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Conditions for optical parametric oscillation with a structured light pump
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We investigate the transverse mode structure of the down-converted beams generated by a type-II optical
parametric oscillator (OPO) driven by a structured pump. Our analysis focuses on the selection rules imposed by
the spatial overlap between the transverse modes of the three fields involved in the nonlinear interaction. These
rules imply a hierarchy of oscillation thresholds that determine the possible transverse modes generated by the
OPO, as remarkably confirmed with experimental results.
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I. INTRODUCTION

For many years, the optical parametric oscillator (OPO)
has attracted attention of the scientific community, partly due
to the vast number of possibilities it brings to both funda-
mental and applied optics. In the literature, there are reports
of OPOs being used for different purposes, such as in the
detection of explosives [1], sensing of trace molecules [2],
ultrasonic testing of fiber reinforced plastics [3] and even for
the generation of high power eye-safe radiation [4]. Besides,
the OPO is a well-known source of nonclassical states of
light [5], such as squeezed states, which have suppressed
fluctuations in one of the field quadratures at the expense of
increasing the noise in the other. In more recent works [6],
the noise suppression in the intensity difference between the
generated beams has been measured down to 86% below the
shot-noise limit.

Another important feature of the OPO is that the signal and
idler states it generates share EPR correlations [7–9], which
could be potentially useful for quantum information protocols
with continuous variables [10], as attested by experimental re-
alizations [11,12]. In this regard, it has been shown that beams
carrying orbital angular momentum (OAM) can be used in
a number of protocols of quantum information, including
teleportation and quantum cryptography [13,14]. Moreover,
it has been shown that OAM entaglement is possible under
spontaneous parametric down-conversion (SPDC) [15,16] and
also that entangled OAM states produced in an injected OPO
hold equivalent properties as in a continuous-variable regime
[17].

The OAM of light is an important property originated
in the transverse structure of laser beams, which can be
described in terms of the so-called paraxial modes, such
as Laguerre-Gaussian (LG) or Hermite-Gaussian (HG), for
example. These transverse modes are interesting for many
different fields, from atomic physics [18] to astrophysics [19].
The spatial distribution of intensity noise have already been
studied in connection with the transverse mode structure of
semiconductor lasers [20–22]. Although pattern formation in
the OPO dynamics has already been investigated long ago
[23–26], there are only a few studies on OPOs and cavity-
free SPDC with transversely structured beams [27–30]. It

has been shown, for example, that the three-mode coupling
in the parametric down-conversion with LG modes imposes
the OAM conservation between pump, signal, and idler and
also that this OAM conservation may be broken in a type-II
OPO due to anisotropies that cause the spectral separation of
the different HG components of a given LG mode [28,31].
However, the OPO dynamics under nontrivial mode structures
is still a fruitful field of investigation [32,33].

In this paper, we present a detailed study of the OPO
dynamics under different pump conditions and investigate
the main features determining the spatial structure of the
down-converted beams. We derive the selection rules for
the transverse mode coupling and the corresponding oscil-
lation threshold hierarchy based on the interaction strength
between the transverse modes. Moreover, we address the role
played by the cavity astigmatism introduced by the crystal’s
birefringence, which breaks the frequency degeneracy and
may prevent OAM conservation. General properties of the
spatial modes generated by the OPO are then deduced from
this analysis and remarkably confirmed through a variety of
experimental data.

II. FIELD PROPAGATION AND CAVITY EQUATIONS

In a nonmagnetic nonlinear medium (crystal), the wave
equation that describes the lossless propagation of light is

∇2E = μ0ε
∂2E
∂t2

+ μ0
∂2PNL

∂t2
, (1)

where E and PNL are the electric field and the nonlinear polar-
ization field, respectively. The nonlinear process considered
here is of second order where the nonlinear polarization is
proportional to the product of two fields, also known as three-
wave mixing [34]. In this case, the wave equation has solution
for three monochromatic waves with frequencies ω0, ω1, and
ω2 such that ω0 = ω1 + ω2. Assuming a type-II configuration
where each frequency ωi has a fixed linear polarization i, as
shown in Fig. 1, one has

Ei = Re{E(ωi ) e−iωi t } (2)

and

PNL,i = Re{PNL(ωi ) e−iωi t }. (3)
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FIG. 1. Sketch of (a) the OPO cavity and (b) the nonlinear
medium (KTP−KTiOPO4) with the polarization of each field in a
type-II configuration.

The frequency components of the nonlinear polarization field
can also be written in terms of the pump (i = 0), signal
(i = 1), and idler (i = 2) electric fields as

PNL(ω0) = d ′E(ω1)E(ω2), (4)

PNL(ω1) = d ′E(ω0)E(ω2)∗, (5)

PNL(ω2) = d ′E(ω0)E(ω1)∗, (6)

where d ′ is the second-order electric susceptibility. Substitut-
ing Eqs. (2)–(6) into Eq. (1), we have

∇2E(ω0) + k2
0E(ω0) = −μ0ω

2
0d

′E(ω1)E(ω2), (7)

∇2E(ω1) + k2
1E(ω1) = −μ0ω

2
1d

′E(ω0)E(ω2)∗, (8)

∇2E(ω2) + k2
2E(ω2) = −μ0ω

2
2d

′E(ω0)E(ω1)∗, (9)

where ki = niωi/c0 is the wave vector and ni is the refractive
index.

Inside an optical resonator, this process is subjected to
boundary conditions imposed by the cavity mirrors, resulting
in a discrete family of transverse modes. Thus, it is convenient
to look for solutions for each propagating field as a superpo-
sition of paraxial modes upl , each of them with a z-dependent
amplitude αpl (z). In photon flux units, this superposition reads

E(�r ; ωi ) =
√

2h̄ωi

niε0c0

∑
pl

ui
pl (�r ) eikizαi

pl (z), (10)

where ε0 and c0 are, respectively, the electric permittivity and
the speed of light in free space, and modes upl satisfy the so-
called paraxial equation

∇2
⊥ui

pl + 2iki

∂ui
pl

∂z
= 0. (11)

Substituting Eqs. (10) and (11) into Eqs. (7)–(9), one can
easily show that the longitudinal evolution of the paraxial
modes involved in a three-wave mixing process is described
by the following set of equations [27]:

dα0
pl

dz
= iχ e−i�kz

∑
qm, rn

[
�lmn

pqr (z)
]∗

α1
qmα2

rn, (12)

dα1
qm

dz
= iχ ei�kz

∑
rn, pl

�lmn
pqr (z)α0

plα
2∗
rn , (13)

dα2
rn

dz
= iχ ei�kz

∑
qm, pl

�lmn
pqr (z)α0

plα
1∗
qm, (14)

where

�lmn
pqr (z) =

∫
d2�r u0

pl (�r, z)u1∗
qm(�r, z)u2∗

rn(�r, z) (15)

is a three-mode overlap integral which describes the coupling
between the different transverse modes, �k = k0 − k1 − k2 is
the so-called phase-mismatch, and χ is defined as

χ = d ′
√

2h̄ ω0ω1ω2

ε3
0c

3
0n0n1n2

. (16)

Equations (12)–(14) describe the transverse mode coupling in
the OPO.

By including the appropriate loss terms and computing the
round trip variation of each mode amplitude, one derives the
coarse-grained dynamical equations [27]

dα0
pl

dt
= −(

γ0 − iδϕ0
pl

)
α0

pl + iχ
∑

qm, rn

(
I lmn
pqr

)∗
α1

qmα2
rn + t0α

in
pl,

(17)

dα1
qm

dt
= −(

γ1 − iδϕ1
qm

)
α1

qm + iχ
∑
pl, rn

I lmn
pqr α0

plα
2∗
rn , (18)

dα2
rn

dt
= −(

γ2 − iδϕ2
rn

)
α2

rn + iχ
∑

pl, qm

I lmn
pqr α0

plα
1∗
qm, (19)

where γi represents the total cavity losses for the field i, t0
is the transmissivity coefficient of the input mirror for the
pump, the detuning δϕi

mn = ϕi
mn − 2πqi is the difference be-

tween the accumulated phase in a round trip and its value
on the nearest cavity resonance, and t is the time measured
in round trip units. The term I lmn

pqr represents an effective
coupling constant and is defined as

I lmn
pqr =

∫ l/2

−l/2
dz ei�kz�lmn

pqr (z), (20)

where l is the crystal length.

III. SELECTION RULES FOR THE TRANSVERSE
MODE COUPLING

In principle, the transverse mode dynamics involves an
infinite set of coupled equations mediated by the coupling
constants I lmn

pqr . However, the spatial overlap and mode compe-
tition effects will restrict the nonvanishing transverse modes
to a finite set. In this section, we derive the selection rules
that result from spatial overlap and determine the nonzero
coupling constants. We shall leave the discussion about mode
competition to Sec. VI.

As mentioned before, the paraxial transverse modes upl

appearing in Eq. (15) can be conveniently chosen in either
the LG or HG mode family. The relevant parameters of both
families are presented in Appendix A. First, we will work in
the HG basis and then extend the result to the LG basis. Due to
the geometry imposed by the cavity, all the three beams have
(approximately) the same Rayleigh length zr [35]. Then, using
Eq. (A1) for the HG modes in Eq. (15), after a straightforward
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calculation, we get

�mpr
nqs (z) = Cmpr

nqs

ξ1ξ2

π

√
2

πw2
0 (z)

ei(S1+S2−S0+1)ζ (z)√
1 + z2/z2

r

×
∫

dx e−x2
e

�kx2

2k0
(1+ iz

zr
)
Hm(x)Hp(ξ1x)Hr (ξ2x)

×
∫

dy e−y2
e

�ky2

2k0
(1+ iz

zr
)
Hn(y)Hq (ξ1y)Hs (ξ2y),

(21)

where C
mpr
nqs =

√
2−(m+n+p+q+r+s)

m!n!p!q!r!s! , ζ (z) = tan−1(z/zr ), ξi =
w0/wi is the ratio between the pump (w0) and down-converted
(wi) beam waists, Si is the paraxial mode order of field i

(S0 = m + n, S1 = p + q, S2 = r + s; see Appendix A),
and x (y) is a normalized transverse coordinate defined by

the change of variables
√

2x
w0(z) �→ x (

√
2y

w0(z) �→ y). We assume
�k 
 k0 and l � zr , which is frequently the case for the
experimental conditions. Besides, the Gaussian terms restrict
the relevant contributions of the integrands in Eq. (21) to the
region |x| � 1 and |y| � 1. Under these assumptions, the
coupling constant can be factorized as the product of a purely
longitudinal factor and a transverse overlap integral

�mpr
nqs (z) � �mpr

nqs (0)
ei(S1+S2−S0+1)ζ (z)√

1 + z2/z2
r

, (22)

where

�mpr
nqs (0) = Cmpr

nqs

ξ1ξ2

π

√
2

πw2
0

×
∫

dx e−x2
Hm(x)Hp(ξ1x)Hr (ξ2x)

×
∫

dy e−y2
Hn(y)Hq (ξ1y)Hs (ξ2y). (23)

Note that the parity of the three Hermite polynomials
product is equal to m + p + r in the integral over the x

coordinate. Since e−x2
is an even function, then one must

have m + p + r = 0 (mod 2), otherwise the integral would be
zero. Furthermore, we can expand the product of the last two
Hermite polynomials as a combination of other polynomials
of the same parity:

Hp(ξ1x)Hr (ξ2x) =
�(p+r )/2∑

i=0

βp,r,i Hp+r−2i (x). (24)

Using the orthogonality property of the polynomials, and
substituting Eq. (24) into Eq. (23) results in

�(p+r )/2∑
i=0

βp,r,i

∫ +∞

−∞
dx Hm(x)Hp+r−2i (x) e−x2

=
�(p+r )/2∑

i=0

βp,r,i δm,p+r−2i , (25)

which means that m � p + r . Analogously, from the y in-
tegration, we obtain n + q + s = 0 (mod 2) and n � q + s.

These relations imply that

S0 + S1 + S2 ≡ 0 (mod 2), (26)

S0 � S1 + S2, (27)

which are basis independent conditions. These are general
constraints regarding the transverse mode coupling in three-
wave mixing.

Exact expressions for the transverse overlap Eq. (23) are
provided in Appendix B, from which one can derive the
following expression for the effective coupling constant

Impr
nqs = zr

(∫ l/2zr

−l/2zr

du
ei(�kzr )u

1 − iu

[
1 + iu√
1 + u2

]�S
)

�mpr
nqs (0).

(28)
The term between parentheses can be viewed as an overall
conversion efficiency, since it does not make explicit reference
to the particular modes being coupled, except for the mode
order difference �S.

We can have an idea of the relative magnitude of the
different coupling coefficients by looking at Figs. 2 and 3. In
those plots, the input pump indexes ({m, n} for HG, or {l, p}
for LG modes) are kept fixed while the signal and idler indexes
are unconstrained, as in the case of spontaneously down-
converted beams. It can be observed that the order is con-
served (S1 + S2 = S0) for the highest coupling magnitudes.

In the Hermite-Gauss basis, one can see from Eq. (23)
that �

mpr
nqs (0) can be broken into a product of two terms:

�
mpr
nqs (0) = XmprYnqs , one related to the indexes in the x coor-

dinate, and the other to the y coordinate. Since the functions
Xmpr and Ynqs are the same, one can analyze the maximization
conditions for Xmpr and then extend the result to Ynqs . As
seen from Fig. 2, when p + r = m, with p = �m/2 and r =
�m/2� (or viceversa), maximum mode coupling is attained.
An analogous conclusion can be drawn for the Ynqs function
and, recalling that S1 = p + q and S2 = r + s, it confirms the
order conservation statement claimed before. This result is
then independent of the basis used to describe the coupling
and should be valid for the Laguerre-Gauss basis as well.
However, in this case the topological charge conservation
(l0 = l1 + l2) [27] should also be taken into account, what
makes Eq. (26) automatically satisfied. Furthermore, Eq. (27)
will introduce restrictions on the radial indexes of the modes,
depending on the relative signs of the topological charges be-
ing added. This kind of cross-talk between radial and angular
degrees of freedom has already been investigated in nonlinear
OAM mixing [36,37]. All these results are summarized in
Fig. 4 for the different paraxial bases. They complement pre-
vious studies on Laguerre-Gauss [27] and Hermite-Gauss [29]
mode coupling in parametric down conversion and provide a
general basis independent selection rules. The relative magni-
tudes of the different coupling constants will be essential for
the mode selection in the OPO dynamics, as we shall see in
Sec. V.

IV. EXPERIMENTAL SETUP

The experimental setup is depicted in Fig. 5. A 532-nm
TEM00 beam, originated from the second harmonic of a

063825-3



ALVES, BARROS, TASCA, SOUZA, AND KHOURY PHYSICAL REVIEW A 98, 063825 (2018)

FIG. 2. Normalized magnitude of the coupling constant, �
mpr

000 /�000
000 = Xmpr , in the Hermite-Gauss basis. The pump index m varies for the

different plots: m = 0 (a), m = 1 (b), m = 2 (c), and m = 3 (d).

Nd:YAG laser (InnoLight GmbH laser, Diabolo product line),
is collimated and sent toward a spatial light modulator
(SLM—Hamamatsu, model X10468-01). The SLM is elec-
tronically programed to transform the beam into different
paraxial higher-order modes, implemented by an amplitude
and phase modulation technique, as described by method A in
Clark et al. [38].

The OPO consists of two concave mirrors (M1 and M2)
with equal radii of R = 25 mm and a 5-mm-long KTP
(KTiOPO4) crystal, cut for 532–1064 nm type-II phase match-
ing at room temperature. The cavity is kept nearly confocal,
while its length is controlled by a piezoelectric ceramic cou-
pled to M2. The mirror M1 has a reflectance of 96% at 532
nm and is highly reflective (HR, R = 99.8%) at 1064 nm,
while M2 is HR at both wavelengths. The crystal can also be
positioned and oriented with translation and rotation stages
with micrometric precision.

The outcoming (resonant) beams pass through a dichroic
mirror (DM) which directs most of the pump intensity to the
detector D1 (Thorlabs, DET100A), used for monitoring the
532-nm resonances in the oscilloscope (OSC) as the piezo-
electric actuator scans the cavity. The transmitted beams are
split in a 50/50 nonpolarizing cube (BS1), which allows the
analysis of the down-converted beams detected at D2. At last,
the (residual) pump beam is spectrally separated by a prism,
while signal and idler are separated by a PBS, allowing the
simultaneous imaging of the three fields at the CCD (charge
coupled device) camera. To identify the topological charges of
the Laguerre-Gaussian (LG) modes, all beams pass through a
lens L3 (f = 200 mm), which can be tilted to achieve LG to
HG conversion [39] right at the CCD sensor.

Because of the damage threshold of the SLM, the laser’s
output power is limited to 100 mW, which means a maximum
pump power of approximately 30 mW (due to the SLM
efficiency and other optical losses). Despite the relatively low
pump intensity, the low reflection and absorption losses in the
mirrors and crystal produce a high finesse cavity and an OPO
with a relatively low oscillation threshold (down to approxi-
mately 3 mW for the TEM00 pump). At maximum power, we
were able to achieve oscillation for pump transverse modes up
to third order. Hence, this experimental arrangement allowed
us to characterize the transverse resonances for the signal and
idler beams with respect to the pump beam in the case of a
triply resonant optical parametric oscillator.

V. RESULTS AND ANALYSIS

In the experiment described in Sec. IV, we pumped the
OPO with a variety of LG and HG modes and registered the
various transverse modes populated by the down converted
photons. We applied slight changes in the crystal orientation
and cavity length to geometrically tune various transverse
mode resonances for signal and idler. It is important to keep
in mind that, in such optical setups with a nonlinear crystal
placed inside an optical cavity, the resonant transverse modes
possess an astigmatic Gouy phase, caused by the crystal
birefringence [28], resulting in a splitting of the resonant
positions even for modes of the same order. For our case
of a type-II conversion and a high finesse cavity for the
down converted beams (γ1 = γ2 ≈ 5 mrad), it means that
the ordinary polarization (idler) cannot sustain simultaneous
oscillation of different Hermite-Gauss components with the
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FIG. 3. Normalized magnitude of the coupling constant,
�lmn

pqr/�
000
000, in the Laguerre-Gauss basis. In (a), the pump mode has

{l = 1, p = 0} and we plot �
1m(1−m)
0q0 /�000

000. In (b), the pump mode

has {l = 2, p = 0} and we plot �
2m(2−m)
0q0 /�000

000.

same order m + n due to their astigmatic Gouy phase dif-
ference (|φm+1,n−1 − φm,n| ≈ 21 mrad with our experimental
conditions), which is larger than the 5 mrad cavity linewidth.
As a corollary, the idler beam will oscillate in a pure Hermite-
Gauss mode. Therefore, the Hermite-Gaussian basis is the

FIG. 4. A summary of the selection rules.

SLM

L1 L2

M1 M2

L3DM BS1

D1 D2

CCD

OSC

FIG. 5. A schematic view of the experiment. Lenses L1 and L2
are used to adjust the waist of the structured beam after the SLM, to
pump the OPO cavity with a properly matched mode.

most natural one for the type of anisotropy experienced by
the interacting fields inside the OPO cavity.

One key point for the transverse mode selection in the
OPO operation is to note that the oscillation threshold de-
creases with increasing coupling strength: |αin

pl|2th ∼ |�lmn
pqr |−2

[40]. Since |�000
000| is the greatest coupling constant, the triply

resonant Gaussian mode operation for pump, signal and idler
has the lowest oscillation threshold. However, a more careful
analysis is required when higher order pump modes and
anisotropy are present. As a first illustration of the transverse
mode selection rules, we present several experimental results
obtained with different Hermite-Gauss pump modes. These
results are shown in Fig. 6. All results are compatible with the
optimal coupling predicted in Fig. 2. Nevertheless, a more in-
volved dynamics takes place when multiple Hermite-Gaussian
modes are simultaneously present in the pump beam, as is the
case when optical vortices and OAM transfer are considered.

For example, with a first order LG ({l = 1, p = 0}) pump
in the anisotropic cavity, different operation conditions can
be observed by tuning the cavity parameters. This can be
analyzed through the pump decomposition in the HG modes

uLG
01 = 1√

2

(
uHG

10 − iuHG
01

)
. (29)

Hence, each Hermite-Gaussian component will couple with
the transverse modes with the optimal overlap with it. As
described above for the Hermite-Gauss basis, they are given
by �110

000 (or �101
000) and �000

110 (or �000
101), giving rise to the

following processes:

uHG
10 → uHG

10 + uHG
00 , (30)

uHG
01 → uHG

01 + uHG
00 . (31)

Since the idler has to oscillate in a pure HG mode, there are
two possibilities:

(1) Idler in either uHG
10 or uHG

01 : In this case, only one
process is activated and the signal is necessarily in the uHG

00
mode. This kind of operation prevents any OAM transfer to
the signal. These cases are represented in the first two rows of
Fig. 7.

(2) Idler in uHG
00 : In this case, the two processes Eqs. (30)

and (31) can be activated, allowing for the signal mode to be
in a superposition of uHG

10 and uHG
01 , with partial or total OAM

transfer. This situation is shown in the last row of Fig. 7.
For a pump beam prepared in a uLG

02 , we can figure out the
possible coupling channels by inspecting its decomposition in
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Signal/IdlerPump Signal/Idler

HG10

HG01

(a) HG pump - 1st order.

Signal/Idler

Signal/IdlerPump

HG20

HG02

HG11

(b) HG pump - 2nd order.

Signal/Idler Signal/IdlerPump

HG03

HG30

HG21

HG12

(c) HG pump - 3rd order.

FIG. 6. Experimental images for the pump, signal and idler
beams, corresponding to different Hermite-Gaussian orders of the
pump mode.

the HG basis

uLG
02 = 1

2

(
uHG

20 + i
√

2uHG
11 − uHG

02

)
. (32)

From this decomposition we can identify the following
channels:

uHG
20 → uHG

10 + uHG
10 , (33)

uHG
20 + uHG

00 , (34)

uHG
11 → uHG

10 + uHG
01 , (35)

FIG. 7. Experimental images for the pump, signal and idler
beams. The pump field is kept in the uLG

01 mode.

uHG
11 + uHG

00 , (36)

uHG
02 → uHG

01 + uHG
01 , (37)

uHG
02 + uHG

00 . (38)

Some of these possibilities are represented in Fig. 8, which
describes one or a combination of two of the listed down-
conversion processes, restricted to an idler beam in a pure
Hermite-Gauss mode and order conservation. For example,
the first row corresponds to process Eq. (33); the second

FIG. 8. Experimental images for the pump, signal and idler
beams. The pump field is kept in the uLG

02 mode.
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FIG. 9. Experimental images for the pump, signal and idler
beams. The pump field is kept in the uLG

03 mode.

row, to process Eq. (35); the third row, to a combination of
processes Eqs. (33) and (35); and finally, the fourth row, to a
combination of processes Eqs. (34) and (38).

We present in Fig. 9 the highest OAM pump operation
achieved with the laser power available in our experiment,
corresponding to a uLG

03 mode. Its decomposition in the HG
basis writes

uLG
03 =

√
2

4

(
uHG

30 −
√

3uHG
12 − i

√
3uHG

21 + iuHG
03

)
, (39)

giving rise to several coupling processes, with

uHG
21 → uHG

10 + uHG
11 , (40)

uHG
12 → uHG

01 + uHG
11 , (41)

being the most favorable ones. The first row corresponds to
a combination of processes Eqs. (40) and (41) without OAM
transfer; the second row is a pure Eq. (41) process; and the
third row is also a combination of processes Eqs. (40) and
(41) but one unit of OAM transfer (signal beam in uLG

01 ). In
all cases, total or partial OAM transfer is strongly dependent
on the cavity parameters, specially the crystal orientation
that affects the astigmatic anisotropy. The topological charges
informed in this section were measured with the tilted lens
method [39]. The corresponding experimental results are
shown in Appendix C.

VI. THRESHOLD HIERARCHY AND MODE SURVIVAL

In the previous section, we have assigned the selection
of the converted modes in the OPO to the higher coupling
they have with a given pump mode, leading to the “order
conservation” property. However, we could also observe other
transverse mode operations which do not conserve the order,
despite their lower coupling constants. Examples of such op-
eration regimes can be seen in Fig. 10. In that case, for slightly
different cavity lengths within the same pump resonance, a
Gaussian pump beam has generated multiple sets of signal and
idler modes, with different coupling constants and nonzero
values of �S.

Indeed, the oscillation threshold of a given set of modes is
not solely determined by the coupling constant. In particular,
the mode detunings play a major role in the mode selection,
since the resonance peaks of different transverse modes can be
separated in an astigmatic cavity. The expression for the oscil-
lation threshold for a three-mode coupling is given by [40]

∣∣αin
mn

∣∣2
th

= γ 2
0 γ1γ2

t2
0

∣∣Impr
nqs

∣∣2 (1 + �2)
(
1 + �2

0

)
, (42)

where � = δϕ1
pq/γ1 = δϕ2

rs/γ2 and �0 = δϕ0
mn/γ0 are the

normalized detunings for the interacting modes. We then
see that the normalized detunings can compensate for a
smaller coupling constant in the expression for the threshold.

Pump

Idler

Signal

ΔS= 0 ΔS= 2 ΔS= 4

(a)

HG p
00

HGs
10

HGs
00

| α j | χI 000
000

γ

t/τ
0 10000 20000 30000 40000 50000

0.0

0.5

1.0

1.5

2.0

2.5

(b)

FIG. 10. Illustration of mode competition and nonconservation of the order for a resonant (�0 = 0) HGp

00 pump. In (a) we show a set of
down-converted modes, with different coupling constants, obtained at slightly different cavity lengths within a same pump resonance. In (b)
we show the numerical calculation of the time evolution of the normalized intensities for pump (black), signal HGs

00 (yellow) and signal HGs
10

(orange). In these cases the corresponding idler amplitudes are the same as those of the signal beam. Solid lines correspond to δϕ1
00 = δϕ2

00 = 0
and dashed lines to δϕ1

00 = δϕ2
00 = 1.9γ (γ1 = γ2 = γ ). The less coupled HG10 mode for both signal and idler is assumed to be in perfect

resonance δϕ1
10 = δϕ2

10 = 0.
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For instance, when (1 + �2)(1 + �2
0) > 4 for the uHG

00 →
uHG

00 + uHG
00 conversion, its threshold becomes higher than the

uHG
00 → uHG

10 + uHG
10 threshold at resonance, despite the fact

that �000
000 = 2�011

000.
To be more rigorous and to further analyze the detuning

effect on the mode selection, we have numerically integrated
the dynamical equations for the OPO, including two different
coupling channels with a given pump mode. As our model,
we considered only the contributions of the above-mentioned
channels uHG

00 → uHG
00 + uHG

00 (�S = 0) and uHG
00 → uHG

10 +
uHG

10 (�S = 2 , right images) displayed in Fig. 10. When the
modes with strongest coupling are resonant, they overcome
the less coupled ones (solid lines), whereas, when they are
off resonance, they may give place to the less coupled res-
onant modes (dashed lines). Therefore, a higher detuning
in the stronger coupling channel may increase its threshold
power, favoring the operation of the weaker coupling channel.
This shows that the modes involved in the OPO undergo a
Darwinian selection mechanism which restricts the survival
to the more adapted ones. This is a well known phenomenon
in laser physics [41–43], but it is also present in other kinds of
dynamical systems such as biological, social and economical
[44–46].

VII. CONCLUSION

In summary, we studied the transverse mode dynamics in
a type-II optical parametric oscillator driven by a structured
pump beam. Several effects playing a major role in the mul-
timode dynamics were considered. First, the spatial overlap
between the interacting modes was calculated, giving rise to
a set of selection rules for nonvanishing intermode coupling.
These selection rules allow immediate identification of the
nonlinearly coupled modes in the wave mixing process, what
has implications in radial mode generation of opposite topo-
logical charge mixing in second harmonic generation [36]. It
can also dictate the quantum correlations between different
transverse modes in multimode spontaneous parametric down
conversion. A detailed analysis of the quantum domain is
currently under investigation.

Moreover, we discussed the mode selection rules under the
influence of different aspects such as the transverse coupling
strength, cavity anisotropies and mode detuning. All these
effects were shown to play an important role in the oscillation
threshold for different transverse mode configurations. The
dynamical mode selection is determined by the configura-
tion with lowest threshold under the coupling and cavity
conditions assumed. This builds a Darwinian scenario anal-
ogous to different biological, social and economical systems,
where competition allows only the most adapted element to
survive.

APPENDIX A: PARAXIAL MODES

In this Appendix we present the mathematical expressions
and the main parameters describing the paraxial modes used in
the main text. The Hermite-Gauss (HGmn) and the Laguerre-

Gauss (LGpl) modes are written as

uHG
mn (x, y, z) = Amn

w0

w(z)
Hm

[√
2x

w(z)

]
Hn

[√
2y

w(z)

]

× exp

[
−x2 + y2

w2(z)

]
exp

[
φHG

mn (z)
]
, (A1)

uLG
pl (r, φ, z) = Bpl

w0

w(z)

[
r

w(z)

]|l|
L|l|

p

[
2r2

w2(z)

]

× exp

[
− r2

w2(z)

]
exp

[
φLG

pl (z)
]
, (A2)

where

Amn =
√

2 × 2−(m+n)

πw2m! n!
, (A3)

Bpl =
√

2p!

πw2(p + |l|)! (A4)

are normalization constants,

φHG
mn (z) = ik

x2 + y2

2R(z)
− i(m + n + 1)ζ (z), (A5)

φLG
pl (z) = ik r2

2R(z)
+ ilφ − i(2p + |l| + 1)ζ (z) (A6)

are the Gouy phase terms in the different bases, and

w(z) = w
√

1 + (z/zr )2, (A7)

R(z) = z[1 + (zr/z)2], (A8)

ζ (z) = tan−1(z/zr ), (A9)

w =
√

λzr/π. (A10)

In physical terms, w is called the beam waist, R(z) repre-
sents its wavefront curvature radius, and zr is the Rayleigh
length.

APPENDIX B: GENERAL EXPRESSIONS FOR
THE TRANSVERSE COUPLING CONSTANTS

Here we derive the expressions for the transverse coupling
constants used in the main text. Using the generating function
for the Hermite polynomials as

Hn(ξx) = ∂n

∂tn
[exp (2ξxt − t2)]

∣∣∣∣
t=0

, (B1)

the integrals appearing in Eq. (23) become∫
dx e−x2

Hm(x)Hp(ξ1x)Hr (ξ2x)

= √
π

∂m

∂tm0

∂p

∂t
p

1

∂r

∂tr2

∫
dx e−x2

e2x(t0+ξ1t1+ξ2t2 )−(t2
0 +t2

1 +t2
2 )

∣∣∣∣
ti=0

,

(B2)

063825-8



CONDITIONS FOR OPTICAL PARAMETRIC OSCILLATION … PHYSICAL REVIEW A 98, 063825 (2018)

(a) LG pump - 1sr order. (b) LG pump - 2nd order. (c) LG pump - 3th order.

FIG. 11. Images for the pump and signal beams taken from Figs. 7–9 and its respective conversions after the tilted lens.

which can be easily solved due to the Gaussian term in the
integrand. Furthermore, since the Rayleigh length zr is fixed
by the cavity geometry and signal and idler operate close to
frequency degeneracy, it is reasonable to assume that they
have approximately the same beam waist (ξ1 = ξ2 ≈ 1/

√
2),

which leads us to the following expression for the transverse
overlap integral in the HG basis

�mpr
nqs (0) = �000

000 Cmpr
nqs

∂p+r

∂t
p

1 ∂tr2
[(t1 + t2)m e−(t1−t2 )2/2]

∣∣∣∣
ti=0

× ∂q+s

∂t
q

1 ∂ts2
[(t1 + t2)n e−(t1−t2 )2/2]

∣∣∣∣
ti=0

. (B3)

The same procedure can be applied to the Laguerre-Gauss
basis, where the functions uLG

pl in Eq. (A2) are used in Eq. (15).
In this case, the Laguerre polynomials can be written as

L|k|
n (x) = 1

n!

∂n

∂zn

{
exp[xz/(z − 1)]

(1 − z)|k|+1

}∣∣∣∣
z=0

, (B4)

resulting in the following expression for the overlap integral

�lmn
pqr (0) = �000

000 Dlmn
pqr 2P0! δl,m+n

× ∂p+q+r

∂z
p

0 ∂z
q

1∂zr
2

[
(1 − z0)−|l|−1(1 − z1)−|m|−1

(1 − z2)|n|+1 κP0+1

]∣∣∣∣
zi=0

,

(B5)

where

Dlmn
pqr = 2|l|/2

√
p!q!r!(p + |l|)!(q + |m|)!(r + |n|)! , (B6)

P0 = |l| + |m| + |n|
2

, (B7)

κ = 2 − 2z0

z0 − 1
− z1

z1 − 1
− z2

z2 − 1
. (B8)

Note that the conservation of angular momentum is guaran-
teed by the term δl,m+n [27] and the conditions Eqs. (26) and
(27) still apply here, as mentioned before. The advantages of
using expressions Eqs. (B3) and (B5) instead of their integral
counterparts is that they provide a straightforward exact result
that is an easy computational task.

APPENDIX C: TOPOLOGICAL CHARGE
MEASUREMENTS

As mentioned in Sec. IV, the topological charge measure-
ments of the observed LG beams were made using the tech-
nique described in Ref. [39]. By passing a Laguerre-Gaussian
beam through a tilted lens (which works as an astigmatic
medium), one can convert a uLG

pl mode into a Hermite-Gauss
uHG

|l|0 oriented at +(−)45◦ for positive (negative) l values.
More explicitly, the position where the conversion takes place
depends on the distance between the original waist and the
lens (d0), its focal length (f ), and the tilt angle with respect
to the propagation direction (θ ). For a given set of parameters
(d0, f, θ ), the conversion point can be found by scanning the
distance after the lens directly with the CCD camera. This was
done for all the Laguerre-Gauss modes present in Figs. 7–9,
which are shown in Fig. 11, confirming the topological
charges claimed in the main text.
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