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Frequency-angular characteristics of signal and idler photons generated under spontaneous parametric down-
conversion are studied in a strongly frequency nondegenerate regime, without paraxial approximation, account-
ing for possible inherent absorption of idler waves in a nonlinear crystal, classical thermal field fluctuations, and
the multimode character of parametric interaction induced by transverse spatial limitation of the pump beam.
Spatial limitation is shown to lead to a huge increase in angular divergence of the idler photons generated at
terahertz frequencies. General expressions are obtained for the frequency-angular sensitivity function of the
nonlinear-optical terahertz wave detector and for power densities of the signal and idler photon fluxes. The
absorption-induced difference in the parametric conversion coefficients for the noise and externally incident
radiation of the idler frequency is shown to be described by approximately the same loss factor for all active
spatial idler modes. Two different parametric contributions of the internal thermal noise to the number of output
idler photons were revealed with different dependence on the idler-wave absorption. Expressions for the loss
factors, which describe absorption-induced effects in signal and idler channels, are obtained and shown to be
turning into one another by changing the sign of the absorption coefficient. Relative contribution of thermal and
quantum field fluctuations into the intrinsic radiation of a nonlinear crystal at signal and idler frequencies is
analyzed accounting for the crystal absorption properties.
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I. INTRODUCTION

Parametric down-conversion (PDC) is a well-known and
comprehensively studied quantum optical effect, which is
widely used for generation of entangled photons and squeezed
vacuum states in actual optical quantum information schemes
[1]. As it was first shown in 1967 [2-5], PDC can be easily
arranged by laser pumping of any medium with quadratic
nonlinear-optical response. By this way, the quantum-
correlated pairs of so-called signal (at frequencies w; higher
than half of the pump frequency w,, w; > w,/2) and idler
(at frequencies w; = w, — w, below this level, w; < w,/2)
photons are generated in a wide spectral range. Nevertheless,
although the correlated photons in pairs may address com-
pletely different spectral ranges, only the optical part of their
spectrum attracts the main part of the attention [6]. Usually
the PDC processes, both in the low-gain (spontaneous PDC
[7]) and high-gain (generation of twin beams [8]) limits, are
considered in the frequency-degenerate case when w; = w; =
wp/2, or in the slightly nondegenerate case (w; > w;) when
the difference between signal and idler frequencies is less
than the spectral band of optical transmission of the non-
linear crystal. This seems reasonable, since some additional
increase of w; — w; shifts w; out from the optical transmission
diapason to a range of crystal phonon absorption, where
quantum purity of the biphoton pairs is violated. However, by
further decreasing w; one passes the range of high phonon
absorption and comes to the lowest phonon-polariton branch
of the crystal dispersion law w; (k;). In the lowest-frequency
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part of this branch, practically at w; < 3 THz, the influence
of phonon resonances is minimal and absorption coefficients
become reasonably small. The PDC-generated pairs consist of
two photons again, but the frequency of a signal photon is just
close to the pump frequency, while the idler photon frequency
hits the terahertz range [9—12]. This regime can be referred to
as strongly nondegenerate PDC.

The terahertz frequency (THz) range has been attracting
considerable interest due to promising applications in various
areas including spectroscopy, imaging, nondestructive eval-
uation, and communication [13]. Ways of exploiting high-
capacity THz channels are becoming a problem of growing
importance for wireless THz communications [14]. Studies of
resonance interaction of THz radiation with matter started at
a novel experimental level [15]. Nevertheless, promotion of
any analogs of quantum-optical technologies into this range
is still slow. The strongly nondegenerate PDC may be useful
for constructing a “quantum bridge” between microwave and
optical ranges. The study of its specific properties and possible
applications has almost just begun. Primary calculations of
the second-order correlation functions were performed ac-
counting for possible inherent absorption and concomitant
noise at THz frequencies but without taking into account
the multimode character of the strongly nondegenerate PDC
[11,12]. A number of our previous works were devoted
to the possibility of application of strongly nondegenerate
PDC for quantum calibration of the spectral brightness of
the THz sources [16,17]. But again, a proper attention was
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not paid to the possibility of parametric coupling between
one signal mode and a number of plane idler modes. The
multimode effects appear due to transverse spatial finiteness
of the nonlinear volume—that part of a nonlinear crystal
where the parametric process proceeds [18]. They can be
insignificant for both optical signal and idler modes, but
are quite important, namely, in the strongly nondegenerate
regime, when the nonlinear volume cross-section is not much
larger than the idler wavelength. This was shown recently by
studying the optical-terahertz biphoton wave function [19].
However, calculations were performed within the limited
scope of this method, and inherent absorption of the nonlinear
crystal at THz frequencies was neglected.

In this paper we extend the task and theoretically analyze
numbers of photons and spectral power densities both at signal
and idler frequencies in a more general case. The strongly
nondegenerate spontaneous PDC is considered, taking into
account (a) transverse (due to the Gaussian pump beam) and
longitudinal (due to the crystal length) effective spatial limita-
tion of the nonlinear volume, (b) possible crystal absorption,
and (c) presence of the thermal fields and field fluctuations
at idler frequencies. All this is done using the “polariton”
generalized Kirchhoff law [20]. This method was proposed
by Klyshko for PDC in a nonlinear crystal with inherent
absorption at idler frequencies.

The rest of the paper is organized as follows. We begin with
a general description of this rather rarely used theoretical ap-
proach in Sec. II. Then, in Sec. III, expressions for the scatter-
ing matrix elements of a lossy nonlinear medium are obtained
in nonparaxial and low-gain approximations accounting for
the multimode effect. These expressions are substituted fur-
ther into the generalized Kirchhoff law for the numbers of
signal and idler photons per mode. Two types of readings
of a narrow-band signal photodetector, the spontaneous and
induced ones, are analyzed in Sec. IV. Characteristics of idler
radiation under thermal equilibrium conditions, i.e., when the
temperatures of the crystal and of the incoming radiation
coincide, are studied in Sec. V. Contributions of thermal and
quantum field fluctuations to the numbers of generated signal
and idler photons are analyzed and compared in Sec. VI. Final
conclusions and summary are given in the last section.

II. NONLINEAR GENERALIZED KIRCHHOFF LAW

Usually, characteristics of the low-gain (“spontaneous”)
PDC process are calculated using the biphoton wave function
[1,7]. However, it is easy to do when the losses in the nonlinear
medium are negligible. If the intrinsic absorption effects are
essential, the biphoton field is in a mixed state and one has
to take into account its interaction with an environment. This
interaction can be accounted for in the second approach,
which is based on solving the Heisenberg equations for evo-
lution of the field operators [21]. Apart from the dissipation
terms, the special Langevin noise operators are designed and
introduced into these equations [11,21-24]. After solving
these Heisenberg equations, the second-order field moments
(the numbers of photons in idler and signal modes, as well
as the idler-signal field correlation moments) are calculated
by averaging over the initial nonperturbed state of the mixed
system. In some cases the same results can be obtained using

the logic of the fluctuation-dissipation theorem [25] without
direct modeling of the Langevin terms. In the 1980s Klyshko
formulated the so-called generalized nonlinear Kirchhoff law
[20] which makes it possible to determine the second-order
field moments in the case when one knows the evolution of
the mean values of the field operators. In contrast to equations
for operators, these equations are similar to classical equations
for slowly varying field amplitudes and, due to averaging,
do not include the Lagevin terms. This generalized nonlinear
Kirchhoff law (GKL) is applicable to PDC in the medium with
inherent losses at idler frequencies while being transparent
at signal frequencies. Klyshko obtained it after studying the
kinetic equation for evolution of the characteristic operator
X (s, V) = eV Vgl gmvia,—via; By averaging, taking deriva-
tives, and solving the obtained equations for the first- and
second-order field moments he obtained relations between the
moments at the input and output of the nonlinear medium.
Finally, the GKL was presented by a set of equations (p. 356
in [20]) for second-order moments expressed in terms of
elements of the scattering matrix of a nonlinear medium.

Our paper relies on the two of the GKL equations. The
first one depicts the mean number of photons in a signal mode
(N (L)) taken at the output of a nonlinear crystal:

(NL(L) = Y Usw PANGO)) + 31U PN, (0)) = (N7))

+ (Z Uy — 1)(1 +(N7)). (1)

The second GKL equation depicts the same number in an idler
mode (N;(L)):

(N:(L) = Y Ui PNy (0)) = (Nr)) + Y |Uig F(N,(0))

+(N7) + ) [UieP(1 + (Nr)). )

Since Klyshko considered absorption effects for idler
waves only, the input-output relations have different forms for
signal and idler photons. Here, (N, (0)) and (N, (0)) are the
numbers of photons in the modes of signal and idler frequen-
cies at the input of the crystal. These mode populations can
be treated as values of spectral brightness of external sources
given in quantum units—“numbers of photons per mode”
[20]. Thermal field fluctuations at idler-wave frequencies are
presented by Planck’s factor:

1
exp(fiw; [kgT) — 1’

where T is the crystal temperature. U,y (a,b = sori) are
scattering matrix elements.

The first and second terms in both GKL Egs. (1) and
(2) describe classical effects of parametric amplification (via
|Uss')?(N,,(0)) or |Uii|*(N,(0))) and frequency conversion
(via |Uyy |2(Nl.,(0)) or |Ujy |2(NS,(0))) induced in the presence
of external radiation. It is noteworthy that, in the case of
idler radiation, only a difference (N;(0)) — (N7) between
the external source brightness and effective brightness of
thermal fluctuations (N7) is amplified or converted. Indeed,

(Nr) = 3)
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if the idler source brightness is the same as the brightness of
crystal thermal emission, the external radiation is equivalent
to thermal equilibrium radiation of the surrounding objects.
Subtraction of the crystal equilibrium thermal radiation (N7)
in the two first terms of GKL Egs. (1) and (2) can be treated as
aresult of mutual interplay of incoming (from the surrounding
objects) and outgoing (from the crystal) radiation fluxes at the
entrance of the nonlinear crystal.

The residual GKL terms are responsible for spontaneously
emitted photons. Equation (1) contains only one term of such
type, but Eq. (2) includes also the crystal thermal emission
(N7) which appears at the crystal exit in full compliance
with the linear Kirchhoff law. Even at room temperatures, the
classical thermal fluctuations can play a significant role at low
idler-wave frequencies in the strongly nondegenerate regime.

The scattering matrix U connects linearly first-order cor-
relation functions, i.e., averages of idler and signal field
operators, at the input (z = 0) and at the output (z = L) of
the nonlinear crystal:

(al(L)) = ZU” (al,(0)) +ZUS, (a; (0)),

(al(L)) = Z Ui{a

In what follows, the primed and unprimed indices denote
different plane-wave modes of signal (s) and idler (i) radia-
tion. In the case of a nonabsorptive nonlinear crystal, elements
U,y coincide with the coefficients which describe the Bo-
golyubov transformations [8] and connect operators instead
of their average values. They are usually found by solving
Heisenberg equations for spatially varying field operators. In
the simplest case of lossless and spatially transverse-unlimited
nonlinear interaction volume (the plane-wave pump, a trans-
versely infinite crystal, and no reflections at the crystal bound-
aries) the Heisenberg equations take the forms [8,26,27]

GO+ Y Uinlalb0). 4

d .
(15(2) — l.)/A,.Cll-F(Z)elAkZ'Z,
dz

da’

dai @) _ —iy, *a (z)e  Mk7, (5)
dz

Here and below, the z axis is directed normally to a
layer-shaped crystal; Ak, = (ks +k; — k), is a longitudinal
mismatch between the wave vectors of the pump (k,), signal
(k;), and idler (k;) plane waves;

2 wsw;
Vi = 5 /0
02\/ kszki

is a specific gain per unit length; x® is an effective value
of the crystal second-order susceptibility; E, is a classical
pump field amplitude. We consider a monochromatic pump
at frequency w,, so that for each pair of signal and idler
frequencies w; and w; the strict relation w, = ws + w; is
satisfied.

Considering the absorptive nonlinear medium one has to
include into the Heisenberg Egs. (5) additional terms de-
scribing not only the attenuation of the fields during their
propagation along the crystal but also the noise field operators
that are responsible for the absorbing reservoir [11,21-24].

E,x®

However, to find the scattering matrix elements we do not
have to solve the equations for evolution of operators. Due
to averaging, the impact of the noise field into such relations
vanishes, and finally the equations take the forms

d{a,(z))

d = iyvi (aiJr(Z»eiAkZ‘Z — Ms <ClS(Z)>,
Z
+
””“Q_Z(Z” = —iy,"(a,(D)e T~ pilaf (2),  (6)

that are similar to classical wave equations for slowly varying
field amplitudes in an absorptive crystal. Attenuation of the
idler (@ = i) and signal (a = s) waves is taken into account
through the factors p, = ﬁ g are proportional to the
crystal intensity absorption coefficients «, and take into con-
sideration the different paths of propagation for waves gener-
ated at different angles to the crystal normal Z. Equations (6)
are valid for the spatially transverse-unlimited nonlinear vol-
ume. In this case, the exact transverse phase-matching con-
dition must be fulfilled for the transverse components of the
pump, idler, and signal wave vectors. This guarantees one
by one interaction between signal and idler modes, i.e., only
one idler plane mode is parametrically connected with one
plane signal mode, and each submatrix U, consists of only
one element. Equations (6) admit analytical solution [28] and
explicit expressions for the scattering matrix elements can be
written as

sinh Sy;
Uss =e M <COSh .Bxi + Osi i) 5
:351'
sinh fB;;
Usi = iLVsieip‘”‘ ia
psi
sinh B;
Ui = e_pSi*<COSh Bsi — ,OsiJ)
.Bxi
sinh B;
Ui = —iLyye o S Pot (7
IBM‘

with

Bsi =/ (Lysi)* + 02 s = (i — iy

osi = (i + s — iAk)L/2.

Experimentally, the transverse dimensions of the nonlinear
volume are limited by the cross-section of the pump beam.
The model of transverse-unlimited volume can be invalid in
the case of the strongly nondegenerate PDC, since the pump
beam waist is not much larger than the idler wavelength in
this regime. In order to consider the multimode nature of the
parametric interaction, in the next section we first calculate
the scattering matrix for a PDC with a spatially limited pump
beam.

— iAk)L/2,

III. SCATTERING MATRIX OF AN ABSORPTIVE
CRYSTAL IN THE CASE OF A TRANSVERSE-LIMITED
PUMP BEAM

The pump field distribution will be taken into account in a
Gaussian form:

—lwpt

e 22
Ep(ry, z,1) = Age ™ /Wrelkrt
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FIG. 1. Schematics of mutual orientation of signal, idler, and
pump plane waves in a nonlinear crystal.

The crystal is considered to be no longer than the focal depth,
so that its spatial decomposition by plane waves (modes) takes
a simple form:

A()w2 u,%kl 2 :
E D. i i lwyt
(l' o t) / p@ 4 elk” r lk’”z ! dk,,

®)

Here, w, is a pump beam waist, r; and z characterize
spatial coordinates along directions transverse and parallel
to the normal to the crystal input surface correspondingly
(Fig. 1), and k,; and k,, are transverse and longitudinal
projections for different pump plane-wave components that
propagate at different polar angles %, to the crystal normal
so that |k, | =k,sint, and k,;, = k,cos?,. k, = w,n,/c,
where n, is the crystal refractive index at the pump frequency
w,. Due to the multimode pump beam structure the one-to-
one correspondence of signal and idler modes is violated and
equations for evolution of averaged operators become more
complicated:

d{a,(2))
dz

=i Z/ yirlar (2))e' Mheri i (kg | +K] | —Kp1 )dK, 1,

+ s (a,(2))

(9a)
d{a;" (2))
dz

=—i Z/ )/S’i*(ag’(z))e_iAk i 'Za(ks J_+li_ ka_)dka_
s/

+ 1ila; ()

(9b)

Now any signal mode [characterized by some index s in
Eq. (9a)] can interact nonlinearly with a spectrum of idler
modes (indexed by i’) via various plane pump modes (in-
dexed by p) if the corresponding transverse phase mismatch
Ak psir = (ks + Kk — k), is zero. The same is valid for any
idler mode [labeled by i in Eq. (9b)] that is parametrically cou-
pled to a spectrum of signal modes. The coupling efficiency

depends on the pump mode amplitudes

Aomrw?  upe,?
e+,

S
which are included now in the gain coefficients y,;. Here, S
is a cross-sectional area of the crystal. Due to exact transverse
phase matching between the plane-wave components, integra-
tion over pump modes means integration over pairs of idler
and pump modes in Eq. (9a), and pairs of signal and pump
modes in Eq. (9b).

The system of Egs. (9a) and (9b) can be solved analytically
in the low-gain approximation, when Ly;; < 1 and PDC
has the character of spontaneous parametric down-conversion
(SPDC). Results for the average field operators at the crystal
output, presented in the form of Eq. (4), give explicit expres-
sions for the scattering matrix elements:

Ep(ka_) =

L St Sl — D
Uy = e Lsg, +Z VsiVs' Psi

215
% |:ens/,» Slnh (ns’i - nsi) _ Sinh Nsi i| , (10a)
Ns'i — Nsi Nsi
sinh n;/¢
Uy = i Lyyye?ts 20 (10b)
Ni’s
. sinh
Uiy = —iLyy;"e B0 (10¢)
Nsi
Lzys*y.», N
U... = e Mls.., — AL ALt
123 123 Z 2]”Si/
% |:e_,,“, sinh (15 — 1) _ sinh nsi:|. (10d)
Nsir — Nsi Nsi

Here, the factors ny;, ysi, and p; depend only on parame-
ters of signal and idler modes, whereas the parameters of the
corresponding plane pump mode are determined by transverse
phase-matching conditions. Because of the nonparaxial char-
acter of strongly nondegenerate PDC, we have to take into
account angles of the wave vectors that stand in expressions
for corresponding gain coefficients y;;. These coefficients can
vary drastically for various triplets of plane signal, idler, and
pump plane modes taken even at the same signal, idler, and
pump frequencies.

Following Klyshko’s procedure, in the next sections the
scattering matrix elements from Eqs.(10) will be substituted
into the GKL Egs. (1) and (2). Since GKL is formulated only
for nonlinear media transparent at signal frequencies, further,
we take u; = 0.

IV. SIGNAL PHOTONS AND NONLINEAR-OPTICAL
DETECTION OF AN EXTERNAL IDLER RADIATION

To figure out the number of photons in any output signal
mode we use the GKL Eq. (1). Parametric amplification of an
external signal is not included in our task and it is further as-
sumed that (N, (0)) = 0. The second term in Eq. (1) describes
the classical effect of difference frequency generation (DFG)
at signal frequency w; = w, — w; that occurs when two waves
of frequencies w, and w; are incident on a nonlinear crys-
tal. By substituting Eq. (10b) for the nondiagonal scattering
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matrix elements Uy, into this GKL term, we obtain expression
for (NPFG(L)) in the low-gain limit

(NPFS(L)) = Zg” N, (0)) = (N7)) (11)
with the parametric gain coefficient
inh si 2
g = Uy > = Uy > = (Lyg2e M =20 (1)

g,; characterizes the level of nonlinear-optical interaction in a
particular pair of signal and idler waves.

The third term in GKL Egq. (1) corresponds to a pure
spontaneous signal, which may be seen without any special
external idler- or and signal-wave source, when the temper-
atures of the nonlinear medium and the surrounding objects
coincide. Comparison with the DFG term shows that the
spontaneous signal can be treated as a result of parametric
conversion of classical thermal ((N7)) and quantum (with
effective brightness 1 photon/mode) field fluctuations at idler
frequencies. By substituting Eq. (10a) into the third term in
Eq. (1), taking py = 0, and accounting for the terms up to
¥is, We obtain the brightness of the spontaneous signal in the
form

(NSPr (L)) = 3 g3 (1 + (Nr)) (12)

i
with another gain coefficient:

2N — 1 4+ e 2

Spon __ 2 Nsi

& = (Lysi) (— + c.c.).
' (215 )?

Here, gssl.pon characterizes the nonlinear-optical contribution
of quantum and thermal idler field fluctuations to the number
of optical signal photons. It is easy to see that the gain
coefficients for fluctuations ( gSpon) and external radiation (g,;)
coincide only if the absorption effects can be neglected:

(12a)

Spon

v o AkL
&,|m = (Ly5i)"Sinc” ——

2
Accounting for strict relation wg; = w, — w;, summation
over all spatial idler modes ), will be further substi-
tuted by integration over idler mode solid angles as ) . —
Gn )2 [ ki 2dQ;. Since the crystal is considered to be lin-

early transparent at signal frequencies in GKL, n,; = py; =
—i(Ak, +ip;)L/2 in Eq. (11) and below. Here, Ak, +ip;
looks like a complex longitudinal mismatch that accounts for
the imaginary part of the idler-wave vector in the form

—0 — &si |,4,-=0

win
ki, = 2 cos %+

200523‘

Let us further consider in this section the averaged read-
ings of a narrow-band optical photodetector with quantum

J

efficiency &, that measures the signal power within the spectral
band Aw; = Aw; K w;, w, in the far zone after the crystal.
The number of counts per second is calculated by integration
of (N (L)) across the photodetector’s solid angle of view:

wy?
2m)c?

Here, S, is an input area of the photodetector oriented
normally to the signal radiation. In what follows its projection
on the crystal output surface S{" = 5~ is taken into account.
We consider the case when the detector’s acceptance angle
AQ = sin ¥, Ay Ag; is sufficiently less than the total diver-
gence angle of signal radiation, and the photodetector receives
signal waves at the angles ¥, = %59, @, & w where the
phase-matching conditions are almost completely fulfilled.

Taking into account Egs. (11) and (12), one can obtain the
photodetector’s readings due to the induced (DFG) process as

P, =& Aa)S/SS(NS(L))dQS

PO _ ) / 8, (910, 91, 0. 91 ([N, (0)) — (N7))
X l‘gl?idﬁid(pi, (13)

and the same readings under the spontaneous process as

pSn = c,, / S D0, 05,70, 1)1 + (Ne)igiddidg.
(14)
Here, the coefficient

3.3

5 DO
C
Wy 6
8 wcng

(Lonw )2

describes the signal dependency on the pump power P, ~
(Agw, )2, pump wavelength (since w;> strongly depends on
the choice of w),), the crystal refractive indices n;, n, and
nonlinear susceptibility y, the overall nonlinear volume ~
Lw]%, and the photodetector’s characteristics via

_ S;:r—det
oy = & —— AQ; Awy.
S

An effective value of the nonlinear susceptibility x
usually depends on the signal and idler angles itself, since it is
equal to convolution of the crystal second-order susceptibility
tensor ¥ @ with the polarization vectors of the signal, idler,
and pump modes. Here and below we take into account the
x® dependence on the signal and idler angles in the form
x® = x cosg; cos @;.

As expected, the integrand functions in Eqgs. (13) and (14)
are not the same. The total effective brightness of thermal
and quantum fluctuations (N7) + 1 stands in Eq. (14) instead
of the excess brightness of the external idler-wave source
(N;(0)) — (N7) in Eq. (13), and the angular response func-
tions SoP°", S, are different. The general expressions for the
angular response functions for any signal and idler angles take
the forms

(ﬁssﬁis(pss(pi)Ze 2

SPDC _ whlks ) +ki)? [l + (i Akz —ui)L — el Ak =L
(Ak; + i) L?

+ c.c.j|coszgoscosz<pi (15)
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FIG. 2. Angular distributions of the sensitivity functions S, (%0, 9, 77, 9;)w?tg®; (a—c) and S,

SPDC

(%50, V1, 0, 9 )3t gd; (d—f) calculated

for type-zero parametric processes in a bulk Mg:LiNbOj crystal (L = 5 mm) pumped at 514.5 nm (w » = 1 mm) for three idler frequencies:

0.1 THz (a, d), 0.5 THz (b, e) and 1 THz (c, f).

and

w (K | +k; 1)

Sw(l?_;,ﬁi, Ds s (pi):e_ 2

Figures 2(a)-2(c) and 2(d)-2(f) show examples of
idler angular distributions S, (&0, ¥, 7, ¢; )a)?tgﬂi and
SSPPC(Bo, O, 7, @i )witgd;, correspondingly. They are cal-
culated for the case of type-zero nonlinear interaction in bulk
Mg:LiNbO; crystal (in this case all the fields are polarized
along the polar ¢ axis of the crystal, parallel to the y axis
in Fig. 1), the pump wavelength 514.5 nm, and three idler
frequencies 0.1, 0.5, and 1 THz. L = 5mm, and w, = 1 mm.
The phase-matching angle ;9 changes between 60.28 and
60.42° in the considered case. The data on extraordinary
refractive index dispersion of Mg-doped congruent lithium
niobate crystal were taken from [29] for the visible range
and from [30] for the terahertz range. The azimuthal an-
gles ¢;  are counted from the x axis (Fig. 1) so that the
phase-matching angle is taken as ¢;o = 0 and corresponds
to idler-wave propagation in the plane of signal and pump
wave vectors. The size of bright spots in Fig. 2 centered
around the phase-matching direction ¥;¢, ;o provides insight
on the angular diversity of all the idler waves contributing
to the parametric generation of signal photons in only one
(U5 = Uy0, @5 = 1) direction. Due to substantial difference
between signal and idler frequencies in the strongly frequency
nondegenerate regime, the angular diversity of the idler waves

;| Sinh[(F Ak,
e 1

2
— wi)L/2] 2 (16)

2
COS COS i
(i Ak, — 11)L)2 PuCOR i

(

is rather high. However, it decreases when the idler radiation

frequency becomes greater, as it is illustrated by Fig. 2.
Reduction of the angular diversity can be done also by

increasing the dimensions of the nonlinear volume. Figure 3

shows spectral dependences of the polar angular width

f Sw(ﬁs()a 191‘, I, O)Igﬁidz?i
Sw(19307 tio, 7, 0)tg o

AY; =

and of the azimuthal angular width

f Sw(ﬁso’ 19107 T, @i )d(pl

Ag; =
Sa)(l?_v()v ﬁiOs T, 0)

for various spatial parameters (crystal length L and pump
beam radius w,,). Within the considered range of parameters,
the azimuthal angle Ag; is practically insensitive to the crystal
length and depends mostly on the pump beam radius if the
idler frequency is fixed. At low frequencies the opposite effect
is observed for the polar angular aperture A¥;: it depends
basically on the crystal length. Nevertheless, the absorption
coefficient increases with frequency and, starting from some
frequency values, the crystal length loses its significance in
comparison with the length of an idler-wave free path in a
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FIG. 3. Dependences of polar (a) and azimuthal (b) angle aper-
tures of the terahertz detector based on frequency up-conversion in
Mg:LiNbOj; crystals of different lengths (1 mm for the dashed black
lines and 5 mm for the dotted red and solid green lines) pumped by
514.5-nm Gaussian laser beams with diameters 2 mm (dashed black
and dotted red lines) and 5 mm (solid green lines).

crystal. If w), is still less than L, w), starts to determine A®;
instead of L, as it is seen in Fig. 3(a) at frequencies above
1.2 THz. At frequencies higher than the range taken in Fig. 3,
absorption effects become dominant.

Comparison between the functions which describe sensi-
tivities to external idler radiation [S,, Figs. 2(a)-2(c)] and to
internal fluctuations of the idler field [S,", Figs. 2(d)-2(f)]
shows that their angular shapes are quite similar provided
the absorption coefficients have reasonably moderate values
(u; < 1). At the same time, the absolute values of these func-
tions could differ noticeably if w; is not vanishingly small.
This takes place due to fundamentally different impacts of
absorption effects on the processes of parametric conversion
of internal fluctuations and externally incident idler waves.
Successfully, this difference remains quite the same for all
angles of idler modes involved in the parametric processes.
This fact is clearly illustrated in Fig. 4. Here, the exact
frequency dependence of the loss factor «; is calculated using
its integral definition:

fSZ,PDC(ﬂs, Vi, @5, @i)tgvidvidy; fgfipondﬂid%
Ky = =
IS, (O, Vi, @, 9i)tg0:d0;dg; | &,:dvide;
(17)

140
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FIG. 4. Spectral behavior of the THz-loss factors which account
for different contributions of external idler radiation and internal
idler-field fluctuations of the same spectral brightness 1 photon/mode
into the optical parametric signal in a 5 mm-long Mg:LiNbOj; crystal.
Dashed red line: «; calculated according to Eq. (17), considering
that both the externally induced waves and internal idler-wave fields
occupy the whole angular aperture of the frequency converter (w, =
1 mm). Black solid line: «, ¢ calculated by Eq. (18), i.e., taking into
account the phase-matched modes only. Inset: Spectral dependence
of the crystal absorption coefficient.

Spectral dependence of the approximate loss-factor value,
determined as relation
SPDC

Sw (19307 ﬁi()’ 7T, 0)
S, (950, %i0, 7, 0)

is shown also. It is seen that ;s iS close to ks within
the whole actual range of THz frequencies characterized
by moderate idler-wave crystal absorption. Coincidence is
usually much better than 10% of the loss-factor value. Under
phase-matching conditions

Kseff =

Spon

L—1+4e
8si |Ak3=0

Mi
=2(yy L)
(wiL)?

1 —emil\?
_ 2
8sil ako = (i L) (M—L> ;

so that one can easily obtain the suitable expression for
precalculation of «:

and

wil — 14 ek

(1 —emly?

Being determined this way, k; . does not depend on the
direction of the signal radiation. Moreover, u; in Eq. (18)
is taken for the phase-matched idler angle ; = ;o only.
Our calculations show that «; ~ «, . also for those signal
directions where the phase-matching conditions are not sat-
isfied exactly, i.e., where Eq. (17) is considered for ¥ # ¥y
and ¢, # . Figure 4 also demonstrates how fast the loss
coefficient «; of 5-mm-long Mg:LiNbOj3 crystal grows when
the crystal absorption coefficient increases with the terahertz
idler frequency.

The fortunate coincidence of angular forms of spontaneous
and induced signals allows considering separately the effects

Ks R K o = 2

(18)
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caused by absorption, and the multimode effects caused by
finiteness of the nonlinear volume. The dimension effects un-
der strongly frequency nondegenerate parametric process lead
to high angle diversity of the active idler (lower frequency)
modes, whereas the loss effects manifest uniformly in all these
modes. This gives a possibility to describe the numbers of
spontaneous and induced signal photons by the same mode
distribution of the gain coefficient g; [Eq. (11a)] and account
for specificity of the spontaneous signal by the loss factor
Ks R Ky, . 1dentically for all the idler modes:

(NP (L)) =1y Y g, (1 + (N7)),

i

(19a)

(NPFS(L)) (19b)

The DFG process can be used for nonlinear-optical detec-
tion of an external idler radiation via up-conversion into the
optical range, where the signal radiation is easily measured
by a conventional photodetector. Such method was realized
recently in a number of papers for noncoherent terahertz wave
detection with continuous-wave or nanosecond-pulsed lasers
[31-33]. As it seen from Eq. (13), the idler angle dependence
of S, determines the spatial resolution of such a detector [19].
Figure 3 shows examples of how the azimuthal and polar
resolution scales with the dimensions of the nonlinear volume.

For a single-mode parametric frequency converter, it was
shown also that the pure spontaneous signal can be used for
calibration of the absolute sensitivity of such a nonlinear-
optical detector [16,17,19,34]. Taking the two readings of
a signal photodetector, that are the pure spontaneous signal
PSP obtained in the absence of any external idler-wave
source, and P, = pSeon PPFG | obtained when the external
source is switched on, one determines the absolute value of
the external source brightness as

(N;(0) = i (P,/PPP" — 1)(1 + (N7)) + (N7).  (20)

Here, the spectral brightness is measured in quantum
units “photons per mode” [20]. If necessary, it can be easily

recalculated as B, (2hu;'%2 (N;(0)) in standard photometric

units. It is noteworthy that, in a multiple mode case, (N, (0))
determined according to Eq. (20) is the mean number of
photons in all idler modes that can make contribution into
the signal P (i.e., for which S # 0). Averaging is made
over the angles of idler modes accounting for the differential
sensitivity function distribution:

J S, (50, Vi, 7, 9 )(N;(0))tg9;dV:de;

T = .1
(N;(0)) [ Su(@s0, 01, 7, @180 d 0 dg; (21

(N;(0)) coincides with (N;(0)) in the central modes only
for sufficiently isotropic radiation, which fills uniformly all
the angles where the differential sensitivity has meaningful
values. This property has to be taken into account, since
adequate brightness estimation can be done only for sources
with a large angular divergence. Thus, decreasing of the
angular width of S, is crucial both for better spatial resolution
and for more accurate absolute brightness measuring. This can
be done by proper choice of the crystal length and the pump

beam radius. Nevertheless, increasing the dimensions of the
nonlinear volume has a limited effect since the SPDC-based
calibration can be done with an appropriate accuracy when
the loss factor is close to 1. This limits the spectral range
of measurements in a crystal with the absorption coefficient
growing at high frequencies (Fig. 4). The relations obtained in
this section, mainly Egs. (15), (16), and (18), will help us to
choose optimal parameters of the nonlinear crystal according
to characteristics of the terahertz wave source under detection.

Summarizing this section, we obtained general expressions
for the two types of readings of a narrow-band signal photode-
tector, one for the spontaneous PDC and one for DFG induced
by an external idler radiation. It was found that angular
divergences of the idler modes depend on the idler frequency
and sizes of a nonlinear volume in a very similar way for both
processes. With rather high accuracy, the relation between
spontaneous and induced signals can be described by one loss
factor for all active directions of idler waves. These results are
important for analyzing the angular sensitivity and the input
angular aperture of a nonlinear terahertz wave detector, as well
as for application of the SPDC method for absolute calibration
of the spectral brightness.

V. IDLER PHOTONS

Now let us turn to the long-wave photons generated at
idler frequencies as it is predicted by the GKL Eq. (2). In
contrast to their optical (signal) partners, the idler photons are
accompanied by substantial classical thermal fluctuation fields
at the same frequencies, and, secondly, can be absorbed by a
crystal. In this section we consider the case when there are
no special sources of external input idler and signal radiation
apart from thermal equilibrium idler-wave radiation of the
environment. Then the total number of output idler photons
is depicted by the last two terms in Eq. (2). The term (N7)
is responsible for thermal radiation of the crystal itself. The
final contribution describes idler-wave photons spontaneously
generated via the crystal’s nonlinearity:

Z gi(1+ (22)

Spon (L)

This expression has the same structure as the third term in
Eq. (1), which is responsible for the spontaneous part of signal
radiation. Again, since it contains effective brightness of both
types of fluctuations, 1+ (N7), this idler radiation can be
interpreted as a result of amplification of the fluctuation fields.
Here, the part proportional to 1 photon/mode depicts the pure
SPDC-generated idler-wave power density. The amplification
coefficients ) _ g, do not coincide with the conversion coeffi-
cients (3, |Ussr|2 — 1) in the signal part of SPDC. However,
summation in Eq. (22) is carried out with the same gain
coefficients g;; as in the DFG part of signal radiation in
Eq. (11). Asymmetry appears due to crystal transparency at
signal frequencies and moderate opacity at idler frequencies.
If the idler-wave absorption can be neglected, the coefficients
in Egs. (11), (12), and (22) coincide.

Following the same considerations as in the previous
section, we obtain an expression for the readings of a
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FIG. 5. Angular distributions of the idler-wave detector readings PiSp(’"(ﬁi, @; ), calculated for the case of no external signal and no idler
radiation at the input of the crystal apart from the equilibrium thermal radiation; type-zero parametric processes in a bulk Mg:LiNbOj; crystal
(L = 5mm) pumped at 514.5 nm (w, = 1 mm); and three idler frequencies: 0.1 THz (a), 0.5 THz (b), and 1 THz (c).

narrow-band idler-wave detector due to SPDC as
Pisp‘m(l?i, @) = Cp (1 + <NT>)/ S, (D5, Ui, 05, @)

x tg¥,d¥,d . (23)

Integration is made over all possible directions of the signal
photons, using the same angular response function S, as in
the case of the DFG optical signal [see Eq. (16)]. Similarly,
the angle-independent coefficient

3.3

w.W: Nn;
C. =g 3
@i " 87 cOn
now accounts for parameters of the narrow-band idler-wave
detector with efficiency &;, input area S; (recounted to the area
parallel to the crystal output surface as ;" = %

band Aw;, and solid angle of reception AQ; via

(LXQ)Awa,)2

), spectral

cr

S
o; = SI?A(J),AQ,

As it is seen from Figs. 2 and 3, S, is distributed along
a wide range of idler angles, and, according to Eq. (23),
the SPDC-generated idler-wave photons will be spread over
almost the same angles. Integration over all signal angles in-
creases the solid angle of the idler-wave divergence. Figure 5
presents examples of angular distributions of the idler-wave
detector readings PiSpon(z?i, ;) calculated for different idler
frequencies in the same case of type-zero nonlinear interaction
in bulk Mg:LiNbOj3 crystal pumped at 514.5 nm as in Figs. 2
and 3. It has been also taken into account that an input area
of the idler-wave detector is reoriented normally to the idler-
wave propagation at each change of the detection angle, so
that o; ~ 1/ cos ¥;.

In summary, in this section we analyze the number of
output idler photons per mode generated under thermal equi-
librium conditions, i.e., when the temperatures of the crystal
and of the incoming radiation coincide:

VL) = N+ o)

It is found that even in the case of arbitrary idler absorption
the number of SPDC generated idler photons is proportional
to effective brightness of thermal and quantum fluctuations

1 + (N7) with exactly the same gain coefficient that describes
the gain coefficient under DFG of signal photons. The cor-
responding readings of a narrow-band idler detector can be
calculated using Eq. (23) by integrating the same angular
sensitivity function S, over all possible directions of signal
photons.

VI. CONTRIBUTIONS OF THERMAL AND QUANTUM
FIELD FLUCTUATIONS TO SIGNAL AND IDLER
PHOTONS

In the two previous sections we considered the nonlin-
ear signals (N>P°"(L)) and (NiSpon(L)) generated in thermal
equilibrium conditions. These conditions assume that at the
input of all idler channels there is an equilibrium thermal
radiation of environment with (N7) corresponding to the
crystal temperature. Let us now estimate the intrinsic radiation
of the crystal singly, regardless of any nonlinear response to
an external radiation whatever temperature it has.

As it follows from Eq. (1), for the intrinsically radiated
signal photons we have

(N,(L) = K, (Z gs,)(Nq) + G — 1)(2 gs,»><NT>.
(25)

Here, (N,) = 1 is introduced to mark the impact of quan-
tum fluctuations. As it follows from the GKL Eq. (2), an
analogous expression for the idler output should be built from
two parts:

(N;(L)) = (NP(L)) + (Nr) (1 -3 |U,~l~/|2>. (26)

The first part (NiSpon(L)) was considered in the previ-
ous section. Concerning the second part, in the equilibrium
conditions its nonlinear contribution is canceled by thermal
radiation of environment, so that only (N7) remains here in
the balance. Nevertheless, it should be taken into account in
its total form here, in the frames of analysis of the intrinsically
radiated idler photons.
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Using Eq. (10d) for the scattering matrix element U;;,, we obtain that

iy —
<NT>(1 -y |U,,.,|2> = (1 — e L)(Ny) — ezﬂfL<Nr>Z<Lysi>2[%

1
+ c.c.i|. 27

s

The first part on the right describes thermal radiation of the absorptive crystal, just like the linear Kirchhoff law predicts. The
second term corresponds to nonlinear transformation of thermal fluctuations with a negative gain coefficient:

—e Y (Lys >2[

i _2p— 1
T e

Q0 @70)

Comparing this relation with Eq. (12a) one can see that this coefficient brings us back to the gain coefficient in the expression
for spontaneously emitted signal photons, but asymmetry due to idler-wave absorption leads to some discrepancies. Once again
note that in the case of zero absorption all the conversion and amplification coefficients coincide.

Following the same approach as in Sec. IV, we introduce the loss factor «;, which depicts the relation between the two transfer

(for (N7)) coefficients at idler frequencies:

e Milcos?y; [e”

2 2
whsithy g oy

oy L+ ce. ]cos Ot gUsdv; d(pY

ki (D, @i) =

Our calculations show that, similar to k; ¢, this loss co-
efficient can be approximately determined taking the phase-
matched directions of idler and signal waves:

el — L —1
K (D, @) R Kieff = 2——————5—. (29)
(et —1)

Notably, this expression for ;¢ can be converted to
Eq. (18) for ke by changing a sign of the absorption
coefficient, u; — —u;, i.e.,

K etf (i) = Kietr (— ).

K; o rapidly goes down from one to zero when the absorp-
tion coefficient increases with frequency (see an example of
the 1 — k; ¢ spectral dependence in Fig. 6). It should be noted
that replacement of the exact «; by its approximate value k; cf

104 = @@ Sie =i
-=--1-x

i,eff
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FIG. 6. Spectral behavior of the relation between contributions
of thermal and quantum field fluctuations, taken at the same
number of photons per mode, (Nr) = (N,) =1, to the intrinsic
pump-induced radiation at signal (black solid curve) and idler (red
dashed curve) frequencies. Calculations are made for a 5-mm-long
Mg:LiNbOj; crystal with absorption coefficient dependence shown
in the inset.

fS (ﬁh 1915 (pYa (pl)tgﬁ dﬂ d(pY

(28)

(

can lead to a greater loss of accuracy than the same procedure
in the signal range. However, this approximation substantially
simplifies the analysis of relative contributions of thermal and
quantum fluctuations.

Readings of the idler-wave narrow-band detector, which
correspond to this additional part of nonlinear amplification
of thermal fluctuations, can be calculated as

Pi(ﬁia wl) = Cw[ <NT>Ki / Sw(ﬂm 191'7 Ds» wi)tgﬁxdﬁsd(ps-

(30)

Taking this property into account, we now formulate the
expression for the intrinsically radiated idler photons in the
same way as Eq. (25) for the intrinsically radiated signal
photons:

(N,(L)) = (Z&) )+ (1 — k) (Z&) Nr)
+ (1 — e 2y Ny, (31)

The same parametric gain coefficient g;; = |Uy; |2 = |U;|?
enters both equations. Its distribution over idler (or signal)
modes describes the divergence of parametrically generated
idler (or signal, correspondingly) waves. The distribution
accounts for both the inherent idler-wave absorption and the
multimode character of the low-gain parametric process in a
spatially limited crystal area.

The first terms in Eqs. (25) and (31) present results of the
quantum SPDC effect. The SPDC contributions to populations
of signal and idler modes are different. This occurs due to
a loss coefficient and due to different spectrums of modes,
over which the summation is done in Eqgs. (25) and (31). The
greater the difference between the frequencies of idler and sig-
nal photons, the greater the difference in angular divergence of
active idler and signal modes. However, the total number of
output SPDC signal photons, obtained after summation over
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all output modes,

s

D ANJL)) =) Kiguin

can be equal to a total number of output SPDC idler photons,
D AN =) g

but only in the case of negligible absorption.

The second terms in Egs. (25) and (31) describe the nonlin-
ear parametric impacts of classical thermal field fluctuations
(taken at the crystal temperature). These terms disappear if the
crystal is transparent and k; = k; = 1. Obviously, such crystal
cannot radiate from the classical point of view. Nevertheless,
if absorption takes place (in our case at idler frequencies),
the nonlinear-optical contributions from thermal fluctuations
are nonzero both in the signal and idler parts. Starting from
zero for zero absorption, both contributions grow when the
absorption coefficient increases. The relative contribution of
thermal fluctuations per unit (N7) = 1 changes with fre-
quency as (ks — 1)/k; in the case of intrinsic emission at
signal frequency, and as (1 —«;) in the case of intrinsic
idler nonlinear emission. Figure 6 shows these dependencies
calculated for 5-mm-long Mg:LiNbO3. Finally, at high levels
of absorption, quantum and thermal effective input photons
({Ng) =1 and (Nr)) are scaled with the same coefficients.
In the case of the signal output photons (N (L)) this coef-
ficient is «,(D_; gi); in the case of the idler output photons
(N,(L)) it is (3, gsi)- However, at moderate values of the
absorption parameter u;, the scaling coefficients for thermal
fluctuations remain always less than the scaling coefficients
for quantum fluctuations. This concerns both signal and idler
output photons. However, taken at the same value of «;, this
difference is more pronounced for the signal photons. It is also
noticeable that the greater the idler absorption coefficient and,
correspondingly, the loss factor «;, the greater the difference
between parametrically generated signal and idler photons.

Finally, the third term stands in Eq. (31) only since it is
responsible for the classical linear Kirchhoff law. Indeed, the
crystal is considered nonabsorptive at signal frequencies and,
therefore, cannot emit signal radiation within the approxima-
tion of linear optics.

VII. CONCLUSIONS

We have studied peculiar properties of signal and idler
photons generated under spontaneous PDC in the strongly
frequency nondegenerate case, when the signal frequency
is shifted from the frequency of the optical pump up to
0.1-2 THz. This mode is attractive because of the possibility
of generating quantum-correlated optical-terahertz biphoton
pairs. However, thermal idler field fluctuations, inherent ab-
sorption of THz radiation, and the multimode character of
PDC in a spatially limited nonlinear volume can significantly
change the properties of signal and idler photons generated
in the strongly nondegenerate case. As a first step, in this
paper we obtained expressions for specific frequency-angular
distributions of photon numbers and power densities detected

at signal and idler frequencies. Calculations were done in the
low-gain limit without paraxial approximations, taking the
Gaussian pump beam profile, and using the method of the
generalized Kirchhoff law developed by Klyshko [20].

It is shown that transverse space constraints in the strongly
frequency nondegenerate regime can cause a huge increase
of the angular divergence of the output idler radiation. At
the same time, inherent idler-wave absorption leads to an
additional effect: the parametric conversion (gain) coefficients
become different for internal field fluctuations and for the
idler radiation incident from outside on a nonlinear crystal.
Fortunately, the ratio between the conversion coefficients de-
pends on absorption in approximately the same way for all
the numerous spatial modes that are effectively involved in
the parametric process. Therefore, with sufficient accuracy,
influence of the two effects can be considered separately.
Spatial limitation gives an angular shape of output idler
radiation that is described by the angular response function
S, presented by Eq. (16); the same function is responsible
for angular resolution under detection of an external THz
radiation by means of parametric frequency up-conversion.
Absorption is manifested in the amplitudes of corresponding
gain coefficients. The ratios between the coefficients in the
signal and idler channels are defined by the THz-loss factors
ks and k;, correspondingly. It is noteworthy that Eqgs. (18) and
(29), obtained independently for each factor, can be converted
from one to another by simply changing the sign of the
absorption coefficient, so that k;(—«;) = k; («; ). The obtained
general relations will help in choosing the optimal pump and
crystal spatial parameters for detecting and generating more
or less directed THz beams in thermal equilibrium conditions.

In addition, we studied specifically the structure of in-
trinsic emission of a crystal taken without any equilibrium
or nonequilibrium contributions from external sources. GKL
equations predict in this case the nonlinear emission in both
signal and idler channels, and the background of idler photons
emitted due to the linear Kirchhoff effect. The nonlinear
emission in both channels consists of two types of contribu-
tions, one from the quantum field fluctuations and another one
from the intrinsic thermal fluctuations at idler frequencies.
We show that, in full agreement with fluctuation-dissipation
logic, contributions from thermal fluctuations disappear if
absorption is negligible. Equations (25) and (31) demonstrate
how the relative impact of thermal fluctuations grows when
absorption is increased. Finally, in the high absorption limit,
the parametric gain coefficients become equal for quantum
and thermal fluctuations. They also show that contribution of
quantum noise to the total number of PDC-generated signal
photons remains «, times more than the same contribution to
the number of idler photons.

The results obtained here by the GKL method for PDC-
generated photon numbers do not contradict the results of
other treatments that have been done previously for simpler
cases of nonabsorptive [19] or spatially unlimited [12] nonlin-
ear volumes. They demonstrate reliability and convenience of
this approach in solving more challenging tasks. In forthcom-
ing work the same approach will be extended to analysis of
the second-order correlation functions of the optical-terahertz
biphotons.
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