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Three-dimensional classical imaging of a pattern localized in a phase space
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In most imaging experiments, the structure of an object is defined in a position space. Such a structural pattern
can be stationary, or for a dynamic object it can be nonstationary with time. An image of such an optically
responsive object can be produced with a lens, therefore such an object can be seen with a camera or by the
human eye. In this paper, we go beyond the conventional notion of imaging. A structural pattern of objects in
our experiment is defined in a phase space, therefore such a pattern cannot be imaged with a lens or a camera,
and the human eye cannot visualize it. A pattern in phase space is produced from object transparencies and
imprinted onto the phase space of an atomic gaseous medium of a Doppler-broadened absorption profile at room
temperature by utilizing velocity-selective hole burning in the absorption profile. The pattern is localized in a
unique three-dimensional phase space, which is a subspace of the six-dimensional phase space. Tomographic
images of the localized phase-space pattern are captured at different momentum locations by a laser light that
has never interacted with actual objects. In addition, imaging of an imprinted phase-space pattern of an object of
nonuniform transmittance is presented.
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Imaging of an absorptive and a transparent object located
in a position space is usually produced from light reflected
or transmitted by the object. A transparent object localized in
a position space can be imaged with phase-contrast imaging
methods in which variations of phase across a transparent ob-
ject are converted to intensity variations [1–5]. Phase-contrast
imaging is a nondestructive [6–9] technique to image a Bose-
Einstein condensate [10–13]. In all such methods of imaging,
light interacting with an object is detected to produce an
image. In this paper, we go beyond imaging in position space
and introduce three-dimensional (3D) tomographic imaging
of a pattern that is localized in a phase space. In this imaging
concept, light used to image the phase-space pattern never
interacts with the actual position space objects. The pattern
is localized in a unique 3D subspace of the six-dimensional
(6D) phase space, involving two position coordinates and one
momentum coordinate. However, the pattern is delocalized in
a 3D position subspace and in a 3D momentum subspace of
the 6D phase space separately. Experiments on imaging of
objects localized only in the position space have been realized
with quantum and classical methods with undetected pho-
tons [14,15] and ghost imaging [16–24]. In all such position
space imaging experiments, a two-dimensional (2D) image is
produced from photons that have never interacted with the
object. The 3D tomographic imaging of a phase-space pattern
presented in this paper can be utilized to store a pattern in
phase space, and it can have practical applications to make a
phase-space memory device.

In the experiment presented in this paper, the pattern
of interest is produced from object transparencies and im-
printed onto the phase space of an atomic gaseous medium
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at room temperature. The experiment is performed by uti-
lizing velocity-selective hole burning [25–32] in a Doppler-
broadened absorption profile of an atomic gaseous medium.
Tomographic images of the pattern localized in a 3D phase
space are then captured with an imaging laser beam. This laser
beam does not interact with actual objects used to produce
the localized phase-space pattern. A pattern of an object of
nonuniform transmittance is also imprinted onto the phase
space of an atomic medium, and the pattern is imaged at a
constant location of momentum.

I. CONCEPT

A localized pattern in a 3D subspace of the 6D phase
space is shown in Fig. 1(a), where a two dimensional position
space is spanned by orthogonal position unit vectors x̂ and
ŷ and a third dimension corresponds to the z component
of momentum, pz. In experiment, pz is the z component of
momentum of atoms. The pattern is stationary with time. A
2D planar section of a localized 3D phase space pattern at a
constant pz represents a tomogram of the localized pattern.
In Fig. 1(a), three different tomograms at three different
momenta are shown. Tomograms with an image of the English
script letters C, A, and T are localized at pz equals to p1,
p2, and p3, respectively. Furthermore, in a 3D position space,
spanned by orthogonal position unit vectors x̂, ŷ and ẑ, each
tomogram is completely delocalized on z-axis that implies,
all images are overlapped with each other and distributed at all
points on z-axis. However, in a 3D momentum space, spanned
by orthogonal unit vectors p̂x , p̂y and p̂z of momentum
components along x̂, ŷ, and ẑ directions, each tomogram
is delocalized in all planes parallel to the px-py plane. A
subspace where the pattern is completely localized is a unique
3D subspace of the 6D phase space, as shown in Fig. 1(a).
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FIG. 1. (a) A pattern localized in a 3D phase space and its three tomograms. (b) Experimental schematic diagram; a linearly polarized
imaging laser beam is overlapped in an atomic gaseous medium with counterpropagating object laser beams. A 2D transverse intensity profile
of the imaging laser beam at different detunings is captured with an EMCCD camera. (c) A 2D transverse intensity profile of the overlapped
object laser beams prior to their entrance into the atomic medium. All three letters are overlapped with each other. (d) Transmittance, for the
imaging laser beam, of the atomic medium in the presence of object laser beams without masks. Three peaks labeled 1, 2, and 3 correspond
to a velocity-selective hole-burning in a Doppler-broadened absorption profile produced by object laser beams of frequencies ν1, νo, and ν2,
respectively.

In remaining 3D subspaces of the 6D phase space the pattern
is delocalized. In this paper, a stationary localized 3D phase
space pattern of interest is produced from objects located
in the position space. The pattern is then imprinted onto
the phase space of an atomic gas obeying Maxwell velocity

distribution, in form of difference of number density of atoms
in ground state and excited state. Tomographic images of the
3D phase space pattern are then imaged with an imaging laser
beam, where by varying the frequency of the laser beam the
location, pz, of the tomogram can be shifted.
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II. EXPERIMENTAL REALIZATION

A. Imprinting of a pattern onto a 3D phase space

A stationary pattern in the phase space of atoms is
produced at room temperature (25 ◦C) by velocity-selective
hole-burning in the Doppler-broadened absorption profile of
an atomic gaseous medium. To understand how a pattern in
phase space is produced, consider a linearly polarized object
laser beam, of frequency νp and transverse intensity profile
Ip(x, y, νp ), propagating in an atomic gaseous medium
in a direction opposite to the z axis. The intensity profile
Ip(x, y, νp ) represents a 2D image of an object in position
space. This image information is transferred to a velocity
class of the atomic gaseous medium at temperature T by
velocity-selective atomic excitation. Consider an atomic
gaseous medium where an isolated stationary atom has
a ground quantum state |g〉 of energy Eg and an excited
quantum state |e〉 of energy Ee with linewidth �. The
object laser beam is on resonance with a velocity class
of atoms of the z component of their velocity equals to
vr = 2π (νo − νp )/k, where νo = (Ee − Eg )/h, k = 2π/λ is
the magnitude of the propagation vector of the object laser
beam having wavelength λ. Atoms of other velocity classes
are out of resonance due to the Doppler shift. The transverse
Doppler shift is negligible because of the nonrelativistic
velocity regime at room temperature. In the absence of an
object laser beam, all the atoms are in the ground state.
Consider n as the number of atoms per unit volume of the
gaseous medium. According to Maxwell velocity distribution,
a fraction of atoms with velocity in an interval dvz around vz at
temperature T is f (vz)dvz = (m/2πkBT )1/2e−mv2

z /2kBT dvz,
where kB is the Boltzmann constant and m is the mass
of an atom. Consider L as the length of the atomic
medium along the beam-propagation direction. In the
presence of an object laser beam, the ground-state
atoms of resonant velocity class are populated to the
excited state. A steady-state difference of atomic number
densities in the ground state (n1) and in the excited state
(n2) at vz is n1(x, y, vz) − n2(x, y, vz) = nf (vz)/(1 +
Ip(x, y, νp )�2/{4Is[(2πνp − 2πνo + kvz)2 + �2/4]}),
where Is is the saturation intensity of the atomic transition.
If attenuation and diffraction of the object laser beam are
negligible, then the transverse intensity profile of the object
laser beam is imprinted in the form of an atomic population
difference in the resonating velocity class of atoms. This
pattern is delocalized in the longitudinal direction, i.e.,
in the direction of propagation of the object laser beam,
because atoms are uniformly distributed in the position space.
However, the pattern is localized in the transverse plane of
coordinates x, y at a z component of momentum of atoms,
pz = mvr . If three different overlapping object laser beams of
the same linear polarization but different intensity profiles and
frequencies are passed through the atomic medium, then each
beam imprints a different pattern in a different velocity class,
where each one is located at a different pz corresponding
to the resonant velocity class of atoms addressed by the
resonating object laser beam. As a result, a localized patten of
all objects is imprinted onto a 3D subspace of the 6D phase
space of atoms. The nearest frequency separation of object
laser beams has to be much larger than the linewidth of the

transition to reduce the overlapping of resonating velocity
classes.

To image the localized phase-space pattern, a counterprop-
agating linearly polarized imaging laser beam of frequency
νr is overlapped with the object laser beams passing through
the atomic gaseous medium. The polarization of the imaging
laser beam is perpendicular to the polarization of the object
laser beams. The total absorption coefficient α of the imaging
laser beam at frequency detuning, δν = νr − νo, is a con-
volution of population difference and absorption cross sec-
tion of an atom such that α(x, y, δν) = ∫ ∞

−∞[n1(x, y, vz) −
n2(x, y, vz)]σo(�2/4)dvz/[(2πδν − kvz)2 + �2/4], where σo

is the peak absorption cross section of the atomic tran-
sition. The absorption of the imaging laser beam de-
creases if it interacts with a velocity class of atoms ex-
cited by object laser beams, i.e., n2(x, y, vz) is nonzero.
This produces velocity-selective hole-burning in the Doppler-
broadened absorption profile of the atomic medium. For
the incident transverse intensity profile of the imaging laser
beam Ir (x, y, δν), the transmitted imaging laser beam in-
tensity profile after passing through the gaseous medium
is Ir (x, y, δν) exp(−OD(x, y, δν)), where OD(x, y, δν) =
α(x, y, δν)L is the optical density of the atomic medium.
The optical density profile, at a detuning δν, corresponds
to a tomographic section of the phase-space pattern at
pz = 2πmδν/k. The optical density, for the imaging beam
at some frequencies, decreases if object laser beams are
present. An image of a tomographic section can be con-
structed by measuring a change in the optical density
profile caused by object laser beams. A 3D image of
the phase-space pattern can be constructed with tomo-
grams obtained at different detunings of the imaging laser
beam.

In experiment, objects are three 2D transparency masks,
where each mask consists of an image of a letter, C (on
mask-1), A (on mask-2), and T (on mask-3), as shown
in Fig. 1(b). All letters are transparent, and the remaining
part of each mask is completely opaque to light. Object
laser beams are initially passed through single-mode (SM)
polarization maintaining optical fibers to produce beams of
a Gaussian transverse intensity profile, where optical fibers
are utilized as transverse mode filters. The mode-filtered and
-collimated object laser beams of frequencies ν1, νo, and
ν2 are then passed through mask-1, mask-2, and mask-3,
respectively. After the masks, the transverse intensity profile
of object laser beams corresponds to C (at ν1), A (at νo),
and T (at ν2). All three object laser beams are overlapped on
polarization beamsplitters (PBS-3, PBS-2). The overlapped
object laser beams are linearly x-polarized by a polarizer
with its pass axis aligned along the x axis (x polarizer). Two
half-wave-plates are placed, before and after the PBS-2, to
rotate the linear polarization of the object laser beams to
equalize the intensity. The image of the transverse intensity
profile of the overlapped object laser beams, prior to their
entrance into the atomic medium, is shown in Fig. 1(c),
where images of letters overlap with each other. A different
letter is imprinted on a light field of different frequency and
momentum. Therefore, an intensity profile of each object
laser beam also corresponds to a tomograph in the 3D phase
space.

053828-3



MANDIP SINGH AND SAMRIDHI GAMBHIR PHYSICAL REVIEW A 98, 053828 (2018)

B. Experimental method

The overlapped object laser beams are passed through an
atomic gaseous medium, which is a 10-cm-long rubidium
(87Rb) vapor cell shielded from an external magnetic field.
The linewidth of the resonant transition of the atomic medium
is broadened due to the Doppler shift caused by the motion of
atoms. An object laser beam of frequency νo is on resonance to
the atomic transition of stationary 87Rb atoms where a ground
quantum state is 5 2S1/2 with a total angular momentum
quantum number F = 2 (|g〉), and an excited quantum state is
5 2P3/2 with F = 3 (|e〉). For stationary atoms, the wavelength
of this transition is λ � 780 nm. Object and imaging beams
are independently produced by single-mode and tunable ex-
tended cavity diode lasers. Object laser frequency is stabilized
to the atomic transition, and three object beams of different
frequencies are produced by shifting object laser light fre-
quency with acousto-optic modulators. The frequency-shifted
light is passed through SM polarization maintaining optical
fibers to produce Gaussian beams. Object laser frequency ν2 is
red detuned by −40 MHz and frequency ν1 is blue detuned by
+40 MHz from the resonant transition for stationary atoms,
as shown in Fig. 1(b). The nearest frequency separation of
object laser beams is much larger than the linewidth, 5.75
MHz, and much lower than the Doppler broadening of the
resonant transition. The frequency spread of all laser beams
is less than 1 MHz. Frequency detuning of beams is measured
with a resolution 0.1 MHz.

An object laser beam of frequency νo is on resonance
with an atomic velocity class of vz = 0. Therefore, an im-
age of a letter A is imprinted in the zeroth velocity class
in the form of an atomic population difference. An object
laser beam of frequency ν1 is on resonance with a velocity
class vz = −31.2 m/s, therefore an image of a letter C is
imprinted in this velocity class of atoms. An object laser
beam of frequency ν2 is on resonance with a velocity class
vz = +31.2 m/s, therefore an image of a letter T is imprinted
in this velocity class of atoms. Atoms of each velocity class
are uniformly distributed in the position space volume of the
atomic gaseous medium. Therefore, the imprinted pattern is
completely delocalized along the length of the atomic gaseous
medium in the beam propagation direction. All the imprinted
images form a localized pattern in a unique 3D subspace of
the 6D phase space of the atomic gaseous medium.

III. TOMOGRAPHIC IMAGING OF A 3D PHASE-SPACE
PATTERN

To image the imprinted phase-space pattern, a linearly
polarized imaging laser beam is passed through the atomic
medium in the opposite direction relative to the propaga-
tion direction of object laser beams. Object and imaging
laser beams are produced by two independent lasers. The
imaging laser is also frequency-locked to the same resonant
transition of stationary atoms, and its frequency is shifted
by acousto-optic modulators. Prior to their entrance into the
atomic medium, the transverse intensity profile of an imaging
laser beam of frequency νr and detuning δν = νr − νo is
Ir (x, y, δν). The imaging laser beam is y-polarized, which is
perpendicular to the linear polarization of object laser beams,

and its peak intensity is much lower than the saturation inten-
sity of the atomic transition. After passing through the atomic
medium, the imaging laser beam is reflected by PBS-1 and
its transverse intensity distribution at different detunings is
captured with an electron-multiplying charge-coupled-device
(EMCCD) camera without gain multiplication. Transmittance
of the atomic vapor cell for the imaging laser beam, at
different detuning δν, in the presence of object laser beams
without masks is shown in Fig. 1(d). Three peaks labeled 1,
2, and 3 correspond to velocity-selective hole-burning in a
Doppler-broadened absorption profile caused by object laser
beams of frequencies ν1, νo, and ν2, respectively. Object
and imaging laser beams are counterpropagating, therefore a
peak in the transmittance due to a hole-burning by a higher-
frequency object laser beam appears at lower frequency of
the imaging laser beam. To measure the imaging laser beam
detuning precisely, part of the object laser light is extracted
and red detuned by 190 MHz from the resonant transition.
The extracted object laser light is overlapped with a part
of the imaging laser light of the same polarization on a
nonpolarization beamsplitter (BS). A beating signal of two
lasers is detected with a fast response photodetector and
measured with a radiofrequency spectrum analyzer as shown
in Fig. 1(b). Detuning is measured from the frequency of the
beating signal, which corresponds to a frequency difference of
two lasers.

The intensity profile of the imaging laser beam
after traversing through the atomic medium in the
presence of object laser beams is Ion(x, y, δν) =
Ir (x, y, δν) exp(−OD(x, y, δν)). The optical density
OD(x, y, δν) is constructed at detuning δν. The optical den-
sity is higher in the absence of object laser beams. A change in
the optical density after switching-on the object laser beams
is �OD(x, y, δν)= − ln[Ion(x, y, δν)/Ioff(x, y, δν)], where
Ioff(x, y, δν) is the intensity profile of the imaging laser beam
after traversing through the atomic medium in the absence
of object laser beams. The frequency of the imaging laser
beam is red detuned by δν = −40 MHz from the resonant
transition. Its transverse intensity profile Ioff(x, y, δν) is
captured with an EMCCD camera in the absence of
three object laser beams. After a time delay, another
image of the imaging laser beam intensity Ion(x, y, δν)
is captured in the presence of three object laser beams.
A y-polarizer is placed in front of the EMCCD camera
to block any backreflection of object laser beams from
optical components. A change in the optical density profile,
�OD(x, y, δν) = − ln[Ion(x, y, δν)/Ioff(x, y, δν)], of the
atomic medium is evaluated. Similar measurements are
performed for detuning δν = 0 and = +40 MHz. In this
way, for each detuning of the imaging laser beam, a different
tomographic section of the 3D phase space localized pattern
is captured. A series of three tomographic images are
shown in Fig. 2 for three different detunings. The imaging
laser beam is reflected by PBS-1, therefore images are
constructed after making a reflection transformation in
a plane parallel to the y-z plane, and �OD(x, y, δν) is
transformed to �OD(z, y, δν). Three tomographic images
resemble the English letters of object transparencies, i.e., C
(at δν = −40 MHz), A (at δν = 0 MHz), and T (at δν = +40
MHz). By combining all the tomographic images, the word
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FIG. 2. Three tomographic images of a localized pattern in the 3D phase space captured at different detunings of the imaging laser beam.
Each image is a plot of a change in the optical density, �OD(z, y, δν ).

CAT is formed, as shown in Fig. 2. Imaging laser beam
detuning and the z component of the resonating velocity class
corresponding to each tomographic image are shown on top
of each tomograph.

In another experiment, an object of nonuniform trans-
mittance is constructed by overlapping two neutral density
filters of neutral densities (ND) 0.3 and 0.6 as shown in a
photograph, Fig. 3(a). Four different regions R1 (ND = 0), R2

(ND = 0.3), R3 (ND = 0.6), and R4 (ND = 0.9) are formed.
This object is positioned in place of a mask-2 in the path of
an object laser beam of frequency νo. The image of a part

of the object enclosed by a square as shown in Fig. 3(a)
is captured with an imaging laser beam. The experiment is
performed with a single object laser beam. The intensity
profile Ip(x, y, δν = 0) of the object laser beam after passing
through the object consists of four different regions of differ-
ent intensity levels. Therefore, it produces four regions of dif-
ferent depths of hole-burning in an atomic gaseous medium.
The imaging laser beam is on resonance with velocity class
vz = 0, and an image of �OD(z, y, δν = 0) of the atomic
gaseous medium is constructed as shown in Fig. 3(b), which
is an image of the overlapping neutral density filters.
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FIG. 3. (a) A photograph of overlapping neutral density filters. (b) An image, �OD(z, y, δν = 0), of an area enclosed by a square as shown
in (a).
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IV. CONCLUSION

The experiment presented in this paper provides a way to
produce a pattern localized in a unique 3D subspace of the 6D
phase space. Tomographic imaging of the localized pattern is
shown at three different locations of momentum. Therefore,
a concept of producing and imaging a pattern in phase space
is introduced, and its experimental implementation is clearly

demonstrated in this paper. A phase-space pattern of a position
space object of nonuniform transmittance is also produced and
imaged at a constant location of momentum. This experiment
can have a practical significance to produce a memory device
in the phase space where information can be stored in a
higher-dimensional phase space. The possibility of realizing
such a phase-space memory device can be inspired by the
concept and experiment presented in this paper.
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