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The ability to entangle quantum systems is crucial for many applications in quantum technology, including

quantum communication and quantum computing. Here, we propose a simple and versatile setup for determin-
istically creating Bell and Greenberger-Horne-Zeilinger states between photons of different frequencies in a
two-step protocol. The setup consists of a quantum bit (qubit) coupled ultrastrongly to three photonic resonator
modes. The only operations needed in our protocol are to put the qubit in a superposition state and then tune its

frequency in and out of resonance with sums of the resonator-mode frequencies. By choosing which frequency
we tune the qubit to, we select which entangled state we create. We show that our protocol can be implemented
with high fidelity using feasible experimental parameters in state-of-the-art circuit quantum electrodynamics.
One possible application of our setup is as a node distributing entanglement in a quantum network.
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I. INTRODUCTION

Quantum entanglement [1] plays a key role in quantum
communication [2], quantum computing [3-5], and other
quantum information processing [6-8]. To give just a few
examples, quantum teleportation [9], quantum key distribu-
tion [10], quantum secret sharing [11], quantum secure direct
communication [12,13], and quantum repeaters [14,15], are
some of the quantum communication protocols that require
entangling quantum systems.

The simplest examples of entangled states are known as
Bell states. They are four maximally entangled states involv-
ing two quantum bits (qubits, two-level systems with ground
state |0) and excited state |1)):
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The Bell states are of fundamental importance in both quan-
tum cryptography and quantum teleportation. With N > 3
qubits, maximally entangled states such as the Greenberger-
Horne-Zeilinger (GHZ) states [16,17],
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are not only of intrinsic interest but also of great practical
importance. New systems and methods for preparing and
measuring such entangled states have therefore been sought
intensively for a long time [19—46], and remains a very active
field of research. In recent years, entanglement of ten or more
qubits has been demonstrated in various experimental setups
[47-51].

In this article, we propose a simple method for the deter-
ministic preparation of Bell and GHZ states using ultrastrong
coupling (USC) [52,53] between light and matter. In this
regime of light-matter interaction, the coupling strength g be-
comes comparable to the bare transition frequencies  in the
system. In the past decade, USC has been realized in several
experimental systems [52], including intersubband polaritons
[54-57] and Landau polaritons [58—60] in quantum wells,
superconducting circuits [61-65], organic cavities in photonic
cavities [66—69], and optomechanical systems [70,71]. Out
of these systems, we believe our proposal is most suited for
superconducting circuits, i.e., the circuit version of cavity
quantum electrodynamics (QED) [72] known as circuit QED
[7,73]. The reason for this is that the circuit-QED experiments
are the only ones that have demonstrated USC with single
(although artificial) atoms.

Although USC leads to much interesting physics [74-92],
in this article, we are only using the fact that it enables
higher-order processes that do not conserve the number of
excitations in the system [93-99]. These processes include
multiphoton Rabi oscillations [95], a single photon excit-
ing two spatially separated qubits [96], and analogs of al-
most all nonlinear-optics phenomena [97], including various
frequency-conversion schemes [99].

Our proposal for generating Bell and GHZ states builds
on ideas from Refs. [98,99]. In Ref. [99], we showed how to
realize frequency conversion of photons in two resonators (or
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resonator modes) ultrastrongly coupled to a single qubit, and
that these processes can be well controlled by tuning the qubit
frequency in and out of resonance conditions for these pro-
cesses. The ability to tune the qubit frequency in this way
is available in many circuit-QED experiments. In the present
work, we consider setups with the qubit coupled ultrastrongly
to two or three resonator modes. The key difference to
Ref. [99], which allows us to create various entangled states
between photons in the different resonator modes, is that
we first prepare the qubit in a superposition, and then use
frequency-conversion processes to transfer this superposition
to the photons.

For example, to prepare a Bell state with photons in the
first two resonator modes, we first prepare the qubit in a su-
perposition state with equal amplitudes for being in the ground
state and for being in the excited state. We then tune the qubit
frequency to equal the sum of the transition frequencies for
the two resonator modes. This resonance condition enables
a higher-order process that transfers the qubit excitation to
photons in the resonator modes and back in a Rabi oscillation.
By detuning the qubit just when the excitation is fully in the
resonator modes, we end up with a Bell state of the type shown
in Eq. (1).

Our proposed setup is a simple and versatile entanglement
generator. The only operations required are to prepare one
qubit in a superposition state and then tune it in and out of
resonance. The same setup can both generate Bell states for
any pair of resonator modes and GHZ states for all the modes.
The only part of the protocol that needs to be adjusted, to
choose which entangled state to generate, is to which value
the qubit frequency is tuned. This could be useful in quantum
information processing, e.g., for distributing entanglement at
a node in a quantum network [100,101]. Our setup is also
versatile in the sense that we can generate entanglement
between photons of several different colors (the frequen-
cies are given by the resonator-mode frequencies); it could
be said that we create “rainbow” entangled states, similar
to Ref. [26].

This article is organized as follows. In Sec. II, we describe
our system in detail. We plot the energy levels of the system
Hamiltonian to illustrate how tuning the qubit frequency en-
ables the different entangling processes we want, and we give
analytical expressions for the effective interaction strength
for these processes, which sets the time needed to create the
entangled state. We also describe how we model losses in the
system. In Sec. III, we explain the details of our protocol for
entanglement generation and present results of full numerical
simulations of these protocols, using experimentally feasible
parameters and including losses of varying degree. We then
conclude and give an outlook for future work and applications
in Sec. IV. The analytical calculations for the effective interac-
tion strengths are presented in detail in Appendixes A and B.

II. DESCRIPTION OF THE MODEL

A. Hamiltonian

We consider a quantum system consisting of three non-
degenerate resonator modes (labeled a, b, ¢) coupled ultra-
strongly to a two-level system (a qubit, labeled g), possibly

with symmetry-broken potentials. The Hamiltonian describ-
ing this system is the generalized quantum Rabi Hamiltonian
(h = 1 throughout this article)
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where w; is the transition frequency of resonator mode j, w,
is the qubit frequency, and g; is the strength of the coupling
between resonator j and the qubit. The operators a, 15, and
¢ (af, bt, and ¢') are the annihilation (creation) operators
of the resonator modes a, b, and c, respectively. The qubit
degrees of freedom are described by the Pauli matrices &, and
6. The angle 6 parametrizes the amount of longitudinal and
transversal coupling between the qubit and the resonators.

This mix of longitudinal and transversal coupling can
be realized in circuit-QED experiments with flux qubits
[61,62,64,102—-104]. Note that the presence of the longitudinal
coupling term in Eq. (5) is necessary to generate photonic
Bell states in our scheme, since that requires converting one
qubit excitation into two photons, which neither conserves the
number of excitations in the system nor their parity. However,
to generate photonic GHZ states, the transversal coupling,
which conserves parity, is sufficient, since in this case one
qubit excitation is converted into three photons. Thus, if one
only wishes to generate GHZ states, the standard quantum
Rabi Hamiltonian (0 = 0) for multiple resonator modes can
be used.

B. Master equation and numerical methods

To include the effect of decoherence in our system, we
use a master equation on the Lindblad form in our numeri-
cal simulations. Following Refs. [105-107], we express the
system-bath interaction Hamiltonian in the basis formed by
the energy eigenstates of H from Eq. (5). By applying the
standard Markov approximation and tracing out the reservoir
degrees of freedom, we arrive at the master equation for the
density-matrix operator p(¢),

p(t) = —ilH, p(0)] + Kk, DIX;16(1) + kyDIX; 15(t)
+kDIX71p(t) + yDIST1p(1), (6)

where the constants «,, kp, k. and y correspond to the damp-
ing rates of the resonator modes and the qubit, respectively.
The superoperator D is defined as

D[01p = 320p0" = 0T0p - p0O'0), (1)
and the dressed lowering operators O = X, X, , X7, §~ are
defined in terms of their bare counterparts 6 = a, 13, ¢,6_ as
[107]

0= > (Wnl(6+0")|W,) W) (W], ®)

E,>E,

where |¥,) (n € N) are the eigenvectors of A and E, the
corresponding eigenvalues. Note that, in the USC regime,
using the bare operators directly in the master equation leads
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to unphysical effects, such as eternal production of photons
from the ground state of the system [106,107].

In writing the master equation, we have assumed that
the environment that the system interacts with is at zero
temperature, 7 = 0. If needed to better model experiments,
the master equation can be extended to account for nonzero
temperatures [108].

The spectrum and the eigenstates of H are obtained by
standard numerical diagonalization of Eq. (5) in a truncated
finite-dimensional Hilbert space. The truncation is realized by
finding the number of states needed to ensure that the lowest-

energy eigenvalues and the corresponding eigenvectors, which
are involved in the dynamical processes investigated here,
are not significantly affected by the truncation. Thereafter,
the density matrix in the basis of the system eigenstates is
truncated such that all higher-energy eigenstates which are not
populated during the dynamical evolution are omitted.

C. Energy levels and effective interaction strengths

To show the basic mechanism for our proposed
entanglement-generation scheme, we plot in Fig. 1(a) some
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FIG. 1. Energy levels and avoided level crossings for our system. (a) The relevant energy levels for our entanglement-generation protocol,
normalized by w, and plotted as a function of the qubit frequency w,. The transition frequencies of the three resonator modes are kept fixed.
The plot is obtained by numerical diagonalization of the Hamiltonian in Eq. (5). All parameters used for the calculation are provided in the
text. Panels (b), (c), (d), and (e) are zoom-ins of the areas marked by red, black, green, and yellow circles, respectively, in panel (a). These
avoided level crossings, which occur when the qubit frequency equals the sum of some of the resonator-mode frequencies, indicate an effective
coherent coupling between qubit and photonic states, which we can use for entanglement generation.
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of the lowest-energy levels of our system as a function of
the qubit frequency w,. The parameters used in the plot are
wp = 1.5w,, w, = 1.75w,, g = 0.1w,, and 6 = /6.

The lowest-energy horizontal line in the plot corresponds
to the state with one photon each in the first two resonator
modes, no photon in the third resonator mode, and the qubit
in its ground state. We denote this state by

|I/f1,g):|],l,0,g), (9)

where on the right-hand side the first three entries are the
number of photons in the resonator modes a, b, and c, re-
spectively, and the last entry is the qubit state. To distinguish
the qubit state from the photonic states, we hereafter denote
the qubit ground state |g) and the excited state |e). Adopting
this notation, the second, fourth, and eighth horizontal lines
correspond to, respectively,

|w27g>= |170917g>7 (10)
|1/f37g>:|07]917g>’ (1])
|Ya, 8) = 11,1, 1, g). (12)

We note that these eigenstates can differ from the bare
eigenstates due to the dressing effects induced by the counter-
rotating terms in the interaction part of the Hamiltonian in
Eq. (5). These differences between bare and physical states
occur, more or less, for all the energy eigenstates [91]. For
example, the bare state |v;)|g), describing the excitation of
the first two resonator modes in the absence of interaction with
the qubit, differs from the dressed state |, g) corresponding
to the excitation of the first two physical resonator modes
in the presence of interaction with the qubit. A signature of
this dressing is the slight difference between the sum of the
bare frequencies w, + wp = 2.5w, and the lowest horizontal
energy level (v &~ 2.5w,) displayed in Fig. 1(a). To remove
any ambiguity here and in the following sections, we here list
the definitions we use for purely photonic states that do not
include the qubit:

[¥0) = 10,0,0), (13)
Y1) =11, 1,0), (14)
[¥2) = 1,0, 1), (15)
[¥3) =10, 1, 1), (16)
[Va) =11, 1, 1). amn

As w, increases in Fig. 1(a), the energy level associated
with the state

thve) = |Os 0’ Ov e) (18)

rises to meet the energy levels corresponding to, from left
to right, |V, g), |¥2, ), |¥3, g), and |Yy, g). The result is
several avoided level crossings, marked by colored circles in
the plot.

1. Second-order processes: Bell states

In Figs. 1(b)-1(d), we show enlarged views of the regions
marked by the red, black, and green circles in Fig. 1(a).
These avoided level crossings arise due to coherent coupling
between the state |1, ¢) and the states |y, g), |2, g), and
|3, g), respectively, and occur at the points where the qubit

frequency equals the sum of two of the resonator-mode fre-
quencies. Explicitly, we have the resonance conditions

Wy = W, + wyp 19)
in Fig. 1(b),

Wy > w4 + W (20)
in Fig. 1(c), and

Wy >~ wp + W, 2n

in Fig. 1(d). The reason for these equalities being approximate
and not exact is that the coupling between the qubit and
photons slightly shifts the energies of the eigenstates of the
system.

The essential point for entanglement generation is that
the coherent coupling makes it such that, when the level
splitting of the avoided level crossing is at its minimum, the
eigenstates of the system are symmetric and antisymmetric
superpositions of the states |y, e) and |¥,, g) (n = 1, 2, 3).
This is confirmed by numerical calculations. Thus, if we
first initialize the system in [y, e), and then tune the qubit
frequency such that |y, e) becomes resonant with |y, g)
(n =1, 2, 3), we will observe Rabi oscillations back and forth
between |Yg, e) and |¢,, g). By initializing the system in
a superposition of |, e) and |0, 0, 0, g), this allows us to
create Bell states for photons in two resonator modes, as
explained further below in Sec. IITA.

The coherent coupling at the avoided level crossings is due
to a second-order process involving both the longitudinal and
transversal coupling terms in Eq. (5). A detailed illustration
of this second-order process can be found in Appendix A.
The minimum level splitting at the avoided level crossing
is determined by gé?f), the strength of the effective coupling
between the states |1, e¢) and |, g) induced by the second-
order process. This coupling strength also sets the time scale
for the Rabi oscillations between these states, and thus also the
time scale for the entanglement generation in our protocol.

A good approximation of the effective coupling strength
can be calculated analytically using second-order perturbation
theory, considering all possible paths between the initial state
li) = |Yo)|e) and the final state |f) = |¥,)|g) (n =1, 2, 3),
or vice versa. The details of these calculations are presented
in Appendix A. For n = 1, the result is

(B) 8a8p(wy + wyp) sin 20

o) = — . 22
8eff Da s (22)

This result illustrates why USC is required for our protocol to
work well. Since the effective coupling is due to a second-
order process, it scales as g2/a), and would thus become
prohibitively small if g < .

Since the perturbation theory uses g/w as its small param-
eter, and we want to increase g/w to generate entanglement
faster, we check numerically how well this analytical result for
the effective coupling strength agrees with the true value. The
result is plotted in Fig. 2. The plot shows geff as a function
of g/w, for g, = g, = g and g. = 0. The red curve is the
analytical result from Eq. (22) and the black dots are the
results from the numerical diagonalization of the Hamilto-
nian in Eq. (5). We see that the analytical result remains a
very good approximation for normalized interaction strengths
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FIG. 2. Comparison between the numerically calculated nor-
malized effective coupling strength gé?f) /w, (black points) and the
corresponding analytical result [Eq. (22)] from second-order pertur-
bation theory (red curve). We used g, = g, = g, g. = 0; all other
parameters are the same as in Fig. 1.

g/w, < 0.2. For larger values of g, the perturbation-theory
calculation that we used is not able to capture the effect
of the interaction modifying the eigenstates of the system,
nor the contribution of processes of third and higher orders to
the effective coupling. However, the entanglement-generation
protocol described in the next section still works as long as we
can prepare the required initial state and we have an effective
coupling between the initial and final states.

2. Third-order process: GHZ state

Panel (e) in Fig. 1 shows an enlarged view of the region
marked by a yellow circle in Fig. 1(a). This level crossing
arises due to a third-order process creating a coherent coupling
between the states |1y, e) and |4, g), and occurs at the point
where w; >~ w, + wp + w.. As before, numerical calculations
confirm that the eigenstates of the system at the point where
the level splitting is at its minimum are the symmetric and
antisymmetric superpositions of the states |1y, ) and |4, g).
This means that we can initialize the system in a superposition
of |9, e) and |0, 0, 0, g), and then transfer the qubit excita-
tion to the three resonator modes to create a GHZ state for the
photons in these modes, as explained in more detail below in
Sec. IITA.

In this case, the level splitting is smaller than before,
since the process is of a higher order than before. The third-
order process responsible for the effective coupling does not
require longitudinal coupling, since |1, ¢) and [y, g) have
the same parity. A detailed illustration showing all transition
paths that contribute to the effective coupling gég) is given in
Appendix B. From third-order perturbation theory with 6 = 0
in Eq. (5), we find

. 48,818:(wy + wp + )
(wg + wp)(wy + o) (wp + wc).

G _
eff —

(23)

The details of the calculations leading to this result are pre-
sented in Appendix B. As expected for a third-order process,
the effective coupling scales as g*/w?, showing that being in

a
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FIG. 3. Comparison between the numerically calculated normal-
ized effective coupling strength gég) /w, (black points) and the cor-
responding analytical result [Eq. (23)] from third-order perturbation
theory (red curve). We used g, = g, = g, = g and 6 = 0; all other
parameters are the same as in Fig. 1.

the USC regime is more important for generation of GHZ
states than for generation of Bell states.

Just as for gé]fzf) above, we compare the analytical result in
Eq. (23) with full numerical calculations to see for which pa-
rameters the perturbation theory gives a good approximation
of the true value for gég). The result of this comparison is
plotted in Fig. 3. Just as in Fig. 2, the red curve is the analytical
result and the black dots are the results from numerical diag-
onalization of the Hamiltonian. We note that the agreement
between the perturbation-theory result and the correct value
remains very good when g/w, < 0.2.

~

III. RESULTS

In this section, we first present the details of our
entanglement-generation protocol. We then present results
from numerical simulations of the protocol for both Bell and
GHZ states, using experimentally feasible parameters and
exploring the effect of losses on the fidelity of the protocol.

A. Entanglement-generation protocol

The entanglement-generation protocol essentially consists
of two steps. The steps in the protocol are the same for both
Bell and GHZ states. The only difference between the two
cases is which resonance condition is used; that determines
whether photons from two or three resonator modes become
entangled.

Step 1. We begin with the system in its ground state with
the qubit frequency far detuned from any resonance with the
resonator-mode frequencies (and their sums), i.e., in the state

[Y¥o)lg) =10,0,0)g). (24)
Then, we rotate the qubit state to a superposition state,
1
V2

where ¢ € R. The idea of the protocol is to transfer this qubit
superposition to several photons.

[¥0)(Ig) +ie'?le)), (25)
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TABLE I. Three Bell states whose generation we simulate in Fig. 4, the resonance conditions for their creation, and the qubit-photon

coupling strengths used in the simulations.

Bell state

Resonance condition

Qubit-photon couplings

Biio = %(W/o) + ei¢|‘//1>)|8>
Bior = %(Wo) + e yn))lg)
By, = ﬁ(lwo) + e ?1ys))lg)

Wy = W, + wp
Wy = W, + 0,

Wy = wp + o

8a=8 =8 8 =0
8a=8 =8 & =0
8 =8 =8, 8=0

Step 2. We then adiabatically tune the qubit frequency into
resonance with the sum of the frequencies of the resonator
modes that we wish to entangle. This will change the system
state to

1
V2

Let us assume that we have tuned the qubit frequency into
resonance with the photonic state |v,) (n =1, 2, 3,4), i.e.,
to one of the marked avoided level crossings in Fig. 1. As
we showed in Sec. II C, this will create an effective coupling
of strength gé]fgf/ % between the states [V, €) and |, g). The
state |y, g) is not affected. The system state will thus undergo
Rabi oscillations and evolve in time as

1
V() = 7

+esin g5/ V1) 1w, 9)]. 27)

After atime r = 7/ 2g;]f3f/ 9. we detune the qubit far from the

resonance. This leaves the system in the state
1
V2

Note that the tuning of the qubit frequency needs to be
adiabatic, just like the tuning into resonance at the beginning
of Step 2, to properly disentangle the qubit and photonic
states. However, this tuning can still be fast enough to quickly
stop the Rabi oscillations, since that only requires making the
detuning from the resonance larger than gé]fgf/ @

The state in Eq. (28) is an entangled state of photons in the
resonator modes. The qubit is no longer entangled with the
photons. For n = 1, 2, 3, the entangled photonic state is a Bell
state for the photons in resonator modes a and b, a and c, or b
and c, respectively. For n = 4, the entangled photonic state is a
GHZ state involving all three resonator modes. We note again
that the case n = 4 does not require the longitudinal coupling
term in Eq. (5), since this process conserves the parity of the
number of excitations in the system.

[yt = 0)) = —=(¥0, &) +ie' |y, e)). (26)

(B/G)

[1¥0, g) + i€ cos (g~ t)1¥ro, €)

(1%0) + €1 ))lg)- (28)

B. Numerical simulations for the Bell states

Here we simulate our protocol for Bell-state generation,
taking into account losses. We do this by solving the master
equation in Eq. (6). The results are presented in Fig. 4. We
use the same parameters for the resonator-mode and qubit
frequencies and coupling strength as in Fig. 1. To simplify the
simulations, we start with the qubit already in a superposition
state and tuned to the desired resonance, but with all couplings
turned off. At the time marked by the vertical gray dashed

line in panels (a)—(c) in Fig. 4, we turn on the coupling to
the two resonator modes that we wish to create a Bell state
for, i.e., at this point, we start from the state in Eq. (26).
Afteratimet =~ m/ Zgngf), we detune the qubit frequency from
the resonance [pink curve in panels (a)—(c) in Fig. 4]. For
clarity, we list in Table I the three Bell states together with
the corresponding resonance conditions and couplings turned
on in the simulations.

In panels (a)—(c) in Fig. 4, we show the time evolution for
the qubit and resonator-mode populations during the whole
protocol. Note that the populations must be calculated using
the dressed operators given in Eq. (8). Panel (a) is for the
generation of the Bell state with photons in modes a and b,
panel (b) is the result for photons in modes a and ¢, and panel
(c) is for the case with photons in modes b and c. In all these
panels, we use the decoherence parameters y = 103w, and
Kg =Kkp =Ke =7Y/2.

To test the robustness of our Bell-state-generation protocol,
we repeated these simulations for different values of the deco-
herence rate y and calculated the fidelity F = /(¥ |p(¢)|¥)
for the desired entangled state |). The results are shown in
panels (a’)—(c’) in Fig. 4. We observe that the protocol works
well as long as y /w, < 1073, producing entangled states with
a fidelity of 90% or above. For larger decoherence rates, the
fidelity becomes markedly lower, since we then enter a regime

where y starts to become comparable to gé]fgf).

C. Numerical simulations for the GHZ state

We now perform numerical simulations also for the GHZ-
state-generation protocol with losses included. We do this in
the same way as for the Bell states in Sec. III B. The results
are plotted in Fig. 5. The resonator-mode frequencies are the
same as in the previous plots, while the qubit frequency is
tuned to the resonance for the GHZ state, w, >~ w, + wp + w..
Since a longitudinal coupling is not required to generate the
GHZ state, we set & = 0. We use a slightly higher coupling
strength, g = 0.12w,, since gég) otherwise would be much

weaker than gég). When the coupling is turned on, marked by
the vertical dashed gray line in panel (a), we set g, = g, =
g. = g. Decoherence is included with qubit and resonator
losses at the same levels as in Fig. 4.

In panel (a) in Fig. 5, we show the time evolution for
the qubit and resonator-mode populations during the whole
protocol. In panel (b), we plot the fidelity for the GHZ state
as a function of time for different decoherence rates. Again,
the protocol works well when y/w, < 1073 (F = 87 % for

~

y/w, = 1073); for larger decoherence rates, the fidelity de-

clines, since y starts to become comparable to gég).
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FIG. 4. Simulations of the protocol for Bell-state generation under the influence of decoherence. The left panels show the number of
excitations in resonator mode a, (2; )A(:) (red dashed-dotted curves), in resonator mode b, ()A( b )?;) (blue solid curves), in resonator mode
c, ()A(;}A(j) (green large-dashed curve), and in the qubit, (§~8+%) (black dashed curve). These are plotted as a function of time during the
creation of the Bell states (a) Bjig, (b) Bioi, and (c) By (see Table I for definition of this notation). In panels (a)—(c), the vertical gray
dashed lines indicate when the coupling between the qubit (which starts in a superposition state) and the relevant resonator modes is turned
on. The pink solid curve shows how the qubit frequency w, is tuned during the protocol. This is given by the smoothed step function w, (1) =
Wq,i + c?co,,{sin2 [A(t — 1)]1O(t — ;) + sin® [A(r — 17)]O(t —t5)}, where w, ; is the initial qubit frequency, dw, is the change of the qubit
frequency, © is the Heaviside step function, #; is the time when the qubit frequency starts to change, t; = t; + w/(2A), and A is a frequency
setting the smoothness. Panels (a’)—(c’) are plots of the fidelities for producing the desired entangled states from panels (a)—(c) given different
decoherence rates. All parameters for the simulations are given in the text.

D. Experimental feasibility

Here we briefly comment on the experimental feasibility
of our entanglement-generation protocol. As described in the
Introduction, circuit-QED systems are the only experimental
setups so far to demonstrate USC with single atoms. We there-
fore limit the discussion here to parameters in circuit-QED

experiments, although our protocol may become possible to
implement in other systems in the future.

As we saw in Secs. III B and III C, the essential require-
ment for generating entangled photonic states with high fi-
delity using our protocol is that the effective coupling gé]f‘)’f/ D is
clearly larger than the decoherence rates in the system. Since
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FIG. 5. Simulations of the protocol for GHZ-state generation
under the influence of decoherence. (a) The number of excitations in
resonator mode a, ()A(; )A(;f) (red dashed-dotted curves), in resonator
mode b, (X b )A(b*) (blue solid curves), in resonator mode c, ()A(;)A(j)
(green large-dashed curve), and in the qubit, (8~ 8+) (black dashed
curve). These are plotted as a function of time during the creation
of the GHZ state. The vertical gray dashed line indicates when the
coupling between the qubit (which starts in a superposition state)
and the resonator modes is turned on. The pink solid curve shows
how the qubit frequency w, is tuned during the protocol; the form of
this curve is the same as in Fig. 4. (b) Fidelities for producing the
desired GHZ state from panel (a) given different decoherence rates.
All parameters for the simulations are given in the text.

circuit-QED systems can reach the USC regime g/w > 0.1,
they can surely realize gp/" /w ~ 1073 — 102 [compare
Egs. (22) and (23)]. When it comes to decoherence rates, flux
qubits have demonstrated relaxation rates as low as y/w ~
107® [109-111]. Similarly, superconducting transmission-line
resonators with relaxation rates on the order of x/w ~ 107°
[112] have been fabricated; three-dimensional resonators for
circuit QED can even reach « /w ~ 1078 [113]. We therefore
expect that our scheme can create photonic Bell and GHZ
states with high fidelity using existing technology.

IV. CONCLUSION AND OUTLOOK

We have presented a simple protocol for the deterministic
preparation of photonic Bell and GHZ states. We do this in
a setup consisting of three resonator modes, all of different
frequencies, coupled to a single qubit. The protocol relies
on this coupling between light and matter being ultrastrong,
which enables higher-order processes that do not conserve the

number of excitations in the system. Using this property, a
superposition state prepared for the qubit can be transferred
to multiple photons in the resonator modes. Our protocol is
versatile, since the same setup, and the same steps, can be
used to generate all these maximally entangled states. The
only thing that changes depending on which entangled state
we wish to create is to which frequency we tune the qubit.
The resonance condition we need is that the qubit frequency
equals the sum of the frequencies of the resonator modes that
are to be entangled.

We have shown that our protocol is ready to be im-
plemented in circuit-QED experiments using state-of-the-art
technology. Seeing as USC is being achieved in more and
more experimental systems, we expect that our protocol will
be useful in other systems as well in the future. We believe
that our protocol could be useful as a method to distribute
entanglement at a node in a quantum network.

It is clear that our protocol can be extended to create
entangled states involving four or more photons of differ-
ent frequencies. This simply requires adding more resonator
modes and tuning the qubit frequency to equal the sum
of these resonator-mode frequencies. However, the effective
coupling strength, which determines how fast we can trans-
fer the superposition state from the qubit to the photons,
will become weaker the more resonator modes are involved.
This is because populating more photonic modes requires
a process of higher order, and the effective coupling scales
as (g/a))”_1 for an nth-order process [97]. Such a weak
effective coupling will only give an entangled state with low
fidelity unless the decoherence rates in the system are even
lower.

It is also interesting to think about whether our protocol
can be extended to create other types of entangled states.
For three photons, the GHZ and W states are the only two
distinct types of maximally entangled states [18]. However,
it is not clear how the idea of our protocol could be used to
create a W state for photons of different frequencies, since
this requires creating a superposition of three different states,
all with different energies.
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APPENDIX A: ANALYTICAL CALCULATION OF THE
EFFECTIVE COUPLING FOR GENERATING BELL
STATES

In this appendix, we calculate the effective coupling rates
gélfgf) for the processes that we use to generate entangled Bell
states between photons in two resonator modes.

1. System

For the Bell-state generation, we only need to consider
two resonator modes, with transition frequencies w, and
wp, respectively, both ultrastrongly coupled to a qubit with
transition frequency w,. The relevant system Hamiltonian is
obtained from Eq. (5), neglecting the third resonator mode:

H = a)a&Ta + a)bbTb + 701

+[8a(@" 4+ @) + gy(b" + b)1(6, cos 6 + &, sinH),
(A1)

where & (a") is the annihilation (creation) operator of the first
resonator mode, b (lA)T) is the annihilation (creation) operator
of the second resonator mode, &, and &, are the Pauli matrices
for the qubit, g, (gp) is the coupling between the first (second)
resonator and the qubit, and 6 is an angle parametrizing
the amount of longitudinal and transversal coupling. The
longitudinal coupling term in this generalized quantum Rabi
Hamiltonian is necessary for the process we have in mind,
since that process neither conserves the number of excitations
in the system nor their parity.

2. Transition paths and perturbation theory

To generate the Bell state, we need a transition between the
states 10,0, e) and |1, 1, g). These two states are connected
via a second-order process. There are four paths connecting
the states to this order, as shown in Fig. 6.

|10e

,,|Ole\\
0,0, ¢€) M|1lg
|109

|019

FIG. 6. Four second-order paths connecting the states |0, 0, e)
and |1, 1, g). Transitions that do not conserve the number of excita-
tions in the system are marked by dashed lines while transitions that
conserve the number of excitations are marked by solid lines. Red
lines mark transitions mediated by the &, part of the coupling and
blue lines mark transitions mediated by the &, part of the coupling.
To set the energy levels, we have used the parameter values w, =
2.5w, and w, = 1.5w,.

We can treat the interaction part of the Hamiltonian in
Eq. (Al),

=[g.(@" +a) + go(b' + b)1(8, cos O + 6.sinh), (A2)
as a perturbation, provided that g,, g < w,, wp, ;. Writing
Vam = (n|V|m), (A3)

from second-order perturbation theory we have that the effec-
tive coupling between the initial state |i) = |0, 0, e) and the
final state | f) = |1, 1, g) is given by

vfn Vni
= Y Ad
et Xn: (El - En) ( )

where the sum goes over all paths shown in Fig. 6. Note that
the initial, intermediate, and final states here are eigenstates
of the unperturbed Hamiltonian. Note also that E; = o, =
Er=w, +w, — zwq when we are at the resonance w, =
w, + wp, which is the case we consider here. The contribu-
tions from the four transition paths add up to

(B)

. 1 1 1 1
8etf = —8a8bsinb cos@(_ 4+ —+ + )
@a @ Wg — Wq

1 1
= —8a8b sin 29<_ + _>
[O7 wp

_ _ 8a8p(@a + wp)sin 20 . s

WqWp

Looking at the denominator of Eq. (AS), we see that g.f —
oo when w, — 0 or w, — 0, i.e., when the qubit becomes
resonant with one of the resonator modes. The perturbation
theory is not valid around those points, nor is it valid when
w, X wy, since the states |2, 0, g) and |0, 2, g) then would
have approximately the same energy as the initial and final
states in the process we considered here. For similar reasons,
we also want to avoid that w, = nw,, v, = mwy, and w, =
kwy, where n, m, k are integers. Finally, we note that, since
the effective coupling is proportional to sin 20, it will reach
its maximum value when 60 = 7 /4 4 nm /2.

APPENDIX B: ANALYTICAL CALCULATION OF THE
EFFECTIVE COUPLING FOR GENERATING GHZ STATES

In this appendix, we calculate the effective coupling rates

gég) for the process that we use to generate an entangled GHZ
state between photons in three resonator modes.

1. System

Our system now consists of three resonator modes, with
transition frequencies w,, wp, and w,, respectively, all ultra-
strongly coupled to a qubit with transition frequency w,. The
relevant system Hamiltonian is obtained from Eq. (5) with
6 =0:

H = w,ata + wpb'h + w, 6%—}—701

+6.08a(@" +a) + go(bT +b) + g.(T + &), (B1)

where a (a1) is the annihilation (creation) operator of the first
resonator mode, b (b') is the annihilation (creation) operator
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FIG. 7. Six third-order paths connecting the states |0, 0, 0O, e)
and |1, 1,1, g). Transitions that do not conserve the number of
excitations in the system are marked by dashed lines while transitions
that conserve the number of excitations are marked by solid lines. To
set the energy levels, we have used the parameter values w, = 4.1,
w, = 1.7w., and w, = 1.4w,.

of the second resonator mode, & (¢1) is the annihilation (cre-
ation) operator of the third resonator mode, 6, and &, are the
Pauli matrices for the qubit, and g; is the coupling between
resonator j and the qubit. For this process, the standard
quantum Rabi Hamiltonian with only transversal coupling
(6 = 0), expanded to include multiple resonator modes, is suf-
ficient, since the process needed for the GHZ-state generation
conserves the parity of the number of excitations.

2. Transition paths and perturbation theory

To generate the GHZ state, we need a transition between
the states |0,0,0,¢e) and |1, 1,1, g). These two states are
connected via a third-order process. There are six paths con-
necting the states to this order, as shown in Fig. 7.

We can treat the interaction part of the Hamiltonian in
Eq. (B1),

V =6.lg.@" +a)+ gp(b' + b) + g.(¢" + &)1,

as a perturbation, provided that g, g, g8 K wq, Wp, W¢, Wg.
From third-order perturbation theory, we have that the effec-

(B2)

tive coupling between the initial state |i) = |0, 0, 0, ¢) and the
final state | f) = |1, 1, 1, g) is given by

an Vnm Vmi
%8 = D G B E, By

n,m

(B3)

where the sum goes over all paths shown in Fig. 7. Note
again that the initial, intermediate, and final states here are
eigenstates of the unperturbed Hamiltonian. Note also that
E;, = %wq =Er=w,+w, +w, — %wq when we are at the
resonance w, = w, + wy, + w., which is the case we con-
sider here. The contributions from the six transition paths

add up to

1

(wla + wp)(wg — w,)

G) _
8etf — gagbgc|:

(wq + wb)(a)q — wp) (wq + a)c)(a)q —wy)
1 1

(wq + wc)(wq — )

(wp + wc)(wq — wp)

1
T on o) @y = wc)]

1
(wq + wp)(@p + @)

= —2gugbgc[

1 1
T o Fo@ +o0) | @0+ on) o + wa}

_ 4g.8p8c(wq + wp + )
(a)a + wb)(wa + wc)(a)b + a)c) '

(B4)

Looking at the denominator of Eq. (B4), we see that
geff —> 00 if two of the three resonator frequencies go to
zero, i.e., when the qubit becomes resonant with one of the
resonator modes. The perturbation theory is not valid around
those points. Nor is it valid when additional states, containing
two or more photons in one of the resonator modes, have
approximately the same energy as the initial and final states
in the process we considered here.
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