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We theoretically investigate the enhanced charge-dependent generation of the optical second-order sidebands
(OSS) in a gain-cavity-assisted optomechanical (GCAOM) system coupled to a charged object. The hybrid
optomechanical system is coherently driven by an external two-tone laser field which consists of a continuous-
wave pump field and a pulsed probe field. Beyond the conventional linearized description of optomechanical
interactions, the nonlinear optomechanical interactions are included in the Heisenberg-Langevin equations and
are treated analytically by means of the perturbation method. It is shown that an assisted gain cavity can
significantly enhance the OSS generation and can also lead to higher charge dependence of the output OSS
spectrum than that achieved from a lossy cavity optomechanical system. Subsequently we discuss the application
of such a GCAOM system as a family of high-sensitivity sensor for measuring the charges. Using experimentally
achievable parameters, we identify the conditions under which the assisted gain cavity allows us to enhance the
OSS generation and improve sensitivity of the sensor beyond what is achievable in a lossy cavity optomechanical
system. The present investigation may provide a route toward modulating the nonlinear optical properties of the
electro-optic hybrid system, as well as to guide the design of sensitive devices.
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I. INTRODUCTION

Cavity optomechanics is a branch of physics which focuses
on the interaction between light and mechanical resonator
(MR) via radiation pressure with low-energy scales [1–7].
Cavity optomechanics have become a rapidly growing re-
search field and have led to diverse applications in recent
years, such as control of output spectra of light exotically
[8–12], precision measurement [13–15], force sensors
[16,17], and others [18–20]. A typical example for the con-
trol of output spectra is the optomechanically induced trans-
parency (OMIT) [21,22], which is an analog of electromag-
netically induced transparency (EIT) in atom gas [23] and
can be well understood through the linearization of optome-
chanical interactions. The precision measurement using the
optomechanical interaction is usually carried out via the cor-
relations between the measured quantities and output spec-
tra. An electric interaction has been introduced to a cavity
optomechanical system and the electrical charge-dependent
effect of OMIT has been studied [24]. Furthermore, a potential
scheme to precisely measure the charge number of small
charged objects based on OMIT has been proposed in an
optomechanical system [24,25].
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In addition to the studies of the linearized dynamics of
the optomechanical interaction [26,27], there has been sig-
nificant research activity on nonlinear optomechanical in-
teractions [28]. These studies of nonlinear optomechanical
interactions have aroused a lot of interesting topics in cav-
ity optomechanics, such as second-order and higher-order
sideband generation [29–31], optical frequency comb [32],
optical solitons [33,34], and chaos [35]. The perturbative
[36] and nonperturbative [37] methods for describing the
nonlinear optomechanical interaction has been proposed. The
spectral components of signal field at the second-order and
higher-order sidebands have been predicted and analyzed,
which exhibits the prominent feature of nonlinear OMIT
[38,39]. It has been displayed that the nonlinear OMIT at the
second-order mechanical sideband enables it to be an effec-
tive candidate for the precision measurement of the average
phonon number of mechanical oscillator [40]. Furthermore,
by including the electric interaction in the optomechanical
system, several works have shown that the optical second-
order sideband exhibited more sensitivity to electrical charges
than the conventional linearized transmission spectra [24] and
enabled an all-optical sensor for the measurement of charges
with higher precision [41,42].

In this paper, we show that nonlinear optomechanical in-
teraction can be modified by an assisted gain cavity to enable
enhancement of the charge-dependent optical second-order
sidebands (OSS) generation in an optomechanical system
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FIG. 1. Schematic diagram of a gain-cavity-assisted optome-
chanical (GCAOM) system, which consists of a lossy cavity optome-
chanical system and a gain cavity as well as a charged object. The
lossy cavity optomechanical system is coupled to the gain cavity by
the photon hopping, and the coupling strength J can be adjusted
by changing the distant between the loss and gain cavities. The
charged MR is coupled to the charged object through the Coulomb
interaction. The hybrid system is driven by a strong pump field and a
weak probe field through the lossy cavity.

coupled to a charged object. Unlike the linearized description
of optomechanical interactions [43], the nonlinear interactions
between cavity field and the MR are treated analytically by
means of the perturbation method. We find that optical non-
linearity arising from nonlinear optomechanical interaction
can be modified by the assisted gain cavity and the electric
interaction, which results in the enhancement of the OSS and
the highly sensitive charge dependence of the OSS spectrum.
Thus the highly sensitive charge-dependent effects of the OSS
can be used to devise a type of high-sensitivity optical sensor
for measuring the charges. Using experimentally achievable
parameters, we identify the conditions that are the optimal
sensitivity of the sensor beyond what is achievable in a single
optomechanical system. It is found that the highest sensitivity
for measuring the charges could be improved with more than
four orders of magnitude in the presence of the assisted gain
cavity than that in the absence of the assisted gain cavity.

II. THEORETICAL MODEL AND EQUATIONS

As shown in Fig. 1, the system is composed of two coupled
cavities (denoted by cavity A and cavity B). The cavity A
has cavity loss with loss rate κa and is made up of a fixed
and a movable mirror with resonance frequency ωc, where
the movable one is treated as a charged mechanical resonator
(MR) with resonance frequency ωm, effective mass m, damp-
ing rate �m, and charge Q1. The cavity B is a gain cavity
with resonance frequency ωc and gain rate κb. Two cavities
can couple by the photon hopping with strength J , which can
be tuned by changing the distance between them. The cavity A
is simultaneously driven by a strong pump field of frequency
ω1 with amplitude ε1 and a weak probe field of frequency ωp

with amplitude εp. With the rotating-wave approximation of
the system, the Hamiltonian of such a compound system can

be written as [44–46]

H = −h̄�(â†â + b̂†b̂) + p̂2

2m
+ 1

2
mω2

mx̂2 + h̄Gx̂â†â

+ h̄J (â†b̂ + âb̂†) + ih̄
√

ηcκaε1(â† − â)

+ ih̄
√

ηcκa (â†e−i�t εp − âei�t ε∗
p ) + kQ1Q2x̂

r2
, (1)

where â and b̂ (â† and b̂†) are the annihilation (creation)
operators of the loss and gain cavities, respectively. � =
ω1 − ωc and � = ωp − ω1 are the detunings of the loss cavity
resonance frequency and the frequency of the probe laser
from the pump laser, respectively. p̂ (x̂) is the momentum
(position) operator of the MR. The first line describes the
free Hamiltonian of the system. The parameter G is the
optomechanical coupling constant. The term ih̄

√
ηcκaε1(â† −

â) + ih̄
√

ηcκa (â†e−i�t εp − â ei�t ε∗
p ) describes the coupling

between the two-tone input field and the loss cavity A. The
coupling parameter ηc is chosen to be the critical coupling
value 1/2 here and εp,1 = √

Pp,1/h̄ω1 are the amplitudes of
the input fields with the power Pp,1. The term kQ1Q2x̂/r2

describes the Coulomb interaction between the charged MR
and the charged object with k the electrostatic force constant,
r the distance between the MR and the charged object, and
Q1 and Q2 the charge of the MR and the charged object,
respectively. In order to study the charge-dependent effects
of the optical second-order sideband (OSS), we fix the charge
of the MR Q1 and only focus on the case that Q2 = n e > 0,
with e the elementary charge and n the charge number in the
present work.

In this work, we are interested in the mean response of the
system, so the operators can be reduced to their expectation
values, i.e., a(t ) ≡ 〈â(t )〉, a∗(t ) ≡ 〈â†(t )〉, x(t ) ≡ 〈x̂(t )〉, and
p(t ) ≡ 〈p̂(t )〉. Taking the damping of two cavities and MR,
the dynamics evolution of the system can be described by
the following Heisenberg-Langevin equation [based on the
Hamiltonian in Eq. (1)]:

ȧ =
(
i� − iGx − κa

2

)
a − iJ b + √

ηcκaε1

+√
ηcκaεpe−i�t , (2)

ḃ =
(
i� − κb

2

)
b − iJ a, (3)

ẋ = p/m, (4)

ṗ = −mω2
mx − h̄Ga†a − �mp − kQ1Q2

r2
, (5)

where �m is the decay rate of the MR. The mean-field ap-
proximation by factorizing averages has been used, and the
quantum noise terms are neglected safely in the semiclassical
approximation, which is demonstrated to be valid in the
concerned weak-coupling regime [26]. As the pump field ε1

is much stronger than the probe field εp, we can obtain the
steady-state solution of Eqs. (2)–(5) by means of the perturba-
tion method. To this end, the total solution of Eqs. (2)–(5) can
be described by o = os + δo (o = a, a†, b, b†, x, p), where os
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are the steady-state solutions merely associated with the pump
field. The steady-state solution can be obtained as

as = −
√

ηcκaε1(
i� − iGxs − κa

2

) + J 2

i�− κb
2

, (6)

bs = iJ

i� − κb

2

as, (7)

xs = −h̄G|as |2 − ξQ2

mω2
m

, (8)

where ξ = kQ1/r
2. We now turn to consider the perturbation

made by the probe field. The evolution of the perturbation
terms δa, δb, δp, and δx caused by the probe field can be
written as

δ̇a =
(
i� − iGxs − κa

2

)
δa − iJ δb − iGasδx

− iGδaδx + √
ηcκaεpe−i�t , (9)

δ̇b =
(
i� − κb

2

)
δb − iJ δa, (10)

δ̇x = δp

m
, (11)

δ̇p = −mω2
mδx − h̄G(asδa

∗ + a∗
s δa)

−�mδp − h̄Gδa∗δa. (12)

We then assume that the solutions of Eqs. (9)–(12) have the
following forms:

δa = A−
1 e−i�t + A+

1 ei�t + A−
2 e−2i�t + A+

2 e2i�t , (13)

δa∗ = (A−
1 )∗ei�t + (A+

1 )∗e−i�t + (A−
2 )∗e2i�t + (A+

2 )e−2i�t ,

(14)

δb = B−
1 e−i�t + B+

1 ei�t + B−
2 e−2i�t + B+

2 e2i�t , (15)

δb∗ = (B−
1 )∗ei�t + (B+

1 )∗e−i�t + (B−
2 )∗e2i�t

+ (B+
2 )∗e−2i�t , (16)

δx = X1e
−i�t + X∗

1e
i�t + X2e

−2i�t + X∗
2e

2i�t , (17)

where the coefficient A∓
1 (A∓

2 ) is the coefficient of the first-
(second-) order sideband with frequency ω1 ± � (ω1 ± 2�),
with the signs + and − in A∓

1 (A∓
2 ) corresponding to

the lower and upper sidebands, respectively. By substituting
Eqs. (13)–(17) into Eqs. (9)–(12) and comparing the coeffi-
cients of the same order, we can obtain the amplitude of the
first-order sideband and OSS (the detailed derivation is shown
in the Appendix):

A−
1 = [1+if (�)]

√
ηcκaεp[

κa

2 − i(�+�)
]
[1+if (�)]−ih̄G2χ (�)|as |2 + f1(�)

,

(18)

A−
2 = M0(�,Q2)A−

1 X1 + M3(�,Q2)X2
1

M4(�,Q2)M5(�,Q2) − M6(�,Q2)
, (19)

where X1 = −h̄Gχ (�)asA
−
1 /[1 + if (�)], f (�) = h̄G2χ

(�)|as |2/{[κa/2 + i(�̄ − �)] + J 2/[κb/2 + i(� − �)]},

f1(�) = [1 + if (�)]J 2/[κb/2 + i(� − �)], �̄ = � − Gxs ,
M0(�,Q2) = M2(�,Q2) − 1

2 iGM1(�,Q2), M1(�,Q2) =
2�(Q2) − 4i� + 2α2(�) + 2ih̄G2|as |2χ1(�), M2(�,Q2)
= −h̄G3|as |2χ1(�)[2�(Q2) − 4i�+2α2(�)]/[2�(Q2) −
2i� + 2α3(�)], M3(�,Q2)=−2h̄G3|as |2asχ1(�)/[2�(Q2)
− 2i� + 2α3(�)], M4(�,Q2) = �(Q2) − 2i� + α1(�),
M5(�,Q2) = �(Q2) − 2i� + α2(�) + ih̄G2|as |2χ1(�),
M6(�,Q2) = ih̄G2|as |2χ1(�)[�(Q2) − 2i� + α2(�)],
�(Q2) = i� + κa

2 + (ih̄G2|as |2 + iGξQ2)/mω2
m, α1(�) =

J 2/[(κb/2) − i(� + 2�)], α2(�) = J 2/[(κb/2)+i(�−2�)],
α3(�) = J 2/[(κb/2) + i(� − �)], χ (�) = 1/m(ω2

m − �2

− i�m�), and χ1(�) = 1/m(ω2
m − 4�2 − 2i�m�).

According to the input-output relation of the cavity sout =
sin − √

ηcκaa [21], we can obtain the output field as follows:

sout = c1e
−iω1t + cpe−iωpt − √

ηcκaA
−
2 e−i(2ωp−ω1 )t

− √
ηcκaA

+
1 e−i(2ω1−ωp )t − √

ηcκaA
+
2 e−i(3ω1−2ωp ),

(20)

where c1 = ε1 − √
ηcκaas and cp = εp − √

ηcκaA
−
1 . The

terms c1e
−iω1t and cpe−iωpt denote the output signals corre-

sponding to the frequency of ω1 and ωp, respectively. The
transmission of the probe field can be defined as tp = cp/εp,
with the optical transmission strength

|tp|2 =
∣∣∣∣1 −

√
ηcκaA

−
1

εp

∣∣∣∣
2

. (21)

The term −√
ηcκaA

+
1 e−i(2ω1−ωp )t represents the Stokes pro-

cess. The term −√
ηcκaA

−
2 e−i(2ωp−ω1 )t describes the upper

OSS process, in which the output field with frequency ω1 +
2� can be produced, while the term −√

ηcκaA
+
2 e−i(3ω1−2ωp )t

describes the lower OSS process, in which the output field
with frequency ω1 − 2� can be produced. We should note that
here we focus on the process of the upper OSS in the present
system. To this end, we introduce the dimensionless quantity

η =
∣∣∣∣−

√
ηcκaA

−
2

εp

∣∣∣∣ (22)

for describing the efficiency of the upper OSS process.

III. ENHANCED GENERATION OF OPTICAL
SECOND-ORDER SIDEBAND

In this section, we analyze the creation and enhancement
of the charge-dependent effect of the optical second-order
sideband (OSS) in the present hybrid optomechanical system.
As mentioned above, the coupling parameter J between gain
and loss cavities can be adjusted efficiently. In the cases of
J = 0, the hybrid optomechanical system could degenerate
into a cavity optomechanical system in the presence of the
Coulomb interaction. From Eqs. (21) and (22), one finds that
the transmission |tp|2 and the OSS efficiency η depend on the
coupling parameter J and the charge Q2 of the object.

In order to examine how an assisted gain cavity (cavity
B) coupling to the cavity A modifies the transmission of the
probe field and OSS process, we first provide in Figs. 2(a) and
2(b) the comparative results of the transmission and the OSS
spectrum without including the charged object (Q2 = 0) for
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FIG. 2. Simulation results of the transmission intensity of probe field |tp|2 and the efficiency of second-order upper sideband η as a function
of the detuning �/ωm for two different arrangements of the hybrid optomechanical system: (i) a single lossy cavity optomechanical system
(J = 0) [panels (a)] and (ii) a gain-cavity-assisted optomechanical (GCAOM) system with the coupling strength J = 0.47κa [panels (b)].
The other parameters are � = −ωm, m = 20 ng, ωm = 2π × 52.8 MHz, �m = 2π × 40 kHz, G = −2π × 12 GHz/nm, κa = 2π × 2 MHz,
κb = −κa , r = 67 μm, Q1 = CU with C = 27.5 nF (C is the capacitance of a capacitor) and U = 1 V, and ηc = 0.5. The wavelength of the
pump field λ = 532 nm and the value of the powers of the driven field and the probe field are as follows: P1 = 210.3 μW and εp = 0.05ε1.

two different cases, i.e., a single loss cavity optomechanical
system (J = 0) and a cavity optomechanical system assisted
by a gain cavity (J = 0.47κa), respectively. In the absence of
the gain cavity (J = 0), one can find from Fig. 2(a) that the
curve of |tp|2 exhibits a conventional OMIT profile with a low
transmission peak located at � = ωm and two deep absorbed
valleys located at � ≈ 0.999ωm and � ≈ 1.001ωm. Corre-
spondingly, the spectrum of the OSS η shown in Fig. 2(a)
exhibits a shallow valley and two symmetric peaks with low
peak value (ηmax < 0.02). The shallow valley locates at the
position of the resonance frequency � = ωm, which means
that the OSS process is suppressed when the transmission of
the probe field occurs. This phenomena shown in Fig. 2(a)
is consistent with that shown in Ref. [47]. In contrast to the
conventional OMIT profile in a lossy cavity optomechanical
system, it can be seen from Fig. 2(b) that an inverted-OMIT
profile [48,49] of the transmission spectrum occurs when a
gain cavity is included, characterizing an absorbed valley
between two symmetric strongly amplifying peaks. This can
be intuitively explained as follows. Under the assistance of the
gain cavity, the absorbed valleys due to the lossy cavity were
filled and transformed into amplifying peaks, indicating that
the input field is efficiently amplified and hence the optical
transmission intensity |tp|2 is amplified [50]. Simultaneously,
an absorbed valley was induced by the gain cavity in the
spectral region where otherwise strong amplification occurs
to produce inverted OMIT. Furthermore, one can find that the
spectrum of η also exhibits two peaks (ηmax ∼ 0.2) when the
gain cavity is included, which indicates that amplification of
the transmission leads to the enhanced up-converted process
(i.e., the increasing of η). Direct comparison of the peaks of η

for two cases J = 0 and J = 0.47κa implies that an assisted
gain cavity provides more than one order of enhancement for
the OSS generation.

Considering the coupling between the optomechanical sys-
tem and the charged object (i.e., Q2 
= 0), the contour map of
the efficiency η as the function of both n and the detuning
�/ωm is displayed in Fig. 3. The maps of Figs. 3(a) and

3(b), respectively, correspond to two cases of J = 0 (without
the assisted gain cavity) and J = 0.47κa (with the assisted
gain cavity). In the absence of the assisted gain cavity (J =
0), Fig. 3(a) shows that the peak value of OSS η does not
depend significantly on the number of the charges n. However,
in the presence of the gain cavity (J = 0.47κa), Fig. 3(b)
shows that the peak value of the OSS η increases almost
linearly as the increase of the charge numbers n. It can be
also seen from Fig. 3(b) that the maximal values of the OSS
η are 0.18 and 0.46 corresponding to the charge numbers
n = 0 and n = 8, respectively. In other words, the maximal
OSS efficiency ηmax is enhanced by the Coulomb interaction
for more than 20%. Thus we can conclude that an assisted
gain cavity can amplify the charge-dependent effect of the
OSS efficiency. In addition, the OSS spectra shown in Fig. 3
becomes asymmetric as the charge number n increases. This
asymmetry of the OSS spectra might arise from the varying
of the equilibrium position of the MR and the modification
of spring constant due to the enhanced Coulomb interaction.
As a matter of fact, the change of the MR position will result
in the shift of the lossy optical resonant frequency, making
it detuned from the assisted gain cavity. Because the optical
pump frequency is always fixed, as the charge number is
increased, the pump is more and more “off-detuned.” As a
result, the center valley and peaks of the OSS spectra in Fig. 3
shift toward one side and the spectra of η exhibits asymmetry.

In order to provide direct insight into the role of the
gain cavity on the OSS generation, the maximal value of
the efficiency ηmax versus J is depicted in Fig. 4(a). One
can find from Fig. 4(a) that the maximal efficiency ηmax
remains unchanged with the increase of J first when J <

0.24κa , then goes through exponential growth as the value
of J increases when J > 0.24κa . It should be noted that the
pump field has been widely used for modulation of the optical
nonlinearity in the field of cavity quantum electrodynamics
[51–57]. According to Eq. (22), the OSS efficiency η depends
on the input power of the pump field. In order to explicitly
show the influence of the pump field on the generated OSS
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FIG. 3. Simulation results of the efficiency η of optical second-order upper sideband generation as a function of the detuning �/ωm and
the charge number n for two different arrangements of the hybrid optomechanical system: (a) a single lossy cavity optomechanical system
(J = 0) and (b) a gain-cavity-assisted optomechanical (GCAOM) system with the coupling strength J = 0.47κa . The other system parameters
are exactly the same as in Fig. 2.

spectra with fixed coupling strength J = 0.47κa , we show in
Fig. 4(b) the peak value ηmax of the OSS versus the power
P1 for several different charge numbers n. It can be found
from this figure that ηmax increases as P1 increases first, and
then decreases slightly because of the saturation of the MR.
With the further increase of the pump power to a higher value,
a steady-state regime is reached, with MR proceeding at a
fixed amplitude. These are so-called self-induced (backaction-
induced) optomechanical oscillations [26]. As a matter of
fact, they are analogous to the lasing action, but now in
a mechanical system and with the incoming laser radiation
providing the pump. According to Eqs. (2)–(5), the bias gate
voltage U of MR can be used to modulate this Coulomb
interaction. By fixing the pump power (P1 = 210.3 μW) and
the coupling strength J = 0.47κa , we show in Fig. 4(c) the
maximal OSS efficiency ηmax versus the bias gate voltage
U for different charge numbers n. Within a reasonable range
of voltage, one can find that ηmax increases monotonically
with the increase of the bias gate voltage U for all n, which
confirmed that the stronger Coulomb interaction leads to more
pronounced OSS generation. In addition, Fig. 4 also shows
that the increase of ηmax has a strong dependence on the
charge number of the charged object, which is in agreement

with the above results in Fig. 3. This dependence becomes
more pronounced as the values of parameters (J , P1, and U )
increase.

IV. HIGH-SENSITIVITY CHARGE SENSORS BASED
ON THE SPECTRA OF SECOND-ORDER SIDEBAND

It has been shown in Figs. 2–4 that the Coulomb interaction
had profound effects on the amplifying optical second-order
sideband (OSS) in a gain-cavity-assisted optomechanical sys-
tem. In other words, the change of charge number n of
a charged object can shift the equilibrium position of the
mechanical resonator and then modify the amplitude of OSS.
Such a charge-dependent effect of OSS is well suited for ap-
plication in a high-sensitivity sensor. Subsequently we discuss
the application of such a gain-cavity-assisted optomechanical
system as a family of high-sensitivity sensors for measuring
the charges. Here, a practical setup for heterodyne frequency-
beat measurement of OSS is briefly shown in Fig. 5. The
working scheme is initially set up by inputting a continuous-
wave pump laser ω1 with a fixed wavelength and input power.
The output of the pump laser is divided into two beams in
beam splitter BS1. The transmitting beam is frequency shifted
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FIG. 4. Simulation results of the maximal efficiency ηmax vs (a) the coupling strength J between the loss and gain cavity with P1 =
210.3 μW and U = 1 V, (b) the power of pump field P1 with J = 0.47κa and U = 1 V, and (c) the bias gate voltage U with J = 0.47κa

and P1 = 210.3 μW, for different charge number n. The solid, dotted, dashed, and dash-dotted lines, respectively, correspond to the different
charge numbers n = 0, n = 1, n = 2, and n = 3. The other parameters are exactly the same as in Fig. 2(b).
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FIG. 5. Schematic diagram of the setup for heterodyne
frequency-beat measurement of optical second-order sideband
(OSS). BS, beam splitter; AOM, acousto-optic modulator; GCAOM,
gain-cavity-assisted optomechanical system; RM, reflected mirror;
PD, photodetector. ω1 indicates the frequency of the input pump
laser, ωp is the frequency of the probe beam, and ωr is the frequency
of the reference beam.

by an acousto-optic modulator (AOM1) as a probe beam (ωp).
The reflected beam (ω1) is reflected by a reflected mirror
(RM) and then divided into two beams in beam splitter BS3.
The reflected beam of BS3 is mixed with the transmitting
beam in beam splitter BS2. The mixed beam of the probe
and pump laser with two-frequency components (ω1 and ωp)
then is injected into the gain-cavity-assisted optomechanical
(GCAOM) system and generates the higher-order sidebands.
The transmitting beam of BS3 is frequency shifted by another
acousto-optic modulator (AOM2) with shifted frequency ωr .
Finally, the output beams of the GCAOM with frequency
components (ω1) and higher-order sidebands (m�) are mixed
with the output beams of AOM2 for heterodyne frequency-
beat measurement. The beat note between the beams trans-
mitted through the GCAOM and the AOM2 path was then
detected using a fast photodetector and visualized using a
radio-frequency spectrum analyzer. The OSS and high-order
sidebands are resolved by using heterodyne frequency-beat
measurement even though the frequency difference between

the different frequency components is 2π × 80 MHz (i.e.,
� = 2π × 80 MHz) [58].

For the optical second-order sideband (OSS), the sensitiv-
ity to the charge-induced shift of the maximal OSS ηmax is
defined as

S ≡
∣∣∣∣
�ηmax

�n

∣∣∣∣. (23)

Based on Eq. (23), we can calculate the sensitivity S to
show the difference for two different arrangements of the
hybrid optomechanical system: S = 4.9 × 10−4 for a single
lossy cavity optomechanical system (J = 0); S = 5.8 × 10−2

for a gain-cavity-assisted optomechanical system with the
fixed coupling strength J = 0.47κa . Obviously, an assisted
gain cavity can significantly enhance the sensitivity of the
charge detection.

As illustrated in Fig. 4, charge-induced shift of the max-
imal efficiency �ηmax depends on the parameters of the
present system, such as coupling strength between the loss
and gain cavity (J ), the power of the pump field (P1), and the
bias gate voltage of the charged body U . In order to further
verify the influence of these parameters on modifying the
sensitivity, we show in the insets of Fig. 6 the peak value
of the OSS ηmax versus the charge number n for several
different values of these parameters (J , P1, and U ). It can
be seen from the inset of Fig. 6(a) increasing J provides a
notable enhancement of ηmax for all n and the slope (the
sensitivity S) of the fitting curve increases as the increase of J .
Figure 6(a) shows that the sensitivity S grows exponentially
with the increase of J . The sensitivity S can be modulated
by the pump power P1. In the inset of Fig. 6(b), we show
ηmax versus the charge number n at several different values
of pump power P1 ranging from 50.3 μW to 210.3 μW for
a given coupling parameter J = 0.47κa . Obviously, the slope
of the fitting curve increases with the increase of the power of
pump field P1. In other words, the sensitivity can be improved
via increasing pump power, as illustrated in Fig. 6(b). In the
inset of Fig. 6(c), we present the peak value ηmax of OSS
as a function of the charge number n for several different
bias gate voltage U ranging from 0.1 V to 1.5 V. It can
be found that the slope of the fitting curve increases as the
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FIG. 6. Simulation results of the sensitivity S vs (a) coupling parameters J , (b) the power P1 of the pump field, and (c) the bias gate voltage
U of the charge body. Inset: simulation results of the peak value ηmax as a function of charge number n for different coupling parameters J

in panel (a), i.e., J = 0 (smalt, asterisk), J = 0.17κa (green, pentagon), J = 0.27κa (black, square), J = 0.37κa (red, circle), and J = 0.47κa

(blue, diamond), different power P1 of the pump field in panel (b), i.e., P1 = 50.3 μW (green, pentagon), P1 = 100.3 μW (black, square),
P1 = 150.3 μW (red, circle), and P1 = 210.3 μW (blue, diamond), (c) different bias gate voltage U of the charge body in panel (c), i.e.,
U = 0.1 V (smalt, asterisk), U = 0.5 V (green, pentagon), U = 1 V (black, square), U = 1.2 V (red, circle), and U = 1.5 V (blue, diamond).
The other parameters are exactly the same as in Fig. 4.
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increase of the bias gate voltage. Correspondingly, as shown
in Fig. 6(c), the sensitivity S increases slowly from a small
value with increasing of the bias gate voltage. From what has
been analyzed above, we can reach the conclusion that, with
proper choice of P1 and U , a improved sensitivity for charge
detection can be realized in the present gain-cavity-assisted
optomechanical system.

V. CONCLUSIONS

In conclusion, we have theoretically investigated the
enhanced charge-dependent generation of the optical
second-order sidebands (OSS) in a gain-cavity-assisted
optomechanical system coupled to a charged object. Beyond
the conventional linearized description of optomechanical
interactions, the nonlinear interaction between the cavity field
and the mechanical oscillation in a gain-cavity-assisted
optomechanical system coupled to a charged object
are included in the Heisenberg-Langevin equations.
The analytical expression describing and featuring the
charge-dependent generation of the OSS is obtained by
means of the perturbation method. Our results showed
that an assisted gain cavity can significantly enhance the
generation of the OSS, and can also lead to higher charge
dependence of the OSS spectrum than that achieved from a
single optomechanical system coupled to a charged object.
The present investigations may lead to better understanding of
the crossover between nonlinear spectroscopy and Coulomb
interaction in hybrid electro-optomechanical systems.

More importantly, the highly sensitive charge-dependent
effects of the OSS can be used to devise a type of high-
sensitivity optical sensor for measuring the charges. We an-
alyze the influences of the coupling strength J between the
loss and gain cavities, the power of the pump field P1, and
the bias gate voltage of the charged MR U on the sensitivity
of the sensor. The present results showed the sensitivity grows
exponentially with the increase of the coupling strength J . For
achievable parameters in practical experiments, the sensitivity
for the gain-cavity-assisted optomechanical system is more
than 104 higher than that in a single lossy optomechanical
system. In addition, the sensitivity of the sensor also increases
as the power P1 of the pump field and the bias gate voltage
U of the charged MR increase. We believe that the proposed
structure is feasible in experimental realizations and deserves

to be tested under the currently existing experimental condi-
tions [59]. The present investigation provides a route toward
modulating the nonlinear optical properties of the electro-
optic hybrid system, as well as guiding the design of sensitive
devices.
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APPENDIX: DERIVING THE COEFFICIENT
OF THE FIRST- (SECOND-) ORDER SIDEBAND

In order to obtain the amplitudes of the upper first-order
sideband and the upper second-order sideband, we substitute
Eqs. (13)–(17) into Eqs. (9)–(12); then we obtain some equa-
tions about the coefficient A±

1 and A±
2 as follows:

−i�A−
1 =

(
i� − iGxs − κa

2

)
A−

1 − iJB−
1 − iGasX1

− iG(A+
1 X2 + A−

2 X∗
1 ) + √

ηcκaεp, (A1)

i�A+
1 =

(
i� − iGxs − κa

2

)
A+

1 − iJB+
1 − iGasX

∗
1

− iG(A−
1 X+

2 + A+
2 X1), (A2)

−2i�A−
2 =

(
i� − iGxs − κa

2

)
A−

2 − iJB−
2

− iGasX2 − iGA−
1 X1, (A3)

2i�A+
2 =

(
i� − iGxs − κa

2

)
A+

2 − iJB+
2 − iGasX

∗
2

− iGA+
1 X∗

1, (A4)

where X1 = −h̄χG[as (A+
1 )∗ + a∗

s A
−
1 ], χ = 1/m(ω2

m − �2

− i�m�), X2 = −h̄χ1G[as (A+
2 )∗ + a∗

s A
−
2 − A−

1 (A+
1 )∗],

χ1 = 1/m(ω2
m − 4�2 − 2i�m�), B−

1 = −iJA−
1

κb
2 −i(�+�)

, B+
1 =

−iJA+
1

κb
2 −i(�−�)

, B−
1 = −iJA−

2
κb
2 −i(�+2�)

, and B+
2 = −iJA+

2
κb
2 −i(�−2�)

. By

solving Eqs. (A1)–(A4), we can obtain the amplitudes of
the upper first-order sideband and the upper second-order
sideband as shown in Eq. (18) and Eq. (19).
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