the initial transverse momentum at 0.45T0,
which is earlier than the field maximum. According to the
tunneling theory [32], the ionization rate from the rising edge
of the laser field is larger than that from the falling edge
for the internal scattered electrons. Additionally, we present
the final momentum of the internal scattered electron with
assuming zero scattering angle in Fig. 4(d). One can see that
most internal scattered electrons are indeed distributed in the
first and third quadrants of the momentum plane, consistent
with the TDSE result in Fig. 2(d).

Finally, we show the PMDs of the model atom and H2
+

with R = 8 a.u. calculated by the TDSE in Figs. 5(a)–5(d)
in the elliptically polarized laser field with ellipticities of
0.6 and 0.8. For the model atom [Figs. 5(a) and 5(b)], most
electrons are distributed in the second and fourth quadrants
of the momentum plane for both ellipticities. For H2

+ in
the EI region [Figs. 5(c) and 5(d)], there is an interference

pattern guided by the white solid line, which comes from the
two-center interference [33]. Those two-center interference
fringes are not perpendicular to the molecular axis due to
the effect of the molecular potential on the electron dynam-
ics [33]. Besides those two-center interference fringes, we
find that most electrons are distributed in the first and third
quadrants of the momentum plane, which differs from the
PMDs of the atom [Figs. 5(a) and 5(b)]. In Figs. 5(e) and
5(f), we further show the final momentum of the internal
scattered electron calculated by the classical-trajectory model
with assuming zero scattering angle. One can see that most
electrons are indeed distributed in the first and third quadrants
of the momentum plane, which agrees qualitatively with the
TDSE results in Figs. 5(c) and 5(d). Thus the internal scattered
electrons also have substantial contributions to the PMDs for
molecular ionization at the EI region for large ellipticities.

It has been shown recently that the lateral momentum
distribution along the laser propagation direction can be dra-
matically modified by the molecular potential in the EI region
[23]. This might also result from the effect of the internal
scattered electrons. When the electron wave packet is released
from the up-field core and then scattered by the down-field
core, the lateral momentum is greatly changed due to the small
impact parameter.

From Figs. 2 and 3, we can find that the temporal informa-
tion of the ionization dynamics of H2

+ has been imprinted in
the asymmetry of the PMDs. Comparing the asymmetry of the
PMDs of H2

+ with that of the atom, one can approximately
obtain the instant when the electron wave packet is released
from the molecule within a half cycle of the laser field. For
the internuclear distance of 4 a.u., the electron wave packet
is mainly released from the down-field core after the field
maximum. As a result, the main emission angle is shifted to
the major axis as compared with the atoms. For the internu-
clear distance of 8 a.u. (EI region), the electron wave packet
is mainly released from the up-field core before the field
maximum, leading to the opposite asymmetry of the PMD as
compared with the atom. This is consistent with the experi-
mental observation in Ref. [25]. Therefore, the asymmetry of
the PMD can be used to identify the instant when the electron
is released from the molecule in the elliptically polarized laser
pulses.

IV. CONCLUSION

We have studied the PMDs of the H2
+ molecule and

a model atom in elliptically polarized laser fields by nu-
merically solving the TDSE. Depending on the internuclear
distance of H2

+, the PMDs reveal different asymmetries with
respect to the major and minor axes of the laser ellipse. At
an internuclear distance corresponding to the EI region, the
asymmetry of the PMD is opposite to that of the model atom.
We show that the internal scattered electrons have substantial
contributions to the PMDs at the EI region of molecules. By
tracing the electron density and using a classical-trajectory
model, we find that those internal scattered electrons are
mainly released at an earlier ionization moment with respect
to the field maximum within each half cycle. Thus the asym-
metry of the PMD for molecule at the EI region is opposite to
that of the model atom. We further show that the asymmetry
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of the PMD in the elliptical laser fields has recorded fruitful
information about the electron dynamics, which could be used
to identify the instant when the electron is released from the
molecule within a half cycle of the laser field. Our paper
provides a deep understanding on the tunneling ionization of
molecules in strong laser fields.
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