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Enhancing nanomechanical squeezing by atomic interactions in a hybrid
atom-optomechanical system
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In a hybrid atom-optomechanical system, the optical coupling of a mechanical mode of a nanomembrane in
an optical cavity with a distant interacting atom gas permits highly nonclassical quantum many-body states. We
show that the mechanical mode can be squeezed by the backaction of internal excitations of the atoms in the gas.
A Bogoliubov approach reveals that these internal excitations form a fluctuating environment of quasiparticle
excitations for the mechanical mode with a gaped spectral density. Nanomechanical squeezing arises due to
quasiparticle excitations in the interacting atom gas when the mechanical frequency is close to resonance with
the internal atomic transitions. Interestingly, nanomechanical squeezing is enhanced by atom-atom interactions.
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I. INTRODUCTION

In combining the benefits of their different building blocks
in a single setup, hybrid quantum systems are able to over-
come their individual limitations. For instance, the resolved
sideband cooling only allows optical feedback cooling of a
nanomechanical oscillator to its quantum-mechanical ground
state if the oscillator frequency exceeds the photon loss
rate in the optical cavity. One promising candidate to over-
come this limitation for low-frequency oscillators is an atom-
optomechanical hybrid system [1,2] in which a nanomem-
brane inside an optical cavity is coupled to a distant cloud of
cold 87Rb atoms placed in the optical potential of the outcou-
pled light field. The coupling can be realized in two ways:
the membrane can be coupled to either the spatial motion
of the atoms in the lattice [1–8] or to a transition between
the internal states of the atoms [9,10]. Apart from membrane
cooling, the quantum many-body nature of the atom gas leads
to collective atomic motion [7] and a nonequilibrium quantum
phase transition [8] from a localized symmetric motional state
of the atom cloud to a shifted symmetry-broken state. The
“internal-state coupling” scheme offers the advantage that the
frequency scale of internal atomic transitions can be more
easily brought into resonance with vibrational frequencies of
nanomechanical oscillators.

Cutting-edge experiments in optomechanics demonstrate
coherent state transfer [11] and entanglement between the
cavity light and the mechanical resonator [12–14], macro-
scopic quantum coherence [15], and squeezed optical [16,17]
and mechanical [18–22] states. It is well known that squeezed
states can be generated by nonlinearities [23,24], such as,
e.g., particle-particle interactions in an atomic condensate.
Also engineering the environment of an optomechanical setup
can produce a squeezed-vacuum reservoir and a transfer of
squeezing to the movable mirror may occur [20]. Moreover,
spin squeezed states of atoms can be induced by squeezed
light [25–29], transferring the squeezed state from the light
to the atoms. Combining several of these elements in a single
hybrid quantum system may be a key step to generate a robust

squeezed mechanical state that could be largely insusceptible
to dissipative effects.

Inspired by recent experimental progress [2,6,7], we in-
vestigate an atom-optomechanical system in the internal-state
coupling scheme; see Fig. 1. The atoms forming the gas are
placed in an optical lattice and two internal electronic states
of each atom are addressed. Then, the atom gas is efficiently
described by a two-species Bose-Hubbard model. We assume
a weak local atom-atom interaction and, within a Bogoliubov
mean-field approximation, the quartic interaction term is re-
duced to terms quadratic in the bosonic ladder operators. We
show that, within this limit and in the presence of the op-
tomechanical coupling to a nanomembrane, the Hamiltonian
can be mapped to a system-bath model, where the harmonic
bath is realized by the Bogoliubov quasiparticle modes. We
find an analytic expression for the bath spectral density of
the quasiparticle modes in the zero-temperature limit, which
depends on the atomic interaction strength. Hence, by tuning
the atomic interaction, the effective environment of the op-
tomechanical components can be engineered and the quantum
state of the nanomechanical oscillator can be controlled. For
weak atom-membrane coupling, the system becomes analyti-
cally solvable and we have direct access to thermodynamical
observables of the membrane and atoms. Most interestingly,
the variance of the mechanical displacement coordinate can be
reduced to a squeezed nanomechanical state in a wide range
of model parameters. In fact, squeezing is enhanced by a finite
atom-atom interaction at finite temperatures.

II. MODEL

We consider an ensemble of three-level atoms placed in
an external optical lattice potential. The internal states are
arranged in a �-type scheme, with the two lowest-energy
states being energetically separated by �a. A σ− polarized
laser with a finite detuning � drives the transition between
the state |+〉 and the excited state |e〉. The passing beam is
directed onto a polarization beam splitter (PBS) which splits
the circularly polarized light into linearly polarized light on
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FIG. 1. Hybrid atom-optomechanical system: a nanomechanical
membrane in an optical cavity is coupled to the internal states of a
distant atom gas residing in an optical lattice potential.

two arms of equal length; see Fig. 1. The end of the upper path
consists of a fixed mirror and in the left path a nanomembrane
is placed inside a low-finesse cavity. We assume a single
vibrational mode of the membrane with frequency �m to be
relevant. The reflected and outcoupled light of both arms is
directed back onto the atoms mediating the effective coupling
between the atoms and the membrane. In a quasistatic picture,
a finite displacement of the membrane induces a finite optical
phase shift on the propagating beam leading to a rotation of
the polarization in the PBS. The emergent σ+ photon can then
induce a two-photon transition between the states |−〉 ↔ |+〉
in the atoms, when the resonance condition �m � �a is met.
The backaction of the atoms on the membrane is triggered by a
transition of the atoms between the states |±〉, which changes
the radiation pressure on the membrane by the emission of an
additional σ+ photon.

In the bad-cavity limit, the light field and the auxiliary
state |e〉 can be adiabatically eliminated, and the system is
effectively described by an extended two-type Bose-Hubbard
model (h̄ = 1)

H = �mb†b +
∑
k,σ

εkσ nkσ + U

2L

∑
kpq

∑
στ

d
†
k−qσ d

†
p+qτ dpτ dkσ

− λqm

∑
k

[d†
k+dk− + H.c.], (1)

with L sites and σ, τ = ±. The bosonic creation operator
for the mechanical mode is b† and qm = (b + b†)/

√
2�m is

the membrane displacement operator. The bosonic operator
d
†
kσ creates an excitation of the internal state σ of an atom

with spatial momentum k and nkσ = d
†
kσ dkσ . The atom-atom

interaction strength is denoted by U , the atom-membrane
coupling by λ, and the atomic energy dispersion is εkσ =
σ�a/2 − 2J cos(k), with the hopping amplitude J . More-
over, we have neglected a term that couples the number of
atoms in the σ = + state to the membrane displacement and
a term that represents long-range interaction induced by the
light field. The first is justified by the assumption of weak
atom-membrane coupling and low temperature, whereas the
latter leads to a redefinition of the quasiparticle mode frequen-
cies that we determine in the following. The momentum index
k runs in equidistant steps of size 2π/L from −π to π . For a
more detailed derivation of the effective Hamiltonian, see the
Appendix.

III. BOGOLIUBOV APPROACH

Assuming the hierarchy �m,�a � NU/L, λ allows us to
use a Bogoliubov approximation in the mean-field ground
state, where all atoms occupy the state with quantum numbers
(k, σ ) = (0,−). In the Bogoliubov prescription, we associate

d0−, d
†
0− → √

n0−,

d
†
0−d

†
0−d0−d0− → n0−(n0− − 1),

n0− = N − n0+ −
∑

k �=0,σ

nkσ . (2)

Via the third equality, the Bogoliubov approach is defined in a
particle conserving manner. For the first line to be acceptable,
we require a large number of atoms N � 1 to occupy the
ground state. Then, the approximated Hamiltonian to leading
order in N is given by

H ′ = �mb†b + �′
aa

†a +
∑

k �=0,σ

Ekσ d
†
kσ dkσ −

√
2Nλ′qmqa

− λqm

∑
k �=0,σ

d
†
kσ dk −σ + nU

2

∑
k �=0

[d−k −dk − + H.c.],

(3)

with Ekσ = εkσ − ε0− + nU and �′
a = �a + nU � �a.

Moreover, we have set a ≡ d0+, λ′ = λ
√

�a and
introduced qa = (a + a†)/

√
2�a and the particle density

n = N/L. The excited modes (k �= 0) in Eq. (3) can be
diagonalized by introducing quasiparticle modes ckσ with
dk − = φkck − + θkc

†
−k − and ck + = dk +. The coefficients are

given by

φk =
√

(εk− − ε0− + nU + ωk−)/2ωk−,

θk =
√

(εk− − ε0− + nU − ωk−)/2ωk−, (4)

such that bosonic commutation relations are fulfilled since
φ2

k − θ2
k = 1. The operators ckσ describe quasiparticle modes

that are mixtures of states with positive and negative momenta
±k. The frequencies are given by

ωk− = (εk− − ε0−)

√
1 + 2nU

εk− − ε0−
,

ωk+ = Ek+. (5)

With these modes, the Hamiltonian transforms to

HB = �aa
†a + �mb†b +

∑
k �=0,σ

ωkσ c
†
kσ ckσ −

√
2Nλ′qmqa

− λqm

∑
k �=0

[φkc
†
k−ck+ + θkck−c−k+ + H.c.]. (6)

The coupling of the membrane to the quasiparticle modes
involves two different processes. One process induces a
transition of a quasiparticle between the states |−〉 ↔ |+〉,
whose coupling constant scales with φ2

k = (εk− − ε0− +
nU + ωk−)/2ωk−. The other process involves the annihila-
tion (creation) of two quasiparticles which scales with θ2

k =
(εk− − ε0− + nU − ωk−)/2ωk−. The latter process is induced
by particle collisions and is only present for a finite U > 0 as
4θ2

k � √
nU/J .
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IV. SPECTRAL DENSITY OF QUASIPARTICLE MODES

Under the stated mean-field conditions, the harmonic
quasiparticle modes can be integrated out within a Euclidean
path-integral formalism. For this, we define the interaction
Hamiltonian

HB
I = −λqm

∑
k �=0

[φkc
†
k−ck+ + θkck−c−k + + H.c.]. (7)

We follow Ref. [30] which addresses a similar structure of the
coupling Hamiltonian, yet in the context of two-phonon pro-
cesses in a Caldeira-Leggett model. The influence functional
in imaginary time, describing the membrane-atom coupling,
takes the form

F[q(·)] = Z−1
Bog

∫
Dx exp(−SBog[x] − SI [q, x]), (8)

where x is the 2(L − 1) component vector that denotes the
Bogoliubov modes and with q(·) = [q1(·), q2(·)] denoting
mixed coordinates q1 and q2 defined via(

q1

q2

)
=

(
cos χ − sin χ

sin χ cos χ

)(
qm

qa

)
, (9)

with

tan χ = [
�2

a − �2
m + sgn(�m − �a)

×
√(

�2
a − �2

m

)2 + 8Nλ′2]/√
8Nλ′. (10)

Moreover, SBog[x] is the free atomic Euclidean action ex-
cluding the k = 0 mode and SI [q, x] is the interaction func-
tional, which can be derived from HB

I . In Ref. [30], it
has been shown that if the mean value 〈HB

I 〉β = 0, with

〈O〉β = Z−1
Bogtr{O e−β

∑
k �=0,σ ωkσ c

†
kσ ckσ } and the inverse temper-

ature β, the right-hand side of Eq. (8) can be drastically
simplified by expanding the exponential, i.e., F[q(·)] =∑

n
1
n! 〈(−SI [q, x])n〉β . Only terms of even order in n con-

tribute to the sum and reordering the sum leads to the con-
clusion that the only relevant contribution is the correlator
〈HB

I [q(τ )]HB
I [q(τ ′)]〉β . It follows that the influence action is

then simply given by

Sinfl[q(·)] = −
∫ β

0
dτ

∫ τ

0
dτ ′〈HB

I [q(τ )]HB
I [q(τ ′)]

〉
β
, (11)

with the correlator estimated to be〈
HB

I [q(τ )]HB
I [q(τ ′)]

〉
β

=
∑

α,α′=1,2

λαλα′qα (τ )qα′ (τ ′)

×
∑
k �=0

{
φ2

k [n(ωk−) − n(ωk+)]D�k
(τ − τ ′)

+ θ2
k [n(ωk−) + n(ωk+) + 1]D�k

(τ − τ ′)
}
. (12)

Here, we have defined �k = ωk− + ωk+, �k = ωk+ − ωk−,
and the free boson propagator in imaginary time Dω(τ ) =
2n(ω) cosh ωτ + e−ωτ . The coupling constants λα are given
by λ1 = λ cos χ, λ2 = λ sin χ , and n(ω) = (eβω − 1)−1 is
the Bose-Einstein distribution. With this in mind, the influence
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FIG. 2. (a) Approximated zero-temperature spectral density
GT =0(ω) with J = 0.2�a for different nU . (b) Spectral density G(ω)
with β�a = 1000, J = 5�a, and L = 1000.

action results in

Sinfl[q(·)]

= −
∑

α,α′=1,2

λαλα′

∫ β

0
dτ

∫ τ

0
dη k(τ − η)qα (τ )qα′ (η),

(13)

with the kernel k(τ ) = ∫
dω G(ω)Dω(τ ), where

G(ω) =
∑
k �=0

{
φ2

k [n(ωk−) − n(ωk+)]δ(ω − �k )

+ θ2
k [n(ωk−) + n(ωk+) + 1]δ(ω − �k )

}
(14)

is the spectral density of the quasiparticle modes. Most in-
terestingly, in the limit L, β → ∞ with LNU 
 2π2J , the
spectral density takes the form

GT =0(ω) � 2L

π

(
nU

4J

)2 4J

| sin κ (ω)|
1

(ω − �a − nU )2
, (15)

where κ (ω) = 2 sin−1 √
(ω − �a − nU )/8J . It exhibits sin-

gularities at ωmin = �a + nU and ωmax = �a + nU + 8J ,
and is only defined between these frequencies. In the
vicinity of the singularities, the spectral density behaves
as GT =0(ωmin + δω) ∼ (δω)−5/2 and GT =0(ωmax − δω) ∼
(δω)−1/2. Moreover, the coupling to the quasiparticle exci-
tations scales with the number of states, i.e.,

√
Lλ, rather

than the number of particles, i.e.,
√

Nλ, as it is the case for
the zero-momentum coupling. In Fig. 2, we show G(ω) for
(a) β → ∞ and (b) β�a = 1000. The spectral density has a
van Hove–type singularity at the atomic frequency �a and a
second one shifted by 8J , which is twice the bandwidth 4J . In
general, the spectral density scales with the number of modes
L, meaning the thermodynamic limit L → ∞ has to be taken
with caution.

V. QUANTUM SQUEEZING OF THE NANOMEMBRANE

In order to analyze the impact of (weak) atomic in-
teractions on the system state, we study the membrane
displacement variance 〈q2

m〉. Hence we determine the par-
tition function Z = ∫

Dq(·)e−Seff[q] of the reduced sys-
tem using the influence action of Eq. (13) and the free
action of the two harmonic oscillators with frequencies
�2

1 = �2
m + 2

√
2Nλ′ tan χ and �2

2 = �2
a − 2

√
2Nλ′ tan χ .
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Overall, the reduced system (membrane plus k = 0 atomic
mode) is described by the effective action

Seff[q] = 1

2

∑
α

∫ β

0
dτ

[
q̇2

α (τ ) + �2
αq2

α (τ )
]

−
∑
α,α′

λαλα′

∫ β

0
dτ

∫ τ

0
dη k(τ − η)qα (τ )qα′ (η).

(16)

For a harmonic oscillator, the path integral can be eval-
uated in a closed analytic expression [31] by expanding
the path q(τ ) = q̄(τ ) + y(τ ) around its extremal path q̄(τ )
with deviation y(τ ). The extremal path fulfills the rela-
tion ∂qSeff[q]|q=q̄ = 0. Via a Fourier expansion of the ker-
nel k(τ ) = ∑∞

n=−∞ ξne
iνnτ /2 and the deviations yα (τ ) =∑∞

n=−∞ yαne
iνnτ /2, with Matsubara frequencies νn = 2πn/β,

the effective action takes the form

Seff[q(·)] = Seff[q̄(·)] + 1

2β

∑
α,α′

∞∑
n=−∞

yαn

× [
δαα′

(
�2

α + ν2
n

) − 2λαλα′ξn

]
yα′n. (17)

By performing the integration over the deviations y(τ ), the
partition function is found to be

Z(β ) = N e−Seff[q̄]

√
D0

∏
n>0

1

Dn

, (18)

where N is a universal normalization constant and the Dn are
given by

Dn =
∏

α=1,2

(
�2

α + ν2
n

) − 2λ2ξn

(
�2

1 sin2 χ + �2
2 cos2 χ + ν2

n

)
.

(19)
Finally, the nanomembrane displacement variance is esti-
mated via the first derivative of the logarithm of the partition
function 〈q2

m〉 = −(β�m)−1∂�m lnZ.
In Fig. 3(a), we show the variance of the nanomembrane

displacement (solid) in dependence of the atomic transition
frequency �a. In the vicinity of the resonance �m � �a, the
variance is strongly suppressed due to two-mode squeezing,

occurring when 〈q2
m〉�m � 1/2. For this set of parameters, the

effect of the quasiparticle excitation is negligibly small due to
the scaling with ∼√

Lλ of the coupling. Moreover, the atomic
internal state variance 〈q2

a 〉 (dash-dotted lines) describes a
squeezed state when 〈q2

a 〉�a � 1/2. It shows the opposite
behavior, such that, for �a � �m, both constituents exchange
their role, and the atomic quantum many-body state is strongly
squeezed in the vicinity of the resonance. Hence we can
conclude that squeezing of the nanomembrane displacement
only occurs when quasiparticle excitations are possible above
the spectral gap.

Interestingly, by enhancing the coupling to the excited
quasiparticle modes, finite atom-atom interaction may have a
positive effect for achieving a squeezed nanomechanical state.
This is shown in Fig. 3(b) for different temperatures 1/β. By
increasing the atom-atom interaction nU , the variance 〈q2

m〉
of the nanomembrane displacement first decreases and then
grows again. The position and magnitude of the minimal vari-
ance (or, the maximal squeezing) depends on the temperature
and is influenced by two processes. First, the weak interaction
limit is dominated by differences of the thermal excitation of
the states with same momentum, but opposite internal state,
leading to a scaling with ∼n(ωk−) − n(ωk+) in the spectral
density. Second, for rather strong atomic interaction compared
to the thermal energy scale, the dominant part are excitations
of the Bogoliubov quasiparticles induced by the interaction.
This process scales with ∼(nU )2[n(ωk−) + n(ωk+) + 1].

Due to the optomechanical coupling, the squeezing of the
nanomembrane variance is also reflected in the number of
atoms Nqntm = ∑

k �=0,σ 〈d†
kσ dkσ 〉 excited from the mean-field

ground state. As shown in Fig. 3(c), squeezing is maximal
when the depletion of the atomic mean-field ground state is
minimal.

Although these results are limited to weak atom-atom in-
teractions, they give clear evidence that atom interactions can
actually be used to enhance squeezing of an external degree of
freedom at finite temperature, in this case a nanomechanical
mode. Further studies beyond the Bogoliubov approach may
not only bring new insight for the present hybrid atom-
optomechanical system, but may also define a new route for
exploring internal-state coupling schemes in Bose-Einstein
condensate-cavity systems [32–34].
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VI. EXPERIMENTAL REALIZATION

Current experimental setups rely on the external-state cou-
pling scheme [2,6,7]. Yet, the observation of the shown results
is possible by measuring the power spectrum of the membrane
displacement, even in these setups. Rather than a transi-
tion between two internal atomic states, the atom-membrane
coupling induces transitions between motional bands of the
atoms with different band index. In order to achieve two-
mode squeezing with a reduced variance of the membrane
displacement, an atomic transition frequency slightly larger
than the membrane frequency is favorable. For the external-
state coupling scheme, a membrane with a frequency of
several hundreds of kilohertz translates to lattice depths of
the order of 2000 recoil energies. This leads to a strong atom
confinement in the corresponding direction and, by tuning
the perpendicular confinement potential, the effective one-
dimensional atom-atom interaction can be tuned.

VII. CONCLUSIONS

We have investigated the effect of finite atom-atom inter-
actions in a two-component atom gas on the nanomechanical
vibrational state of a distant nanomembrane. In the zero-
temperature limit, the spectral density of the quasiparticle
excitations induced by atomic interactions can be determined
within a Bogoliubov approach. The spectral density is gapped
and exhibits a two peak structure with a dominant peak
at the atomic transition frequency and a reduced peak at
the largest attainable frequency in the reduced atomic sys-
tem. We show that, even at finite temperature, the quasi-
particle excitations can be used to enhance the two-mode
squeezing of displacement variance of the nanomembrane,
thereby creating highly nontrivial quantum many-body states
involving a squeezed nanomechanical mode and an inter-
acting atom gas coupled in a hybrid optomechanical setup.
Squeezing of the nanomembrance displacement only occurs
when quasiparticle excitations are possible above the spectral
gap.
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APPENDIX: EFFECTIVE HAMILTONIAN
OF THE HYBRID SYSTEM

In order to obtain an effective Hamiltonian of the hybrid
system, we start from the total system Hamiltonian consisting
of five parts, i.e.,

Htot = Hm + Ha + Hl + Hm-l + Ha-l. (A1)

Each of the first three terms describes one of the three com-
pounds: the nanomembrane, the atomic condensate, and the
light field, respectively. The coupling between the light field

and the membrane or the atoms is described by the last two
terms. The nanomembrane is modeled as a single vibrational
mode with

Hm = �mb†b. (A2)

The atomic part is a condensate of bosonic atoms which have
three relevant internal states marked by σ ∈ {−,+, e}. The
Hamiltonian is given by

Ha =
∑

σ

∫
dz �†

σ (z)
[
Vσ (z) − ωR∂2

z + g

2
n(z)

]
�σ (z), (A3)

with the atomic particle density n(z) = ∑
σ �†

σ (z)�σ (z).
With ωL being the laser frequency and m the mass of the
atoms, the recoil frequency is ωR = ω2

L/2m. Moreover, the
strength of the one-dimensional atom-atom interaction is g

and the potential Vσ (z) includes the energy of the corre-
sponding internal state and an optical lattice potential for the
external spatial atomic degree of freedom. The three internal
atomic states are energetically arranged as shown in Fig. 1.
The light modes have two possible optical polarizations,
which are described by the operators aω, bω and included over
a bandwidth 2θ around ωL. They are described by

Hl =
∫ ωL+θ

ωL−θ

dω �ω[a†
ωaω + b†ωbω], (A4)

with �ω = ω − ωL. All of the above defined operators fulfill
bosonic commutation relations.

An external laser with field strength α and polarization σ−
is included by the linear replacement

aω → aω + δ(ω − ωL)e−iωLtα, (A5)

such that the coupling between the light field and the mem-
brane (atoms) can be linearized. In a reference frame rotating
with the laser frequency, the linearized membrane-light field
interaction takes the form

Hm-l = λmqm

∫
dω√
2π

(
aω + a†

ω + bω + b†ω
)
, (A6)

with the coupling strength λm. After elimination of the auxil-
iary state σ = e, the atom-light field coupling

Ha-l =
∫

dω√
2π

∫
dz sin(z) sin

(
ω

ωL
z

)
[λ−bω�

†
+(z)�−(z)

+ λ−b†ω�
†
−(z)�+(z) + λ+(aω + a†

ω )�†
+(z)�+(z)]

(A7)

consists of several terms describing different effects. The first
two terms lead to transitions between the atomic internal states
under the creation (or annihilation) of a polarized photon. On
the other hand, the last term couples the σ = + internal states
to the photon field quadrature, in a similar manner as in the
external coupling scheme [1]. In assuming low temperatures
β�a � 1, this last term can be consequently neglected for our
following approach.

In order to obtain an effective Hamiltonian that de-
scribes the atom-membrane coupling directly, we adiabati-
cally eliminate the light modes. We start with the linearized
Hamiltonian (A1) in the interaction picture with respect to
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U (t ) = exp {i ∫
dω �ω[a†

ωaω + b†ωbω]t}. The formal solution
of the Schrödinger equation in the interaction picture reads

|ψ (t )I 〉 = T exp

{
−i

∫ t

0
dt ′H (t ′)I

}
|ψ (0)〉, (A8)

with the time-ordering operator T and the index I indicating
the interaction picture. Next, we expand the right-hand side
for small time increments δt . Up to second order, the relevant
terms read

|ψ (δt )I 〉 �
{

1 − i

∫ δt

0
dt H (t )I

−
∫ δt

0
dt

∫ t

0
dt ′H (t )IH (t ′)I

}
|ψ (0)〉. (A9)

Moreover, we assume that the initial state is a prod-
uct state |ψ (0)〉 = |ψ〉a+m ⊗ |vac〉l, where |vac〉l is the
vacuum state of the light field and |ψ〉a+m is an arbi-
trary state in the atom-membrane subspace. Hence we as-
sume aω|ψ (0)〉 = bω|ψ (0)〉 = 0 and define noise-increment
operators

δA(t ) =
∫ t+δt

t

ds

∫
dω√
2π

aω(s)I , (A10)

δB(t ) =
∫ t+δt

t

ds

∫
dω√
2π

bω(s)I , (A11)

δC(t ) =
∫ t+δt

t

ds

∫
dω√
2π

sin( ω
ωL

z)bω(s)I . (A12)

Next, we take the limit δt → 0 and assume that the
noise-increment operators after a time step δt do not de-
pend on their form at the earlier time, which is equiv-
alent to the Markov approximation. Then, we can de-
rive a quantum stochastic Schrödinger equation in the Ito
form with d|ψ (t )〉 = |ψ (t + dt )〉 − |ψ (t )〉. The differential

noise operators, e.g., δA(t ) →δt→0 dA(t ), follow the Ito
rules

dA(t )dA†(t ) = dB(t )dB†(t ) = dt, (A13)

dB(t )dC†(t ) = dC(t )dB†(t ) = sin(z)dt, (A14)

dC(t )dC†(t ) = sin(z) sin(z′)dt. (A15)

Equipped with these relations, the effective Hamiltonian

Heff = �mb†b +
∑
σ=±

∫
dz �†

σ

[
Vσ − ωR∂2

z + g

2
n(z)

]
�σ (z)

− λ−λm

4
qm

∫
dz sin(2z)[�†

+(z)�−(z) + H.c.]

(A16)

is found, where we have neglected a term that describes
long-range interaction induced by the light field. The last
term describes the effective atom-membrane coupling. For
the following, we assume an optical lattice of the form
Vσ (z) = σ�a/2 + V sin(2z)/2 and make the ansatz �σ (z) =∑

j w(z − zj )djσ for the atom field operators with the Wan-
nier function w(z), the lattice sites zj = jπ + π/4, and
bosonic ladder operators djσ . With this ansatz and after a
Fourier transformation dkσ = ∑

j djσ eijk/
√

L, we arrive at
the Hamiltonian given in Eq. (1) of the main text. The hopping
rate is defined via

J =
∫

dz w∗(z − zi )

[
ωR∂2

z − V

2
sin(2z)

]
w(z − zi+1),

(A17)
the local interaction strength

U = g

∫
dz|w(z)|4, (A18)

and the effective atom-membrane coupling

λ = λ−λm

4

∫
dz sin(2z)|w(z)|2. (A19)
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