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The motional electric field experienced by an H+
2 ion moving in a magnetic field induces an electric dipole,

so that one-photon dipole transitions between rovibrational states become allowed. Field-induced spontaneous
decay rates are calculated for a wide range of states. For an ion stored in a high-field (B ∼ 10 T) Penning trap, it
is shown that the lifetimes of excited rovibrational states can be shortened by typically 1–3 orders of magnitude
by placing the ion in a large cyclotron orbit. This can greatly facilitate recently proposed [E. G. Myers, Phys.
Rev. A 98, 010101 (2018).] high-precision spectroscopic measurements on H+

2 and its antimatter counterpart for
tests of CPT symmetry.

DOI: 10.1103/PhysRevA.98.062501

I. INTRODUCTION

The hydrogen molecular ions H+
2 and its isotopes (HD+,

D+
2 ) have long since been identified as a highly promising

system for fundamental physics tests. High-precision spec-
troscopy of rovibrational transitions can be used to determine
the proton-electron and deuteron-electron mass ratios [1,2]
and probe their possible time variation [3–5]. Furthermore,
measuring an appropriate set of transitions in H+

2 and HD+

would allow a determination of the proton and deuteron
charge radii and the Rydberg constant [6] and thus may con-
tribute to resolving the existing discrepancies on their values
[7–11]. Spectroscopy of H+

2 compared with its antimatter
counterpart H̄−

2 was recently proposed for improved tests of
CPT symmetry [12].

Theoretical predictions of rovibrational transition frequen-
cies have surpassed the 10−11 accuracy level [13] which
already allows for an improved determination of mass ratios
[14,15]. In HD+, experiments with ultracold trapped ions
have reached a precision of 10−9 [16,17] and more recently
5×10−10 [18]. Studies on H+

2 [19–23] have been so far
performed by different techniques yielding lower accuracies.
The main obstacle faced by ultrahigh-resolution spectroscopy
of trapped H+

2 (or H̄−
2 ) is quantum state preparation, due to

the fact that, unlike in the heteronuclear HD+, rovibrational
transitions are not dipole allowed. As a result, rovibrational
states of vibration quantum number v � 1 have very long
lifetimes typically of the order of 10 days [24,25]. It would
take several months for an ion produced in, e.g., v = 10 to
decay down to v = 0. Pure rotational transitions for lower
values of rotational quantum number L are even slower, the
rotational levels of v = 0 with L < 8 having lifetimes greater
than one year, for example. In addition, optical pumping
methods for cooling the internal degrees of freedom [26] are
not available. One solution [27] consists of creating the ions
directly in the desired rovibrational state by state-selective
multiphoton ionization (REMPI) of H2 [28,29]. However, no
selective production scheme is available for antimatter H̄−

2

ions [12]. Rovibrational cooling by cold He buffer gas has also
been proposed [30] but is again not well suited for antimatter
ions.

In this paper we study another rovibrational relaxation
process relevant for experiments performed in a Penning trap,
first proposed in [12]. The idea is to exploit the motional
electric field experienced by an ion as it moves in a magnetic
field. This electric field polarizes the ion [31] making one-
photon rovibrational decay allowed. The Stark quenching
process is much less efficient in H+

2 as, e.g., for the 2S state in
hydrogen [32] because the mixing of 1sσg rovibrational states
induced by the electric field occurs with excited electronic
states and is very weak. Nevertheless, our results show that
rovibrational decay can typically be accelerated by at least
one order of magnitude in a high-field (B ∼ 10 T) Penning
trap.

In the following we present the calculation of decay rates
for a wide range of rovibrational states. The paper is structured
as follows: the theoretical expression of the decay rate is
derived in Sec. II. The numerical method is described in
Sec. III. Results are presented in Sec. IV, and their experi-
mental implications briefly discussed. Throughout we use the
notation (v, L) for rovibrational states instead of the usual
molecular physics notation (v,N ) in order to facilitate the
comparison with earlier theoretical works. Here N denotes
the length of the variational basis used to solve the three-body
Schrödinger equation for H+

2 (see Sec. III).

II. THEORY

A. Motional electric field

We consider an H+
2 ion in a Penning trap with a uniform

magnetic field B0 along the z axis, placed in a cyclotron orbit
of radius rc. The ion’s velocity is

v(t ) = qB0rc

m
[sin(ωct )ex + cos(ωct )ey], (1)
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where ωc = qB0/m is the cyclotron frequency. The moving
ion experiences a motional electric field

E0(t ) = v(t ) × B0 = E0[cos(ωct )ex − sin(ωct )ey], (2)

with E0 = qB2
0 rc/m. This electric field can be expressed in

terms of the standard polarizations

ε±1 = ∓ 1√
2

(ex ± iey). (3)

One gets

E0(t ) = E0√
2

(e−iωctε−1 + H.c.). (4)

Decay induced by the field E0(t ) can be understood as a
two-photon process whereby a “cyclotron” photon of energy
h̄ωc is emitted (or absorbed) and another is spontaneously
emitted. Since the cyclotron frequency is very small with
respect to rovibrational transition frequencies in H+

2 , one may
approximate E0(t ) by a static field

E0 = E0√
2

(ε−1 − ε1). (5)

B. Dipole matrix elements

A rovibrational state (v, L) of H+
2 supported by the ground

(1sσg) electronic curve will be mixed by the motional elec-
tric field with states of opposite parity supported by excited
electronic curves. At the first order of perturbation theory, the
perturbed wave function may be written as∣∣ψ (1)

v,L,M

〉 = |ψv,L,M〉 + 1

Ev,L − H
d · E0|ψv,L,M〉. (6)

As a result, one-photon transitions between rovibrational
states become dipole allowed. Keeping only leading-order
terms, the transition dipole moment is〈

ψ
(1)
v′,L′,M ′

∣∣d·ε∣∣ψ (1)
v,L,M

〉
= E0

(
〈ψv′,L′,M ′ |d·ε 1

Ev,L − H
d·ε0|ψv,L,M〉

+ 〈ψv′,L′,M ′ |d·ε0
1

Ev′,L′ − H
d·ε|ψv,L,M〉

)
, (7)

where ε0 = (ε−1 − ε1)/
√

2. This can be written in terms
of the two-photon transition operator Qε1ε2 (ω1, ω2)
[33,34]:〈

ψ
(1)
v′,L′,M ′

∣∣d·ε∣∣ψ (1)
v,L,M

〉 = E0〈ψv′,L′,M ′ |Qε0ε (0, ω)|ψv,L,M〉,
(8)

where h̄ω = Ev,L − Ev′,L′ , and

Qε1ε2 (ω1, ω2) = Qε2ε1 (ω1) + Qε1ε2 (ω2), (9)

Qε2ε1 (ω1) = d·ε2
1

Ev,L − h̄ω1 − H
d·ε1. (10)

C. Properties of the two-photon transition operator

Since this operator couples twice the vector operator d,
it may be written as a sum of operators of rank 0, 1, and 2.

Furthermore, one can decompose it into its symmetrical and
antisymmetrical parts [33]

Qε1ε2 (ω1, ω2) = QS
ε1ε2

(ω1, ω2) + QA
ε1ε2

(ω1, ω2), (11)

QS
ε1ε2

(ω1, ω2) = 1
2 [Qε1ε2 (ω1, ω2) + Qε2ε1 (ω1, ω2)], (12)

QA
ε1ε2

(ω1, ω2) = 1
2 [Qε1ε2 (ω1, ω2) − Qε2ε1 (ω1, ω2)]. (13)

Then QS
ε1ε2

(ω1, ω2) is decomposed into operators of ranks 0
and 2, while QA

ε1ε2
(ω1, ω2) is of rank 1.

Selection rules for Stark-induced decay are thus identical
to those of two-photon transitions [35], i.e., �L = 0,±2 for
rovibrational transitions within the 1sσg electronic state. L =
0 → L′ = 0 transitions only involve the scalar component of
the two-photon operator, while L → L ± 2 transitions only
involve the rank 2 component. The L → L transitions with
L � 1 are the most complicated cases, involving all three
terms (rank 0, 1, and 2).

We define the scalar (Q(0)) and tensor (Q(2)) operators
appearing in the decomposition of QS

ε1ε2
by the relationship

QS
00 = Q

(0)
0 + Q

(2)
0 . (14)

The required QS
q1q2

components can then be expressed in
terms of irreducible components Q(0)

q , Q(2)
q . One obtains [5]

QS
±1±1 =

√
3

2
Q

(2)
±2, (15)

QS
±10 =

√
3

2
Q

(2)
±1, (16)

QS
±1∓1 = −Q

(0)
0 + 1

2Q
(2)
0 . (17)

Similarly, for the antisymmetrical part QA
ε1ε2

we define the
vector operator Q(1) by the relationship

QA
−10 = Q

(1)
−1 (18)

and the QA
q1q2

components can be expressed in terms of
irreducible components Q(1)

q [33],

QA
±10 = ∓Q

(1)
±1, (19)

QA
±1∓1 = ∓Q

(1)
0 . (20)

Finally, we set

Qs = 〈v′L′||Q(0)||vL〉√
2L′ + 1

, (21)

Qv = 〈v′L′||Q(1)||vL〉√
2L′ + 1

, (22)

Qt = 〈v′L′||Q(2)||vL〉√
2L′ + 1

. (23)
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D. Decay rates

The decay rate (or Einstein coefficient A) of a given state (v, L,M ) associated with a transition towards a state (v′, L′)
(in s−1) is given by

Av,L,M,v′,L′ = 2ω3

3ε0hc3

∑
M ′,ε

|〈ψv′L′M ′ |d·ε|ψv,L,M〉|2. (24)

In the usual case of spontaneous emission in an isotropic environment, the decay rate does not depend on M , but here anisotropy
arises from the fact that the electric field E0 is polarized perpendicularly to the z axis.

In the simplest case L = L′ = 0 we get

Av,L=0,M=0,v′,L′=0 = 2ω3

3ε0hc3
E2

0Q
2
s . (25)

For L′ = L ± 2:

Av,L,M,v′,L′ = 2ω3

3ε0hc3

E2
0

2

∑
M ′,q

(∣∣〈v′L′M ′|QS
−1q (0, ω)|vLM〉∣∣2 + ∣∣〈v′L′M ′|QS

1q (0, ω)|vLM〉∣∣2)

= ω3

3ε0hc3
E2

0

{
3

2

∣∣〈v′L′M+2|Q(2)
2 |vLM〉∣∣2 + 3

2

∣∣〈v′L′M−2|Q(2)
−2|vLM〉∣∣2

+ 3

4

∣∣〈v′L′M+1|Q(2)
1 |vLM〉∣∣2 + 3

4

∣∣〈v′L′M − 1|Q(2)
−1|vLM〉∣∣2 + 1

2

∣∣〈v′L′M|Q(2)
0 |vLM〉∣∣2

}

= ω3

3ε0hc3
E2

0

{
3

2
|〈LM22|L′M + 2〉|2 + 3

2
|〈LM2 − 2|L′M − 2〉|2

+ 3

4
|〈LM21|L′M + 1〉|2 + 3

4
|〈LM2 − 1|L′M − 1〉|2 + 1

2
|〈LM20|L′M〉|2

}
Q2

t . (26)

One can show that the averaged decay rate Āv,L,v′,L′ = (
∑L

M=−L Av,L,M,v′,L′ )/(2L + 1) is

Āv,L,v′,L′ = ω3

3ε0hc3
E2

0Q
2
t

2L′ + 1

2L + 1
. (27)

Finally, for L′ = L � 1 the spontaneous emission rate is

Av,L,M,v′,L = 2ω3

3ε0hc3
E2

0

∑
M ′

∣∣〈v′LM ′|QS
ε0ε

(0, ω)|vLM〉 + 〈v′LM ′|QA
ε0ε

(0, ω)|vLM〉∣∣2

= 2ω3

3ε0hc3

E2
0

2

∑
M ′,q

∣∣〈v′LM ′|QS
−1q |vLM〉 + 〈v′LM ′|QS

1q |vLM〉 + 〈v′LM ′|QA
−1q |vLM〉 + 〈v′LM ′|QA

1q |vLM〉∣∣2

= ω3

3ε0hc3
E2

0

{
3

2
(|〈LM22|LM + 2〉|2 + |〈LM2 − 2|LM − 2〉|2)Q2

t

+
∣∣∣∣∣
√

3

2
〈LM21|LM+1〉Qt − 〈LM11|LM+1〉Qv

∣∣∣∣∣
2

+
∣∣∣∣∣
√

3

2
〈LM2 − 1|LM−1〉Qt + 〈LM1 − 1|LM−1〉Qv

∣∣∣∣∣
2

+
∣∣∣∣−Qs + 1

2
〈LM20|LM〉Qt + 〈LM10|LM〉Qv

∣∣∣∣
2

+
∣∣∣∣−Qs + 1

2
〈LM20|LM〉Qt − 〈LM10|LM〉Qv

∣∣∣∣
2
}

. (28)

The averaged decay rate is

Āv,L,v′,L = ω3

3ε0hc3
E2

0

(
2Q2

s + Q2
t + 4

3
Q2

v

)
. (29)

III. NUMERICAL METHOD

We now present the calculation of two-photon reduced matrix elements. Our numerical method has been previously described
in Refs. [5,35,36], and we briefly recall the main points here. The three-body Schrödinger equation is solved using the following
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variational expansion of the wave function:

�LM (r1, r2) =
∑

l1+l2=L

Y l1l2
LM (r1, r2)RL

l1l2
(r1, r2, r12),

RL
l1l2

(r1, r2, r12) =
Nl1∑
n=1

{Cn Re[e−αnr12−βnr1−γnr2 ] + Dn Im[e−αnr12−βnr1−γnr2 ]}. (30)

r1, r2, r12 are the interparticle distances, and Y l1l2
LM (r1, r2) = r

l1
1 r

l2
2 Y

l1l2
LM (r̂1, r̂2), where Y

l1l2
LM is a bipolar spherical harmonic. The

complex exponents αn, βn, γn are generated pseudorandomly in several intervals. All parameters, i.e., interval bounds and
the number of basis functions Ni,l1 in each interval i and angular momentum subset {l1, l2} (keeping the total basis length
N = 2

∑
i,l1

Ni,l1 constant), have been optimized for a few tens of states. This yielded accuracies of 10−12 a.u. or better on the
energy levels of all 201 rovibrational levels considered here using basis lengths N = 2000–3500.

For the calculation of two-photon matrix elements, the following three terms, which correspond to the possible values L′−1,
L′+1, L′ for the angular momentum of the intermediate state, are evaluated numerically:

a0,± = 1√
(2L + 1)(2L′ + 1)

[〈v′L′‖d(EvL − HL′′ )−1d‖vL〉 + 〈v′L′‖d(Ev′L′ − HL′′ )−1d‖vL〉], (31)

where HL′′ denotes the restriction of the Schrödinger Hamiltonian H to a subspace of angular momentum L′′, and a0, a+, a−,
respectively, correspond to L′′ = L′, L′ + 1, L′ − 1. Basis lengths NL′′ = 2000–3000 are typically used for HL′′ which is more
than sufficient to obtain these quantities with five significant digits. The reduced matrix elements of Q(k) are related to a−, a+,
a0 in the following way:

〈v′L‖Q(0)‖vL〉√
2L + 1

= 1

3
(a− + a0 + a+), (32)

〈v′L‖Q(1)‖vL〉√
2L + 1

=
√

L(L + 1)

[
a−
L

+ a0

L(L+1)
− a+

L ! +1

]
, (33)

〈v′L + 2‖Q(2)‖vL〉√
2L + 5

= −
√

2(2L + 1)

3(2L + 3)
a−, (34)

〈v′L‖Q(2)‖vL〉√
2L + 1

= −1

3

√
(2L + 3)(2L − 1)L(L + 1)

[
a−

L(2L − 1)
− a0

L(L + 1)
+ a+

(2L + 3)(L + 1)

]
, (35)

〈v′L − 2‖Q(2)‖vL〉√
2L − 3

= −
√

2(2L + 1)

3(2L − 1)
a+. (36)

IV. RESULTS AND DISCUSSION

The range of rovibrational states was chosen in order
to provide all the results relevant to any of the following
experimental situations:

(1) H+
2 ions produced by electron-impact ionization of H2.

This process has been shown to create ions predominantly in
v = 0–12, L = 0–4 with only ∼1% probability of populating
higher vibrational states [37].

(2) H̄−
2 antimatter ions produced through the reaction

H̄+ + p̄ → H̄−
2 + e+, as proposed in [12], using H̄+ ions to

be produced in the GBAR experiment [38]. The reaction
being exothermic by 1.896 eV, the H̄−

2 ion will be produced
with v = 0–8 and L = 0–27, with low v, high L states being
favored.
The two-photon matrix elements Qs , Qv , and Qt were cal-
culated for all the required states [39]. The corresponding M-
averaged decay rates A/(B4

0 r2
c ) in s−1 T−4 mm−2 are given in

the following tables for L → L′ =L−2 (�v=v−v′ =0, 1, 2,
Tables I–III), L → L′ = L (�v = 1, 2, Tables IV and V),

and L → L′ = L + 2 transitions (�v = 1, 2, Tables VI and
VII). The total decay rates Āv,L = ∑

v′,L′ Āv,L,v′,L′ are given
in Table VIII.

The decay rates decrease sharply with increasing �v, as
previously observed in the case of two-photon transitions [40].
Decay towards v′ = v − 3 states was also included in the total
rates of Table VIII. However, since the fractional contribution
of �v = 3 transitions to the overall decay rates amounts to
less than 10−3 in all cases, these decay rates are not reported
here.

The dependence of the decay rates on the magnetic quan-
tum number M is illustrated in Fig. 1. One can see that the
decay rate increases with |M|.

These results can be used to precisely model the time
evolution of H+

2 (or H̄−
2 ) rovibrational populations from initial

conditions corresponding to different production schemes.
Such a study is outside the scope of the present paper, but
it is already possible to draw some qualitative conclusions.
Figure 2 shows both zero-field and Stark-quenched lifetimes
of selected rovibrational states, for a magnetic field value

062501-4



STARK QUENCHING OF ROVIBRATIONAL STATES OF H … PHYSICAL REVIEW A 98, 062501 (2018)

TA
B

L
E

I.
A

ve
ra

ge
d

de
ca

y
ra

te
s
Ā
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FIG. 1. Normalized decay rate Av,L,M,v′,L′/Āv,L,v′,L′ for L = 27,

L′ = 25 (blue circles), L = 25, L′ = 27 (red triangles), and
v = 1, L = 25, v′ = 0, L′ = 25 (green squares). Note that the M

dependence is independent of v and v′ for �L = ±2 [see Eq. (26)],
but not for �L = 0 [Eq. (28)].

B0 = 8.5 T and a cyclotron radius rc = 2 mm which cor-
respond to the parameters of the Penning trap operated in
Tallahassee [41].

One may observe that Stark quenching is most efficient
for excited vibrational states, leading to lifetimes of, e.g.,
less than 1 h for v = 8, a few hours for v = 4, and a few
days for v = 1. This represents a reduction by 1–2 orders of
magnitude with respect to the zero-field lifetime. Quenching
of the vibrational motion down to v = 0 may thus be ex-
pected to occur within ∼1 week in present-day Penning traps.
Quenching of the rotational motion is significantly slower,
with lifetimes ranging from ∼10 h for (v = 0, L = 27) up
to ∼23 years for (v = 0, L = 2). Thus for manipulation of
antimatter molecular ions which may be formed in high-L
states [12] it would be useful to transfer the ions to a larger
trap where the ions could be placed in a cyclotron orbit of very
large radius. For example, for B0 = 10 T and rc = 20 mm, the
lifetimes would range from ∼3 min for (v = 0, L = 27) to ∼7
days for (v = 0, L = 3). Rotational quenching down to L = 1
or 2 could thus occur in about 1 week.

In conclusion, our results indicate that vibrational quench-
ing of H+

2 or its antimatter counterpart may be achieved
within ∼1 week in existing Penning trap apparatus, and that
rotational quenching is achievable over a similar timescale in
a specially designed apparatus allowing for larger cyclotron

FIG. 2. Stark lifetimes of H+
2 rovibrational states for an ion in a

cyclotron orbit of radius rc = 2 mm in a magnetic field B0 = 8.5 T
are shown by thick red lines. For comparison, the zero-field lifetimes
(taken from [24]) are shown by thin black lines. Circles, squares,
diamonds, and triangles, respectively, stand for v = 0, 1, 4, and 8.

radii. This opens new possibilities for ultrahigh resolution
spectroscopy of the simplest (anti)-molecule. Rovibrational
Stark quenching of H+

2 (and other homonuclear diatomic
molecular ions) could also be significant if they are stored in
heavy-ion storage rings in which the bending sections have
comparably large values of B4

0 r2
c .

Finally, it is worth noting that, although we have focused
on the case of an H+

2 ion orbiting in an external magnetic
field, the results presented here may readily be applied to
calculate its decay rates in an external static electric field
E0. Since the decay rate of a particular M state depends
on the electric field polarization, Eqs. (26) and (28) have to
be adapted to the specific case under study. However, the
averaged decay rates are independent of the field polarization,
so that Eqs. (25), (27), and (29) may be directly applied. The
results of Tables I–VIII can also be directly exploited using
the relationship E0 = qB2

0 rc/m.
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