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Amplification of fluorescence from the 3a 1Po doubly excited state in helium
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We present a theoretical study of self-amplification of extreme ultraviolet light in a helium gas target. Resonant
excitation to the 3a 1Po doubly excited state below the N = 2 threshold by 100 fs free-electron laser pulses is
followed by fluorescence at 40.7 eV photon energy. The process is modeled by a three-level atomic system
coupled to the continuum and described by the Maxwell-Bloch equations. The evolution of state populations and
radiation fields is studied over a wide range of pump intensities and target pressures, clearly showing the regions
of spontaneous emission, amplification, and saturation of light emitted in the forward direction. The treatment
includes both coherent and SASE pump pulses. In both cases the amplified pulses are temporally coherent and
exhibit a duration similar to that of the pump pulses.
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I. INTRODUCTION

A natural application of intense extreme ultraviolet (EUV)
light pulses produced by free-electron lasers (FELs) is non-
linear spectroscopy, where the interest is to study processes
triggered by absorption of two or more photons [1–3]. On
the other hand, less intense EUV lasers with ultrashort pulse
durations, such as higher-order harmonic generation (HHG)
sources, are suitable for linear pump-probe spectroscopy,
which is able to capture reaction dynamics down to the at-
tosecond time resolution [4]. However, “linear” single photon
absorption of radiation from intense EUV sources enables a
deposition of a large amount of energy in a very short time,
possibly creating an inverted target population that leads to
amplification of fluorescence by stimulated emission. With
x-ray FELs such as SACLA [5], LCLS [6], and FERMI [7],
experiments were performed in the past to induce stimulated
emission in various targets such as Ne gas [8] and several
solids [9–11]. A few fs long intense FEL pulses were used
to create a dense population of the core-hole ionized atoms
and consequently a significant amplification of the K-L emis-
sion signal was observed in the direction of the pump pulse
propagation.

With the aim to produce short coherent pulses the use
of another collective effect has been investigated. At the
SPring-8 Compact SASE Source superfluorescence from the
long-lived 3 1P singly excited helium state was observed [12].
Following pumping in the EUV region, pulses with 501.6 nm
wavelength as short as 1 ps were reported. The framework
for the description of propagation of intense resonant electro-
magnetic radiation pulses through the medium together with
its conversion to the dominant fluorescence decay modes was
previously discussed in many details [13–15]. Recently, sev-
eral theoretical papers have extended the methodology to deal
with collective behavior leading to emission amplification in
more complex targets, such as HCl and N2 molecules [16,17].

After having studied the theory of amplification of He
2 1P-2 1S infrared radiation emitted at 2059 nm upon strong

pumping of the singly excited 2 1P state [18], we extend our
studies to the doubly excited states (DES) of helium. Since
the early days of research with the synchrotron light it has
been known that DES are strongly correlated and decay by
autoionization [19]. In the past two decades we have learned
about the existence of a weak radiative decay channel where
an EUV photon is emitted in the transition from the doubly to
the singly excited state in the He atom [20,21].

In our scheme short FEL pulses are used to pump helium
gas into the 3a 1Po state, which is at 63.66 eV excitation
energy the third lowest-lying doubly excited state of that
symmetry above the first ionization threshold. The selected
DES is a prototype of a strongly autoionizing resonance with
a lifetime comparable to the typical lengths of FEL pulses
in the EUV wavelength region (∼100 fs). To investigate the
possibility of amplifying the relatively weak DES radiative
decay channel emitting 40.7 eV photons with a 5.6 ns−1

fluorescence rate, we consider a three-level � system coupled
to two radiation field modes, the pump and the emission field.
In addition, several “leakage” processes due to nonresonant
photoionization are taken into account. The problem is treated
by solving the Maxwell-Bloch equations in time, considering
a single spatial coordinate along the propagation direction of
the pump pulse.

There exists a number of theoretical studies for systems
consisting of several bound states coupled to one or more
electromagnetic field modes [22–24]. The study in Ref. [25]
deals with the evolution of a two-level system where the upper
state decays by autoionization. The closest to our framework
are the treatments of the three-level system with one [26] and
two autoionizing states [27], but both of them neglect the
absorption of the pump field. To our best knowledge, a com-
plete (1D) spatial and temporal evolution of the three-level
system coupled to two field modes, where the upper state is an
autoionizing resonance, has not been reported before. Such a
situation is generally encountered in atomic systems whenever
dealing with double electronic excitation of the valence shell
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FIG. 1. Schematic representation of the processes after resonant
excitation of helium from the ground state |0〉 to the selected doubly
excited state |i〉. The doubly excited state can decay via autoioniza-
tion, via fluorescence into the final state | f 〉, or can be photoionized
into He+ by the pump or the emitted field. He+ can be further ionized
into He2+ by the pump field.

or single electronic excitations of the inner-valence shell with
tens of eV excitation energy.

II. SETUP AND FORMULATION

The active medium, i.e., helium gas at a constant pressure,
is pumped by FEL pulses with 63.66 eV photon energy reso-
nant with the 1 1Se → 3a 1Po transition [28]. The excited state
with a zero-field lifetime of 80 fs predominantly decays by
autoionization. The fluorescence branching ratio is 4.5×10−4

[29] and the radiative decay occurs with the partial rate
�r = 5.6 ns−1. The most probable fluorescence channel pop-
ulates the singly excited 3 1Se state by emission of 40.7 eV
photons. As shown in the Appendix, it is the radiative decay
channel with the largest branching ratio that gets amplified the
most and with the highest probability, making contributions
from the competing radiative channels negligible. This is fully

in agreement with the experimental results in the x-ray energy
region showing the Kα1 amplified emission in Cu to prevail
over the Kα2 emission [10]. We can thus treat the problem as a
three-level system consisting of the ground state of the helium
atom (0), the selected doubly excited state (i), and the final
singly excited state ( f ) (Fig. 1). Operator V describes the
coupling between the doubly excited state and the continuum.
The states of the three-level system are coupled by two
monochromatic and linearly polarized electric fields, pump
field F and emitted field E . In addition to the basic three-
level scheme, further nonresonant processes due to the fields
are considered: ground-state photoionization by the emitted
field is described by rate �E0, final-state photoionization due
to the pump field by �F f , and excited-state photoionization
due to the pump field and the emitted field by �F i and �E i,
respectively (Fig. 1). Helium ions can be further ionized into
He2+ by the pump field, a process described by rate �Fc.

The geometry of the active medium was chosen to be that
of a long cylinder with a 5 μm radius and 1 mm length, which
are experimentally achievable parameters and allow for the
treatment of the problem in a single spatial dimension [14].
The Fresnel number of the active medium is 4.0 for the FEL
light and 2.6 for the emitted light, further justifying the one-
dimensional approximation.

The classical electric fields can be written as

F (z, t ) = F (z, t )ei(k0z−ω0t ) + F∗(z, t )e−i(k0z−ω0t ), (1a)

E (z, t ) = E (z, t )ei(k f z−ω f t ) + E∗(z, t )e−i(k f z−ω f t ), (1b)

where F and E denote their amplitudes, ω0 and ω f their
respective frequencies, and k0 and k f wave numbers in the
propagation direction.

We seek the solutions of the time-dependent Schrödinger
equation (in atomic units)

i
∂

∂t
|ψ (z, t )〉 = H |ψ (z, t )〉. (2)

The effective Hamiltonian operator which describes the atom
interacting with the laser field in the rotating wave approxi-
mation is written as [30–32]

H =
∑

k=0,i, f

(Ek − i�k/2)|k〉〈k| +
∫

εc|c〉〈c|dεc +
(
F (z, t )μi0ei(k0z−ω0t )|i〉〈0| + E (z, t )μi f ei(k f z−ω f t )|i〉〈 f |

+
∫

F (z, t )μc0ei(k0z−ω0t )|c〉〈0|dεc +
∫

E (z, t )μc f ei(k f z−ω f t )|c〉〈 f |dεc +
∫

Vic|i〉〈c|dεc + H.c.

)
, (3)

with Ek being the unperturbed energy of the state k, εc the energy of the continuum states, �k the decay rates of atomic states,
Vic = 〈i|V |c〉, and μk j = 〈k|μ| j〉, where μ is the projection of the electric dipole moment onto the field polarization vector.

We write the solutions of Eq. (2) in terms of the slowly varying amplitudes u0, ui, u f , and uc:

|ψ (z, t )〉 = u0(z, t )e−iE0t |0〉 + ui(z, t )e−iE0t+i(k0z−ω0t )|i〉 + u f (z, t )e−iE0t+i(k0z−ω0t )−i(k f z−ω f t )| f 〉

+
∫

uc(z, t )e−iE0t+i(k0z−ω0t )|c〉dεc.
(4)
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Following the procedure in Refs. [27,33], we can derive the equations for the spatiotemporal evolution of the density-matrix
elements describing the atomic system:

ρ̇00 = −(γ0 + �0)ρ00 − 2 Im

[
Fμ̃∗

0i

(
1 + i

q∗
0i

)
ρ0i

]
, (5a)

ρ̇ii = −(�a + �i )ρii + 2 Im

[
Fμ̃i0

(
1 − i

qi0

)
ρ0i

]
+ 2 Im

[
Eμ̃i f

(
1 − i

qi f

)
ρ f i

]
, (5b)

ρ̇ f f = −(γ f + � f )ρ f f − 2 Im

[
Eμ̃∗

f i

(
1 + i

q∗
f i

)
ρ f i

]
, (5c)

ρ̇0i = −
(

i�0 + �0i

2
+ �D

0i

)
ρ0i − iF∗μ̃0i

(
1 − i

q0i

)
ρii + iF∗μ̃∗

i0

(
1 + i

q∗
i0

)
ρ00 + iE∗μ̃∗

i f

(
1 + i

q∗
i f

)
ρ0 f , (5d)

ρ̇ f i = −
(

i� + � f i

2
+ �D

f i

)
ρ f i − iE∗μ̃ f i

(
1 − i

q f i

)
ρii + iE∗μ̃∗

i f

(
1 + i

q∗
i f

)
ρ f f + iF∗μ̃∗

i0

(
1 + i

q∗
i0

)
ρ∗

0 f + B, (5e)

ρ̇0 f = −
(

i[�0 − �] + �0 f

2

)
ρ0 f − iF∗μ̃0i

(
1 − i

q0i

)
ρ∗

f i + iEμ̃∗
f i

(
1 + i

q∗
f i

)
ρ0i, (5f)

where �0i = γ0 + �0 + �a + �i, � f i = �a + �i + γ f + � f , and �0 f = γ0 + �0 + γ f + � f are the decay widths of the non-
diagonal matrix elements, and �0 = E0 + S0 + ω0 − Ei − Fa and � = E f + S f + ω f − Ei − Fa the detunings of the 0 − i
and i − f transitions, respectively. The widths �0 = �E0, �i = �r + �F i + �E i, and � f = �F f describe the spontaneous and
photoionization decay rates of the atomic states. For the field-induced ionization shifts and widths of the ground and final state,
S0 and S f , and γ0 and γ f have been used. The field-induced shifts are of the order of the ponderomotive shifts due to the two
fields [26]. For the intensities considered in this work, these are small compared to the spectral width of the pump pulse and the
autoionization width of the excited state, and will therefore be neglected in our treatment. Since in our scheme the pump and
emitted field are resonant with the 0 − i and i − f transitions, respectively, the detunings �0 and � are zero.

The modified dipole matrix elements μ̃i0, μ̃0i, μ̃i f , and μ̃ f i describe the transitions to and from the discrete excited state
modified by an admixture of the continuum

|ĩ〉 = |i〉 + P
∫

dεc
|c〉Vci

�ε

, (6)

where P denotes the Cauchy principal value. The real-valued Fano parameters are defined as qi0 = μ̃i0/(πVicμc0) and
qi f = μ̃i f /(πVicμc f ) [34].

Similar to [18,24], the Doppler line broadening is accounted for in an approximate way by adding an extra decoherence rate
�D

jk = |Ej − Ek|
√

8 ln 2kBT/(Mc2) to the nondiagonal density matrix elements, with M being the mass of the atoms and T the
gas temperature. This is a justified approximation, since the Doppler widths are much smaller than the natural widths of the
states and thus the widths of the corresponding Voigt profiles can be approximated by the sum of the two contributions.

The propagation of the pump and the emitted electric field in the target is described by [25]:(
∂

∂z
+ α

∂

∂t

)
F (z, t ) = −2π iαnω0μ̃0i

(
1 − i

q0i

)
ρ∗

0i(z, t ) − F (z, t )

(
nσ0c

2
ρ00(z, t ) + κF (z, t )

)
, (7a)

(
∂

∂z
+ α

∂

∂t

)
E (z, t ) = −2π iαnω f μ̃ f i

(
1 − i

q f i

)
ρ∗

f i(z, t ) − E (z, t )

(
nσ f c

2
ρ f f (z, t ) + κE (z, t )

)
, (7b)

where σ0c and σ f c are the total photoionization cross sections of the ground and final state, respectively. The terms
κF = n(σF iρii + σF f ρ f f + σFcρcc)/2 and κE = n(σE0ρ00 + σE iρii )/2 describe field absorption due to the nonresonant pho-
toionization processes. The corresponding photoionization cross sections are defined through �ξ j (z, t ) = σξ j |ξ (z, t )|2/(2παωξ ),
where j denotes the state being ionized, ξ = E,F the electric-field amplitude, and ωξ the corresponding field frequency.

The total population of He+ states, ρ+, can be calculated through its temporal derivative, obtained by summing the partial
ionization rates as [27]

ρ̇+ = −�Fcρ+ + �aρii + γ0ρ00 + γ f ρ f f + �E0ρ00 + (�F i + �E i )ρii + �F f ρ f f + 4 Re

(Fμ̃i0

qi0
ρ0i

)
+ 4 Re

(Eμ̃i f

qi f
ρ f i

)
, (8)

and the population of He2+ from

ρ̇2+ = �Fcρ+. (9)
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Here we have assumed that the cross sections for photoion-
ization of the ground and excited states of the He+ ion are
the same. This is a good approximation, since it turns out
that the population of the ground state of the He+ ion is
much larger than the population of the excited ionic states
and so the population of He2+ predominantly depends on the
photoionization cross section of the ground state of He+.

The set of Eqs. (5) describing the evolution of the density
matrix together with the field propagation Eqs. (7) form
the so-called Maxwell-Bloch equations. These, together with
Eqs. (8) and (9), were rewritten in their finite difference form
and numerically propagated on a two-dimensional grid with
one spatial dimension [13].

With the phenomenological term B we simulate the effect
of fluctuations of the dipole moment which result in the
spontaneous radiative decay of the excited state. We define
it on a discrete grid of points (zm, tn) = (m�z, n�t ) as

B(zm, tn) = A
∑

p

eiφmp
δpn

�t
, (10)

A =
√

ρii��r
(
�a/2 + �D

i f

)
4π2nω f |μ̃ f i(1 − i/q f i )|2 , (11)

with n being the number density of the particles, � =
π (r0/l )2 the emission solid angle in the forward direction
determined by the dimensions of the medium, and δpm/�t the
discrete representation of the Dirac delta function δ(tp − tm).
The role of the phenomenological term is to impulsively
inject a coherence with a phase φmn, randomly selected from
a uniform distribution at each grid point. This term can be
written in several different forms [13,15,23]. The one used
in our model imposes the relation �z = c�t between the
spatial and temporal grid step, which leads to the absence of
the grid step size dependence of the normalization factor A.
The stochastic term defined with Eqs. (10) and (11) has been
shown to produce the expected number of emitted photons in
the spontaneous emission limit [18]. When it is not convenient
to submit the two grid steps to the above mentioned relation,
the normalization constant explicitly depends on both of them.

The parameters describing the relevant states and tran-
sitions between them are presented in Table I. The energy
differences between the states and decay rates are taken from
[28,35]. The dipole matrix elements μ̃i j and Fano parameters
qi j , j = 0, f , are calculated using the method of exterior

TABLE I. Parameter values (in atomic units) used in the
simulations.

Parameter Value Parameter Value

ω0 2.336 �D
i f 9.207×10−6

ω f 1.497 σ0c 0.0440
μ̃i0 0.01432 σ f c 7.43×10−4

μ̃i f 0.2795 σE0 0.1
qi0 −2.58 σE i 1.7×10−3

qi f 309.6 σF i 4.8×10−4

�a 3.011×10−4 σF f 0.03
�r 1.358×10−7 σFc 0.036

�D
0i 1.437×10−5

complex scaling [27] and the photoionization cross sections
σξ j are estimated using the Atomic Structure Code by Cowan
[36]. In the calculations of the photoionization cross sections
of the doubly excited state the coupling with the continuum is
neglected and the state is treated as bound.

The temporal profile of the incoming FEL pulse is
assumed to have a Gaussian intensity profile I (0, t ) =
I0 exp [−4 ln 2(t − t0)2/τ 2

0 ] with a full width at half maximum
(FWHM) pulse duration τ0 = 100 fs. The time offset t0, at
which the peak intensity I0 of the pump pulse hits the target
entrance (z = 0), is set to 360 fs. The spatial intensity profile
of the pump pulse is assumed to be uniform with a cutoff at
r0 (a box-type distribution). Some simulation results are also
presented for an axially symmetric Gaussian distribution of
pump intensity in the perpendicular plane with the FWHM
equal to 2r0 and peak intensity I0. The grid step used in
the simulations is �t = α�z = 5 a.u., which corresponds to
36 nm in space and 0.1 fs in time. The time propagation
of the equations was terminated after 9.6 ps, a time which
well exceeds the lifetime of the excited state. Because of the
random initiation of the emission process, the results of the
simulations vary for different sets of phases φmn randomly
selected for each pulse. In the following, the reported state
populations and radiation field profiles are averaged over 20
repeated simulations, unless otherwise stated.

III. RESULTS AND DISCUSSION

The spectrum of the pump pulse strongly depends on the
mode of light production in free-electron lasers, which can
be roughly divided into two groups. Seeded FELs, such as
FERMI [37], use an external laser source superimposed on
the electron beam to induce coherent emission, producing
both longitudinally and temporally coherent pulses with a rel-
atively narrow bandwidth. On the other hand, FELs based on
self-amplified spontaneous emission (SASE), such as FLASH
[38], produce pulses with large shot-to-shot fluctuations of
the pulse energy and spectrum and are characterized by low
temporal coherence and a relatively large spectral bandwidth
[39]. In the following we will investigate the effect of both
coherent and partially coherent pumping on the amplification
of EUV light in the three-level system.

A. Coherent pumping

Calculations for the case of coherent pumping were per-
formed over a broad range of target pressures (100–105 Pa)
and pump intensities (1012–4×1013 W cm−2). The number of
transmitted FEL and emitted photons in this range is shown
in Fig. 2. Several processes are observed: in the limit of low
target pressure and pump intensity, the number of emitted
photons increases linearly and the emission is spontaneous.
Increasing the pump intensity and/or target pressure leads first
to the amplification regime with an exponential increase in
the number of emitted photons, and finally to the saturation
regime, where the dependence of the number of emitted pho-
tons on the model parameters I0 and p again becomes linear.
At high target pressure the number of both the emitted and
transmitted FEL photons decreases, which is a consequence
of the absorption of the fields due to the nonresonant pho-
toionization. At the highest investigated pump intensities the
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FIG. 2. Number of transmitted FEL and emitted photons as a
function of target pressure at different pump intensities after tran-
sition through a 1-mm-long He gas target. The pump intensities I0 in
the legend are in units of 1012 W cm−2.

number of emitted photons in the saturation regime becomes
comparable to the number of transmitted pump photons.

Along with a specific dependence of the number of
emitted photons, the temporal and spectral intensity profiles
of the corresponding fields also show typical behaviors in
the different regimes (Fig. 3). In the spontaneous emission
limit, the temporal profile of the emitted pulse exhibits a
characteristic exponentially decaying tail and its spectral
shape is close to a Lorentzian. The peak of the emitted field
intensity is delayed with respect to the pump pulse, because
the duration of the latter is comparable to the decay time of
the excited state and the transfer of population between the
states is mediated by coherences that require a certain time to
build up (see the Appendix).

With increasing target pressure or pump intensity, the
emitted field becomes strong enough to stimulate the radia-
tive decay of the excited state, leading to an exponential
increase in the number of emitted photons in the so-called
amplification regime. The delay of the emitted pulse peak
increases [18], whereas its duration and spectral shape remain
approximately constant. Contrary to the case of spontaneous
emission, the profile of the emitted field in the amplification
regime is smooth and the random nature of the stochastic term
is no longer directly reflected in the intensity profile.

When the population inversion drops to zero, the emitted
field saturates and the number of emitted photons again starts

FIG. 3. Temporal and spectral intensity profiles of the emitted
field at I0 = 2×1013 W cm−2 and different target pressures.

to increase linearly with increasing model parameters. In this
regime, the delay of the emitted pulse and its duration de-
creases with increasing target pressure, which are both charac-
teristic features of superfluorescence [14]. At high target pres-
sures the period of Rabi oscillations on the i − f transition
can become shorter than the excited-state lifetime, leading to
the appearance of damped oscillations in the temporal profile
of the emitted pulse. In its spectral profile a splitting appears,
which is due to the dynamic Stark effect [40]. Because the
excited state in our scheme is an autoionizing resonance and
the pumping is pulsed, the spectrum is complex, exhibiting
different numbers of peaks with varying intensity ratios de-
pending on the pump intensity and target pressure [26,41].

Looking at the evolution of the emitted pulse while propa-
gating through the target (Fig. 4), it is clear that the character-
istics of the field change similarly with target depth as they do
with increasing target pressure or pump intensity. The main
parameter determining the evolution of the field is thus the
population of the excited state. Since Fig. 4 shows the system
evolution for a single pump pulse without averaging, the
random nature of spontaneous emission is visible in the initial
part of the target, with the temporal [Fig. 4(a)] and spectral
intensity profile of the emitted field [Fig. 4(b)] being noisy and
the phase of the emitted field [Fig. 4(c)] changing between the
grid points, a consequence of the stochastic term (10).

The white dashed line in Fig. 4 corresponds to the satu-
ration condition ρii − ρ f f = 0. As long as the time at which
the system reaches saturation exceeds the time required for
the development of the emitted pulse, the number of emitted
photons increases exponentially. With increasing target depth
the saturation time becomes shorter than the time at which the
emitted field intensity reaches its maximum, and the increase
in the number of emitted photons becomes linear. With this
also the temporal intensity profile of the emitted field changes,
exhibiting a shorter delay corresponding to the saturation
time.

The presence of Rabi oscillations is also visible in the pop-
ulation inversion map in Fig. 4(d). The position of the max-
imum of the oscillation in the population inversion, denoted
with the dotted line, matches the position of the minimum
in the temporal profile of the emitted field. The phase of the
emitted field changes by π in the course of a Rabi oscillation.

The splitting in the spectral profile of the emitted field
[Fig. 4(b)] becomes visible at z = 0.5 mm, where the Rabi
frequency on the transition between the excited and final
state |μi f E (z, t )| becomes larger than the decay width of the
excited state. This approximately coincides with the transition
of the system into the saturation regime. The distance between
the peaks in the spectrum increases linearly, corresponding
to the linear increase of the Rabi frequency in the saturation
regime.

The autocorrelation function of the emitted field

g(z, τ ) =
∫ ∞
−∞ E (z, t )E∗(z, t + τ )dt∫ ∞

−∞ |E (z, t )|2dt
(12)

is shown in Fig. 4(e) for the selected example. The coherence
time [Fig. 4(f)] is defined as the FWHM of the symmetric
correlation function (12). In the initial part of the target,
where the emission is spontaneous, the coherence time is
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FIG. 4. Evolution of the temporal (a) and spectral intensity profile of the emitted field (b), the temporal profile of the phase of the emitted
field (c), population inversion (d), and autocorrelation function of the emitted field (e) in the target at I0 = 2×1013 W cm−2 and p = 1.5×104 Pa
for a single pump pulse. The white dashed line denotes ρii − ρ f f = 0, the dotted line the position of the first oscillation peak in the population
inversion, and the black dashed lines the Rabi frequency ±|μi f E (z, t )|. The horizontal axis shows the retarded time τ = t − z/c, where t = 0
corresponds to the passing of the pump pulse maximum through the target entrance z = 0. (f) Number of emitted photons, and duration and
coherence time of the emitted pulse as function of the position in the target.

very short due to the random phase of the emitted field. In
the amplification regime, the coherence time increases and is
larger than the pulse duration, meaning that the emitted pulse
is temporally coherent, and the correlation function assumes
a Gaussian shape. When the system becomes saturated, the
coherence time decreases together with the pulse duration,
but the emitted field remains temporally coherent. With the
appearance of Rabi oscillations the tails of the correlation
function elongate, indicating that the oscillations are indeed
phase correlated.

Figure 4(f) shows that at the selected model parameters
the number of emitted photons in the amplification regime
does not increase entirely exponentially. This is a consequence
of strong absorption of the emitted field due to nonresonant
photoionization of the ground and doubly excited state at high
target pressure.

At low pump intensities, where the transfer of population
to the excited state is small, the absorption of the pump pulse
follows the Beer-Lamber law [42] with the absorption cross
section having the asymmetric Fano shape [34] slightly mod-
ified by the presence of Doppler broadening. The Gaussian
spectrum of the pump pulse is reshaped into an asymmetric
profile exhibiting two peaks [Fig. 5(b)]. At higher pump
intensities and target pressures, where the Beer-Lamber law
is no longer valid, the spectral intensity of the transmitted
pump pulse still decreases systematically with increasing I0

and p. The asymmetry of the photoabsorption cross section is
also reflected in the temporal profile of the transmitted pump

pulse [Fig. 5(a)], where a secondary peak appears after the
main pulse, with its relative intensity increasing with target
pressure. At the highest investigated values of p, the intensity
of the emitted field becomes comparable to the transmitted

FIG. 5. Temporal (a) and spectral intensity profiles (b) of the
transmitted pump pulse at different target pressures and I0 =
2×1013 W cm−2.
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FIG. 6. (a) Number of emitted photons as a function of pump
intensity for the box-type and Gaussian spatial intensity distribution
at p = 3×104 Pa. (b) Scaled temporal and (c) spectral intensity
profiles of the emitted field at three different pump intensities for the
box-type (denoted with b) and Gaussian spatial intensity distribution
(denoted with G) at p = 3×104 Pa. The pump intensities I0 in the
legend are in units of 1013 W cm−2.

pump pulse intensity and the two fields are strongly coupled.
The coherence time of the transmitted pump pulse is larger
than the pulse duration, meaning that the pump pulse remains
coherent after passing the target over the whole investigated
range of target pressures.

Realistic FEL sources typically produce pulses with a
spatial intensity profile that is close to an axially symmetric
Gaussian [37]. For an easier comparison of the results ob-
tained for realistic beam profiles we have chosen the Gaussian
to have a FWHM equal to 2r0 and peak intensity I0. The
volume integration was achieved by combining simulation
results for the box-type intensity distribution with the same
r0. Effectively, a smooth Gaussian profile in the lateral plane
was sampled at the selected intensities and the properly
weighted box-type results at these intensities were summed
up. The results of the spatial averaging are shown in Fig. 6.
The number of pump photons is smaller in the case of the
Gaussian spatial intensity distribution, and correspondingly
so the number of emitted photons. The dependencies of the
number of emitted photons on pump intensity for the two
distributions are qualitatively the same, with the spontaneous
emission, amplification, and saturation regimes visible also
with the Gaussian spatial intensity distribution. The temporal
and spectral profiles of the emitted field are most affected
by the volume integration in the saturation regime. Here the
emitted pulse duration is larger, the side peaks in the spectrum

FIG. 7. Spectrum of SASE pump pulses before entering the
target for two specific single pulses (pulse number 61 and 96 on
Fig. 8) and the average spectrum of 200 pulses.

due to the dynamic Stark effect are less pronounced, and
additional structure appears in the area between the peaks, a
consequence of the contributions of the box-type simulations
at lower pump intensities. In the amplification regime, the
temporal and spectral intensity profiles practically coincide
with the results for the box-type distribution.

B. Partially coherent pumping

Pulses produced by SASE FELs can be modeled by a
partial-coherence method [43], which uses the information
about the average spectral shape and pulse duration to gener-
ate sets of light pulses that statistically match the experimen-
tally obtained fields. First, the spectral shape of the pulse is
determined, which was chosen to be a Gaussian with a FWHM
of 0.4 eV, a spectral resolution achievable with FLASH2
at the selected photon energy [44]. The spectral amplitude
of the field is then multiplied by random phases and converted
to the time domain by means of the Fourier transform. Finally,
the field amplitude in the time domain is multiplied by a Gaus-
sian function with the width corresponding to the duration of
the FEL pulse, chosen to be 100 fs, equal to the duration of
the coherent pulses from the previous section.

Since the spectral width of the SASE pulses is much larger
than that of the coherent pulses, less photons are expected to
be absorbed at a given pump intensity, leading to a smaller
population inversion which is a key parameter for the devel-
opment of the emitted pulse. To reach the amplification regime
of the emitted field with the partially coherent pumping it
is thus necessary to increase the target pressure and pump
intensity. Moreover, due to the random generation process
of the partially coherent pulses, the shot-to-shot variation is
large and the results need to be averaged over a large number
of pulses. We will therefore treat the evolution of the system
for the case of partially coherent pumping for a single set of
model parameters: I0 = 4×1013 W cm−2 and p = 105 Pa.

The random nature of the SASE pump pulses is shown in
Fig. 7. The spectral intensity profiles of individual pulses are
typically asymmetric and exhibit several peaks with varying
heights. As expected, the average spectrum has an approxi-
mately Gaussian shape with the width as chosen in the first
step of the pulse generation.

Despite each pump pulse having a different spectrum and
consequently the number of emitted photons varying strongly
between shots, the number of absorbed pump photons is
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FIG. 8. Number of absorbed pump photons (solid line) and
emitted photons (black circles) for different SASE pump pulses.
The squares and triangles show the number of emitted photons for
different repetitions of the simulation for two specific pump pulses,
denoted in the figure with vertical dashed lines and shown in Fig. 7
with the corresponding colors.

approximately constant and much larger than the number of
emitted photons (Fig. 8). This indicates that the absorption of
the relatively broad pump pulse is mainly due to the nonres-
onant photoionization. Consequently, the average number of
emitted photons per pulse over 200 pump pulses is 1.1×108

and is smaller than the average number of emitted photons
in the corresponding case with coherent pumping (1.4×109)
due to the larger spectral width of the SASE pump pulses.
The maximal number of emitted photons is 3.5×109, roughly
coinciding with the result for coherent pumping. As expected,
the case of coherent pumping represents the upper limit for
the number of emitted photons. The variation in the number
of emitted photons between different shots is around ten
orders of magnitude, meaning that in some cases the emission
remains spontaneous throughout the whole target, whereas in
others the emitted field starts to amplify at different positions
or even reaches saturation. The results of different repetitions

of the simulation for the same pump pulse, also shown in
Fig. 8, indicate that the number of emitted photons predom-
inantly depends on the spectral shape of the pump pulse and
not on the random nature of the spontaneous emission onset.

Figure 9 shows the evolution of the emitted field and
population inversion in the target for the two individual pump
pulses shown in Fig. 7. The upper row corresponds to the
pulse represented in orange, where the emission is sponta-
neous throughout the target, whereas the lower row shows
results for the pump pulse depicted in blue, where the system
reaches saturation. There is a strong difference in the temporal
dependence of the population inversion. In the first case it
consists of several narrow, well separated peaks, whereas in
the second case a single wide peak is present, with much
smaller population oscillations. Due to the strong absorption
of the pump pulse the profile of the population inversion can
be strongly modified while traveling through the target. That
affects the temporal intensity profile of the emitted pulse, the
peak of which moves toward later times together with the
position of the maximum of the population inversion. As in
the case of coherent pumping, the emitted pulses are coherent
in the amplification and saturation regime.

IV. CONCLUSIONS

We have described the self-amplification of extreme ul-
traviolet radiation spontaneously emitted after the resonant
excitation of helium gas into the selected doubly excited state
with short FEL pulses. The three-level scheme is modeled
by means of the Maxwell-Bloch equations with an additional
stochastic term, which simulates spontaneous emission. The
results show that the system transitions from the spontaneous
emission limit at low target pressures and pump intensities
to the amplification regime, where the number of emitted
photons increases exponentially, until it finally reaches sat-
uration. Both in the case of coherent and partially coherent
pumping, the pulses emitted along the propagation direction

FIG. 9. Evolution of the temporal (a), (b) and spectral intensity profiles of the emitted field (c), (d), and population inversion (e), (f) in the
target for two different SASE pump pulses. The upper row shows results for the pump pulse denoted in Fig. 7 with the orange dashed line, and
the lower row results for the pulse denoted with the blue dotted line. The scaling factor on figures (e), (f) in defined as ρ0 = max{ρii(0, τ )}.
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of the pump pulse are coherent. At high target pressures and
pump intensities, the numbers of transmitted FEL and emitted
photons are comparable, meaning that the studied system acts
as a one-to-two color conversion laser.

Experimentally the amplification of the radiative decay
channel could be observed either directly, by recording the
spectrum of the emitted radiation in the forward direction,
or indirectly, by observing the anomalous increase of the
metastable atomic yield produced by the decay of the final
singly excited state, by measuring the intensity of the visible
light emitted in this decay, or by measuring the decrease of
the intensity of the EUV light emitted in the perpendicular
direction.

The limitations of the presented theoretical treatment
stem mainly from the approximations used in deriving the
Maxwell-Bloch equations. The treatment of the problem in
a single spatial dimension is valid as long as the saturation
length is much larger than the target radius. When these two
quantities become comparable, the probability for stimulated
emission in the perpendicular direction becomes large and
additional spatial dimensions have to be taken into account.
At the highest investigated model parameters in this work the
saturation length is approximately 60 μm, still much larger
than the target radius.

In this work the numerical results for the 3a 1Po doubly
excited state are presented. Other similar resonances in helium
differ from this state mainly by the lifetime and branching
ratio for the radiative decay. For different selections of the
excited state the qualitative characteristics of the emission
remain similar; however, the number of emitted photons and
the intensity profiles of the emitted field are quantitatively
different.

While the treatment includes autoionization of the excited
state and nonresonant photoionization of the atomic and ionic
states, the emitted field only describes the light emitted by the
excited atomic state. The emitted field is nearly resonant with
the 1s − 2p transition in He+ with transition energy 40.8 eV.
At high target pressures, where the population of ionic states
in the target is large, the profile of the emitted field could be
modified due to the interaction with the ionic states.

The presented scheme offers a possibility of producing
monochromatic, short, and coherent light pulses with a well-
defined wavelength in the extreme ultraviolet spectral region,
corresponding to the dominant radiation decay channel of
the upper state prepared by pumping. Running at a high
target pressure and pump intensity, such a two-color EUV
laser source may be useful because it exhibits a good spa-
tiotemporal overlap of both colors by its nature. In the case
of the partially coherent pumping, such as with SASE FELs,
the presented scheme offers a complementary approach to the
production of coherent pulses.
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APPENDIX

1. Two-channel radiative decay of the excited state

The presented amplification scheme assumes the radiative
decay of the doubly excited state via a single channel, the
one exhibiting the largest partial fluorescence rate. The con-
tributions from other radiative decay channels are neglected
and the solution of the problem is sought in the frame of the
three-level system. To test the validity of this approximation
we have solved an adapted three-level scheme that explicitly
accounts for two competing radiative decay paths of the upper
state. The two dominant radiative decay channels of the 3a 1Po

resonance are populating the singly excited 3 1Se and 3 1De

states with the respective radiative branching ratios of 76.3%
and 20.8% [29]. The branching ratios to other singly excited
states are smaller than 1% and these channels are safely
neglected. In the simplified problem the target is prepared with
all atoms initially in the upper state and nonresonant photoion-
ization is neglected. Thus the upper state is set to decay by
three channels: by autoionization and by two radiative decay
channels to the 3 1Se state (denoted by f as in Sec. II) and
the 3 1De state (denoted by d). The relevant parameters for the
3a 1Po → 3 1De transition are presented in Table II. The three
states are treated as pure bound states and autoionization of
the upper state is described by a leakage of the excited-state
population. The numbers of photons emitted by the 3a 1Po →
3 1Se and 3a 1Po → 3 1De transitions are denoted by N1 and N2,
respectively.

The results are compared to the case of a single radiative
decay of the excited state, obtained simply by setting the
partial decay rate to the 3 1De state to zero. In the latter case the
number of photons emitted by the 3a 1Po → 3 1Se transition is
denoted by Ns.

The upper graph in Fig. 10 shows that in the amplification
and saturation regime the number of photons emitted by
the 3a 1Po → 3 1De transition is several orders of magnitude
smaller than the number of photons emitted by the 3a 1Po →
3 1Se transition. The ratio N1/Ns is around 1 over the whole
studied target pressure range, with small fluctuations in the
low pressure limit due to the random nature of spontaneous
emission and averaging over a limited number of pump pulse
realizations. This shows that secondary radiative decay chan-
nels of the doubly excited state can indeed be neglected in the
treatment of the self-amplification scheme.

2. Nonprompt excitation

It is interesting to look into the origin of the time delay
of model variables when the upper state excitation cannot be

TABLE II. Parameters (in atomic units) relevant for describing
the 3a 1Po → 3 1De transition.

Parameter Value

ωd 1.492
μ̃id 0.1469
qid 738.1

�d 3.710×10−8

�D
id 9.172×10−6

σdc 3.60×10−5
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FIG. 10. Number of emitted photons on individual transitions as
function of target pressure, and the ratio of photons emitted on the
3a 1Po → 3 1Se transition in the case of the single and double radiative
decay of the doubly excited state.

considered prompt, i.e., when the lifetime of the upper state is
comparable to the duration of the pump pulse. The situation
is most clearly exposed in the weak excitation limit [42]. As-
suming ρ00 ≈ 1, ρii 	 1 at all times, simple expressions can
be obtained for the model time dependence of populations and
fields as follows. First, the population of the upper state ρii(t )
is calculated from the time-dependent pump field F (assumed
to be real). This is done in two steps. Equation (5d) is solved
upon neglecting the terms other than the first and the third on
the right-hand side. At zero detuning the solution ρ0i(t ) of the
resulting Langevin equation is proportional to F ∗ E [�0i/2 +
�D

0i], the convolution of the pump field with an exponential
E [�] ≡ e−�t . In the next step, Eq. (5b) is solved after ne-
glecting the last term on the right. It is easy to see that ρii(t )
is proportional to {F (F ∗ E [�0i/2 + �D

0i])} ∗ E [�a + �i].
This differs from |F |2 ∗ E [�a + �i], the rate-equation solu-
tion of the same problem, the main difference being that the
Maxwell-Bloch solution introduces a time delay in the ρ00 →
ρii population transfer because the transition is mediated by
the coherence ρ0i that has to build upon the incidence of
the pump field. Finally, by inserting the calculated ρii time
dependence into the (model-dependent) source term (10) and

FIG. 11. Development of spontaneously emitted field intensity
|E |2 in time. The upper state is the 3a 1Po resonance in He with 80 fs
lifetime, excited by the passage of a 100 fs pump pulse |F |2 through
the target. The maximum of the emitted field intensity is delayed
for 130 fs with respect to the maximum intensity of the pump pulse.
The model result (orange line) is compared to the direct numerical
solution of Maxwell-Bloch Eqs. (5) and (7) for the weak excitation
case, averaged over 200 pump pulses (black line).

proceeding to calculate the coherence ρ f i along the lines
described in Ref. [18], the average emitted field intensity turns
out to be proportional to ρii ∗ E [� f i + 2�D

f i]. The time profile
of the spontaneous emission intensity in the weak excitation
limit therefore converges to

〈|E |2〉 = ({
F

(
F ∗ E

[
�0i/2 + �D

0i

])} ∗ E [�a + �i]
)

∗ E
[
� f i + 2�D

f i

]
. (A1)

The validity of the above considerations is demonstrated
by a good agreement between these convolutions evaluated for
the 3a 1Po resonance parameters and the direct numerical solu-
tion of Maxwell-Bloch Eqs. (5) and (7) for I = 107 W cm−2

and p = 0.1 Pa. Figure 11 shows that the population of the
upper state and the spontaneously emitted radiation intensity
reach their maximum value about 70 fs and 130 fs after the
maximum of the pump pulse |F |2, respectively. When com-
paring the emitted intensity with the prompt excitation result
E [�a + �i] ∗ E [� f i + 2�D

f i] (dotted line in Fig. 11) [18], it is
clear that an additional time delay of emission with respect to
the pump pulse appears, as noted before [23].
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